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Inclusion Radii for the Zeros of Special Polynomials

Matthias Dehmer

Abstract. To locate the zeros of complex-valued polynomials is a classical problem in
algebra and function theory. For this, numerous inclusion radii have been established
to estimate the moduli of the zeros of an underlying polynomial. In this note, we
particularly state bounds for polynomials whose coefficients satisfy special conditions.
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1 Introduction

The analytic theory of polynomials [5] investigates properties of polynomials
representing analytic functions. In particular the location of zeros of complex and
real-valued polynomials has been extensively investigated [1-5]. To tackle this prob-
lem, we determine disks in the complex plane

K(zog,7):={2€C||lz—2| <7}, 20 € C, r € Ry,

containing all zeros of a complex valued polynomial
n
flz) = Zaizz, a; € C,ay, #0.
i=0

r is called inclusion radius. Clearly, r = r(ag, a1, ..., a,).

In this paper, we examine the location of zeros of special complex-valued poly-
nomials of the form

f(z) = fm (z)gm (Z) = (bmznl + fm—l(z))(cmznZ +g7L2—1(2))- (1)

That means, we infer bounds for the moduli of their zeros given by an inclusion
radius. It turns out that these bounds are more practicable for this class of polyno-
mials rather than applying existing zero bounds for general polynomials, see [1-5].
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2 Results

In [1], Dehmer proved the following theorem.

Theorem 2.1. Let f(z) be a complex polynomial, such that f(z) is reducible in
Clz], namely

f(z) = fnl (Z)gnz (Z) = (bnlznl + fnlfl(z))(chan + gnzfl(z))

where
|bny | > [0i],0 <@ <np—1,|cn,| >c],0<i<ng—1. (2)

If ny + ng > 1, then all zeros of the polynomial f(z) lie in the closed disk K(0,06),
where § > 1 is the positive root of the equation

gritnet2 _ gomitnatl | g mitng  omotl L omtl (3)
It holds 1 < § < 2+ /2.

In the following, we prove some related theorems for this class of polynomials
(see Equation (1)). An improvement of Theorem 2.1 is

Theorem 2.2. Let

f(z) = fm (Z)gm (Z) = (bmznl + fm—l(z))(cmzm +gn2—1(2))7

where
by, — Crio—
o= =il and g1 e (@
mni n2
and
|bn1| > |bz‘, 0<1 < ny — 1, |Cn2| > |Ci|, 0<1< no — 1. (5)

All zeros of the polynomial f(z) lie in the closed disk

1+¢1 V(¢ —1)*+4 1+ (¢2—1)*>+4
2 * 2 T2 + 2

K <0, max

) |

Proof. We start the proof by obtaining the estimation

‘fm(z)‘ = ’bnlznl + fm—l(z)’ =
= |bpy 2™ A bpy 12T 4 bz b| >
> by ||2]™ = [lbny—1l2™ 7" 4+ 4 [bal|2] + [bol]-

Using the relations |by,| > [b;|,0 < i < n; — 1 (see Inequalities (5)), Equation (4)
and |z| > 1, we further obtain
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1 (2)] 2 [bns | [IZV“ —oula T = [l 2] 1]

B ‘Z|TL1—1 _ 1
:’bn1’[’2’n1_¢l‘z‘nl f— ‘Z’—l

L !
> [bu| [|z|”l =l -

_ ‘bmHZ’m_l

N [MQ — [2|(1 + ¢1) + (61 — 1)]-

Clearly, applying this procedure to f,,(z) also yields

lenall2[™ 7], o B
| fra (2)] > =1 2] = [2|(1 + p2) + (2 — 1) |.
By defining
Hio(2) =22 — 2(1 + ¢12) + (12 — 1),
we get
|bn1|’2‘n1_1 ’anHz|n2_1
[ 2)- Fua(e)| > P — e (1) - Hal2)

and
[ frr(2) - fun(2)] >0 if  Hi(|z]) - Ha(|2]) > 0.

Solving the last inequality requires to determine the zeros of Hj 2(z). The zeros of
Hy(z) and Hy(z) are

1+¢1 (p1 —1)* +4
2 2 ’
and
1+<l52i (p2 —1)2 +4
2 2 ’

respectively. We easily see that

1+ ¢ (¢1—1)>+4

= >1
a1 2 + 2 )
and
1 —1)244
= g@ + (92 5 )+ > 1.

This finally implies
|fn1 (Z) : fnz(z)‘ > Oa
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if
L+¢1 | V(g1 —1)*+4 1+ ¢ (o2 —1)2+4
|z| > max < 5 T 5 sy T 5 ,
and all zeros of f(z) lie in |z| < max(aq, a2). 0

Remark 1. The bound given by Theorem 2.2 is an improvement of the upper bound
of Equation (3) given in Theorem 2.1 since

1 —1)2+414
+2<751,2+ (¢1,22 )2+ <242

if ¢12 < 3. But this is fulfilled by assumption, see Inequalities (5).

Assuming the special conditions for the polynomial’s coefficients also leads to a
bound whose value does not depend on any coefficients.

Theorem 2.3. Let

f(Z) = fm (Z)gTLQ (Z) = (bmznl + fnlfl(z))(0n22n2 +gn2*1(z))7

where b | | |
-1 Cno—1
Pr = and ¢z = ;
’bm‘ |Cn2|
and
|bn1|>|bi‘a Ogignl—l, |Cn2‘>’6i|, Ogigng—l. (7)

All zeros of the polynomial f(z) lie in the closed disk K (0,2).

Proof. Using the Inequalities (7) and |z| > 1, we obtain

[bol
|n, |

[ T PO (1
[ Fan ()] > by || 2™ = |2t 4 2| +
: gl b, | T o]

|

ny __ 1 ni
= o |z|"1—’jz|_1] >|bm|[|z|“l— < ]

2] =1
= |banZ|n1 | |
N

Analogously, we also conclude (|z| > 1)

Fua(2)] > LenallEL [|z| —2].

2]
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Finally,
‘fm(z) ' fn2(z)’ >0 if ‘z| > 27

and, hence, all zeros of f(z) lie in |2| < 2.

A more general statement is

Theorem 2.4. Let

f(2) = fni(2)gna (2) = (bny 2™ 4 fr-1(2)) (€02 2" + gnp—1(2))-

Define
bp,— _
d)]_ = | ni 1| and ¢2 - ’an 1|’
|bn, | [
My := max |— and My := max G
0<i<n; -2 | by, 0<i<na—2 | Cp,

All zeros of the polynomial f(z) lie in the closed disk

L+¢1 (b1 —1)2+4M; 14 ¢o /(2 — 1)2+4Ms
2 + 2 ’ 2 + 2

K (0, max

) |

Proof. Similar to Inequality (6) and by assuming |z| > 1, we infer

|bn1*1|
b, |

|1 (2)] 2 [bns | [IZI"1 - 2™ = My ]2 o 2] 1]

‘Z"nlfl _ 1

|6, —1] _
= I [wl - Bt

[ns |

by <1l iny—1 o
> |b ™ A Mot - M

|bn1| 141 1 |bn1—1| -1 |bm—1|
— n _ n 1 ni — M
et | R ) T e M

_ Pl

2| =1

[’Z\Q = [2[ (T +¢1) + (¢1 — Ml)] ,

and

[ens |27

|fn1(z)|2 ’Z‘—l

[Zl2 = [2[ (1 + ¢2) + (¢2 — M2)]-

The rest of the proof is analogous to the proof steps of Theorem (2.2).
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3 Numerical Results

In this section, we evaluate the obtained bounds by using the following polyno-
mials:

fi(2) == (10023 — 2% 4+ iz + 50) - (42* + 2% 4+ 32 — 1),

1 2 2 201
Y P T B B EANE I
fa(2) (z z+2—|—10) <2+3 5+3>

We start by evaluating the statements for fi(z) and first determine its zeros:
z1 = —1.3039,

29 = —0.7903 + 0.0041i,
z3 = 0.1285 — 0.7933i,
24 = 0.1285 + 0.79334,
25 = 0.2968,

26 = 0.3965 + 0.6852i,

z7 = 0.4038 — 0.6894:.

max(|z1],|22],...,|27]) = 1.3039. Then, we yield K(0,3.3734) (Theorem 2.1),
K (0,1.8827) (Theorem 2.2), K(0,2) (Theorem 2.3) and K(0,1.75) (Theorem 2.4).
We see that Theorem 2.2 — Theorem 2.4 clearly outperform Theorem 2.1. For
polynomials for which the conditions of the Equations (2) are satisfied, the bound
given by Theorem 2.4 is always an improvement of Theorem 2.2 as M7, My < 1.
For fa(z), we get
z1 = —1.3380,

29 = —0.1454,
25 = 0.3227 — 0.48961,
24 = 0.3227 + 0.48961,
z5 = 0.3356 — 0.6209,

zg = 0.3356 4 0.6209:.

max(|z1], |z2],...,]2z6]) = 1.3380. This leads to the disks K(0,3.3499) (Theo-
rem 2.1), K(0,1.847127) (Theorem 2.2), K(0,2) (Theorem 2.3) and K(0,1.6666)
(Theorem 2.4). By inspecting the bound values for this polynomial, we see that we
get the same situation as in the case of fi(2).
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