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On conjugate sets of quasigroups

Tatiana Popovich

Abstract. It is known that the set of conjugates (the conjugate set) of a binary
quasigroup can contain 1, 2, 3 or 6 elements. We establish a connection between
different pairs of conjugates and describe all six possible conjugate sets, with regard
to the equality (”assembling”) of conjugates. Four identities which correspond to the
equality of a quasigroup to its conjugates are pointed out. Every conjugate set is
characterized with the help of these identities. The conditions of the equality of a
T -quasigroup to conjugates are established and some examples of T -quasigroups with
distinct conjugate sets are given.
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1 Introduction

A quasigroup is an ordered pair (Q,A) where Q is a set and A is a binary ope-
ration defined on Q such that each of the equations A(a, y) = b and A(x, a) = b is
uniquely solvable for any pair of elements a, b in Q. It is known that the multipli-
cation table of a finite quasigroup defines a Latin square and six (not necessarily
distinct) conjugates (or parastrophes) are associated with each quasigroup (Latin
square) [1, 3].

In [5] a connection between five identities of two variables and the equality of a
quasigroup to some of the rest five its conjugates was established. It was also proved
that the number of distinct conjugates in a finite quasigroup can be 1, 2, 3 or 6 and
for any m = 1, 2, 3, 6 and any n ≥ 4 there exists a quasigroup of order n with m
distinct conjugates (see Theorem 6 of [5]).

We divide all pairs of conjugates of a quasigroup into four classes and consider
six possible conjugate sets, with regard to the equality (”assembling”) of conjugates.
Four identities which correspond to these four classes (or to the equality of a quasi-
group to its conjugates) are pointed out. It is proved that each of six conjugate
sets can be described with the help of these identities and any two of these identi-
ties imply the rest two identities. The conditions of the equality of a T -quasigroup
to its conjugates are established and some examples of T -quasigroups with distinct
conjugate sets are given.
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2 Preliminaries

Remind some necessary notions and results.
With any quasigroup (Q, A) the system Σ(A) of six (not necessarily distinct)

conjugates (parastrophes) is connected:

Σ(A) = (A,A−1,−1A,−1
(
A−1

)
, (−1A)−1, A∗),

where A(x, y) = z ⇔ A−1(x, z) = y ⇔−1A(z, y) = x ⇔ A∗(y, x) = z.
Using the suitable Belousov’s designation of conjugates of a quasigroup (Q,A)

of [2] we have the following conjugate system Σ(A):

Σ(A) = (A, rA, lA, lrA, rlA, sA),

where rA = A−1, lA =−1A, lrA =−1(A−1), rlA = (−1A)−1, sA = A∗.
Note that (−1(A−1)

)−1 = rlrA =−1
(
(−1A)−1

)
= lrlA = sA

and rrA = llA = A, στA = σ(τA).
Let Σ(A) be the set of conjugates (the conjugate set) of a quasigroup (Q,A).
It is known from [5] that | Σ(A) |= 1,2,3 or 6.

A quasigroup is a totally-symmetric quasigroup (a TS-quasigroup) if | Σ(A) |= 1.

3 Conjugates of quasigroups

We start with the following useful result concerning the (unordered) pairs of
conjugates of a quasigroup.

Proposition 1. All pairs of conjugates of the conjugate system Σ(A) of a quasigroup
(Q,A) can be divided into four disjoint classes:

I. (A,rA), (lA,lrA), (rlA,sA);
II. (A,lA), (rA,rlA), (sA,lrA);
III. (A,sA), (rA,lrA), (lA,rlA);
IV. (lA,rA), (A,lrA), (rA,sA), (lrA,rlA), (A,rlA), (lA,sA)

such that the equality (inequality) of components of one pair in a class implies the
equality (inequality) of components of any pair in this class.

Proof. There are 15 unordered pairs of conjugates of a quasigroup. It is easy to
check that if we take any conjugate of the operations in a pair of any class of I, II,
III or IV , then we obtain some pair from the same class. For example, if we apply
the conjugations r, l, rl, lr and s to the operations of the pair (lA,lrA) of class I, we
obtain, respectively, the pairs of conjugates (rlA,sA), (A,rA), (rA,A), (sA,rlA), (lrA,lA)
of class I. Here we take into account that rllrA = A, lrlA = sA, lrlrA = rlrrA = rlA and
slrA = lrllrA = lA. Analogously, the conjugations can be applied to the rest two pairs
of class I and to the every pair of other classes.

Thus, any class pointed out in the proposition is closed with respect to taking
the same conjugate of both operations in a pair from this class. ¤
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Proposition 2. If the components of pairs from any two classes of I, II, III, IV
coincide for a quasigroup (Q,A), then the components of every pair of all classes
coincide and (Q,A) is a TS-quasigroup.

Proof. According to Proposition 1 for the proof we can take any pair of a class.
I, II: Let A = rA and A = lA, then lA = rA (it gives a pair of IV) and

sA =rlrA = rA = A where (A,sA) is a pair of III.
I, III: If A = rA and A = sA, then rA = sA (it corresponds to a pair of IV); the

last and the second equalities imply A = lrA = sA (we obtain a pair (sA,lrA) of II).
I, IV: Let A = rA and lA = rA, then A = lA and we have a pair of II, so rA = rlA,

and lA = rlA (a pair of III).
III, IV: If A = sA and lA = sA, then A = lA (a pair of II). Let A = sA and

rA = sA, then A = rA (a pair of I).
Analogously the rest cases can be considered. In every case all conjugates coin-

cide, so (Q, A) is a TS-quasigroup. ¤
The following theorem describes all possible conjugate sets for quasigroups and

points out the only possible variants of the equality (”assembling”) of conjugates in
every case.

Theorem 1. The following conjugate sets of a quasigroup (Q,A) are only possible:
Σ1(A) = {A};
Σ2(A) = {A,sA} = {A = lrA = rlA, lA = rA =sA};
Σ6(A) = {A, rA, lA, lrA, rlA, sA};
Σ3(A) = {A,lrA,rlA} and three cases are possible:
Σ1

3(A) = {A = rA, lA = lrA, rlA = sA};
Σ2

3(A) = {A = lA, rA = rlA, lrA = sA};
Σ3

3(A) = {A = sA, rA = lrA, lA = rlA}.
Proof. It follows from Proposition 1 that if the components of pairs of all classes I, II,
III, IV (or by Proposition 2 at least any of two classes) coincide then all conjugates
coincide and (Q,A) is a TS-quasigroup.

If the components of pairs from all classes do not coincide, then all conjugates of
(Q,A) are different and Σ(A) = Σ6(A). In the rest cases by Proposition 2 we have
exactly one of the groups of conjugate equalities:

I ′. A = rA, lA = lrA, rlA = sA;
II ′. A = lA, rA = rlA, lrA = sA;
III ′. A = sA, rA = lrA, lA = rlA;
IV ′. A = lrA = rlA, lA =rA = sA.

Moreover, different equalities in a group do not ”assemble”: if some conjugate
of one equality from a group coincides with a conjugate from another equality of
this group, then new equalities arise from the group of equalities corresponding to
another class of pairs. So by Proposition 2 all six conjugates of the quasigroup
coincide. Thus, in each of these cases there are exactly two (see equality group IV ′)
or three (every of equality groups I ′, II ′ and III ′) distinct conjugates. Note that
every equality group of I ′, II ′, III ′ contains conjugates A, lrA and rlA, but there
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are distinct variants of their ”assembling” with the rest conjugates which give the
conjugate sets Σ1

3(A), Σ2
3(A) and Σ3

3(A) respectively. ¤
From Proposition 1 and Theorem 1 follows immediately

Corollary 1. Let Σ(A) be the conjugate set of a quasigroup (Q,A), then | Σ(A) |= 1
or 3 in the case of the coincidence of the components of a pair in any of classes I,
II, III and | Σ(A) |= 1 or 2 by coincidence of the components of a pair in class IV.
For a commutative quasigroup | Σ(A) |= 1 or 3.

Corollary 2. If (Q,A) is a commutative quasigroup, then Σ(A) = Σ1(A) or Σ3
3(A).

For a noncommutative quasigroup Σ(A) = Σ2(A), Σ6(A),Σ1
3(A) or Σ2

3(A).

Proof. Indeed, for a commutative quasigroup we have A =s A, it corresponds to
the equality group III ′. If it corresponds only to the equality group III ′, then
Σ(A) = Σ3

3(A). If there are equalities of another group, then by Proposition 2
Σ(A) = Σ1(A). The rest conjugate sets are possible only for a noncommutative
quasigroup. ¤

Let Σ(A) = {A1, A2, ..., Ai}, i = 1, 2, 3 or 6, be the conjugate set of a quasigroup
(Q,A) and σΣ(A) = {σA1,

σA2, ...,
σAi} where σ is some conjugation of a quasigroup

(Q,A).

Proposition 3. Let σ be any conjugation of (Q,A). Then σΣ(A) = Σ(A). If
Σ(A) = Σ1, Σ2(A) or Σ6(A), then Σ(A) = Σ(σA). If Σ(A) = Σ3(A), then | Σ(A) |=
| Σ(σA) |.
Proof. The equality σΣ(A) = Σ(A) follows from Proposition 1 as any class pointed
out in this proposition is closed with respect to taking the same conjugate of both
operations in a pair from this class.

If Σ(A) = Σ1(A) = {A}, then Σ(σA) = Σ(A) since σA = A for any σ. Let
Σ(A) = Σ2(A) = {A = lrA = rlA, lA = rA = sA} = {A,sA}, then these equalities
can be written via the operation rA in the following way: Σ(A) = {r(rA) = l(rA) =
s(rA), lr(rA) = rA = rl(rA)} = Σ2(rA). Analogously each of the rest conjugates can be
used.

It is evident that if Σ(A) = Σ6(A), then analogous passage from A to σA gives
all six distinct conjugates.

In the case Σ(A) = Σ3(A) = Σi
3(A) for some i = 1, 2, 3 writing corresponding

equalities via σA we obtain also three pairs of equal conjugates. But these pairs can
correspond to Σj

3(
σA) where i 6= j. For example, let Σ(A) = Σ2

3(A) = {A = lA, rA =
rlA, lrA = sA} or using the conjugate rA we obtain Σ(A) = {r(rA) = lr(rA), rA =
s(rA), l(rA) = rl(rA)} = Σ(rA) = {rB = lrB, B = sB, lB = rlB} where rA = B. Thus,
Σ(A) = Σ2

3(A) = Σ3
3(

rA). ¤
Using Proposition 1 we obtain (see also Theorem 4 of [5]) the following

Proposition 4. The components of any pair of a class of Proposition 1 coincide if
and only if a quasigroup (Q, A) satisfies the identity

A(x,A(x, y)) = y for class I;
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A(A(y, x), x) = y for class II;
A(x, y) = A(y, x) for class III;
A(A(x, y), x) = y for class IV.

Proof. It is known that the identities A(x,A(y, x)) = y and A(A(x, y), x) = y are
equivalent (see, for example, [3], p. 61). This fact follows also from Proposition 1
since the components of the pairs (rA,sA) and (lA,sA), giving equivalence of these
identities, coincide simultaneously (see class IV).

I. By the definition of the conjugate rA(x, y) we have that A(x, y) = rA(x, y) if
and only if A(x,A(x, y)) = y.

II. Analogously, A(x, y) = lA(x, y) if and only if A(A(x, y), y) = x or
A(A(y, x), x) = y.

III. A = sA means that A(x, y) = A(y, x).
IV. rA = sA (taking into account Proposition 1 we can take the last pair of class

IV) if and only if A(x,A(y, x)) = y. But this identity is equivalent to the identity
A(A(x, y), x) = y, as it was noted above. ¤

From Propositions 2 and 4 it follows immediately

Corollary 3. Any two identities of four identities of Proposition 4 imply the rest
two identities.

In Theorem 4 of [5] it was shown that | Σ(A) |= 1 if and only if in a quasi-
group (Q,A) all five identities of the set T = {A(x,A(x, y)) = y, A(A(y, x), x) =
y, A(x, y) = A(y, x), A(x,A(y, x)) = y,A(A(x, y), x) = y} (corresponding to the
equality of a quasigroup to one of its conjugates) are fulfilled,

it is 2 if and only if (Q,A) satisfies exactly 2 of the identities,
it is 3 if and only if (Q,A) satisfies exactly one of the identities,
it is 6 if and only if (Q,A) satisfies none of the identities.
In this case (and below) we assume that a quasigroup satisfies exactly k iden-

tities of a set of identities if it satisfies k identities and does not satisfy the rest
identities of this set. Let T = {A(x,A(x, y)) = y, A(A(y, x), x) = y, A(x, y) =
A(y, x), A(A(x, y), x) = y} be the set of identities of Proposition 4.

Taking into account the previous results we obtain the following result making
more precise Theorem 4 of [5]:

Corollary 4. Let (Q,A) be a quasigroup, then
Σ(A) = Σ1(A) if and only if any two identities of T are fulfilled;
Σ(A) = Σ2(A) if and only if exactly the identity A(A(x, y), x) = y of T is fulfilled;
Σ(A) = Σ1

3(A) if and only if exactly the identity A(x,A(x, y)) = y of T is fulfilled;
Σ(A) = Σ2

3(A) if and only if exactly the identity A(A(y, x), x) = y of T is fulfilled;
Σ(A) = Σ3

3(A) if and only if exactly the identity A(x, y) = A(y, x) of T is fulfilled;
Σ(A) = Σ6(A) if and only if (Q,A) satisfies none of four identities of T .

Proof. Let | Σ(A) |= m. By Corollary 3 any two identities of T imply the rest
ones, so by Proposition 2 the components of any pair of each class of Proposition 1
coincide. In this case all conjugates coincide, thus, m = 1.
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Conversely, in a TS-quasigroup all conjugates coincide, so by Proposition 4 this
quasigroup satisfies all identities of T .

By Theorem 1 m = 2 can be only for class IV of pairs. The identity
A(A(x, y), x) = y corresponds to this class by Proposition 4.

The case m = 3 by Theorem 1 can be for the every of classes I,II and III. The
identities A(x,A(x, y)) = y, A(A(y, x), x) = y, A(x, y) = A(y, x) correspond to these
classes, respectively, according to Proposition 4.

At last, m = 6 if components of any pair of all pairs in Proposition 1 do not
coincide. That means that the quasigroup satisfies none of the four identities of
Proposition 4. ¤

4 Conjugates of T -quasigroups

A quasigroup (Q, A) is a T -quasigroup if there exist an abelian group (Q,+), its
automorphisms ϕ, ψ and an element c ∈ Q such that A(x, y) = ϕx + ψy + c for any
x, y ∈ Q [4].

The conjugates of a T -quasigroup A(x, y) = ϕx + ψy + c (which are also
T -quasigroups) have the following form: sA(x, y) = ψx + ϕy + c, rA(x, y) =
ψ−1(y − ϕx − c), lA(x, y) = ϕ−1(x − ψy − c), rlA(x, y) = ψ−1(x − ϕy − c),
lrA(x, y) = ϕ−1(y − ψx − c) where Ix = −x (see, for example, [6]). Note that
Iϕ = ϕI for any automorphism ϕ of a group.

An operation A of the form A(x, y) = ax+by (mod n), n ≥ 2, is a T -quasigroup
if and only if the numbers a, b modulo n are relatively prime to n. In this case
ϕ = La, ψ = Lb, where Lax = ax (mod n), x ∈ Q = {0, 1, 2, . . . , n − 1}, are per-
mutations (automorphisms of the additive group modulo n). For these quasigroups
the conjugates have the following form:

sA(x, y) = Lbx + Lay (mod n), rA(x, y) = L−1
b (y − Lax) (mod n),

lA(x, y) = L−1
a (x− Lby) (mod n), rlA(x, y) = L−1

b (x− Lay) (mod n),
lrA(x, y) = L−1

a (y − Lbx) (mod n).

Theorem 2. The components of any pair of a class I, II, III or IV for a
T -quasigroup (Q,A): A(x, y) = ϕx + ψy coincide if and only if

ψ = I for class I;

ϕ = I for class II;

ϕ = ψ for class III;

ϕ2 = Iψ and ψ2 = Iϕ (or ϕ = ψ−1 and ϕ3 = I) for class IV.

Proof. I. Let A = rA, then

ϕx + ψy = Iψ−1ϕx + ψ−1y = ψ−1(y − ϕx). (1)

For y = 0 (0 is the identity element of the group (Q,+)) we have ϕx = Iψ−1ϕx
and ψ = I.
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II. Let A = lA, then
ϕx + ψy = ϕ−1(x− ψy), (2)

whence for x = 0 it follows ϕ = I.
III. If A = sA, then ψx + ϕy = ϕx + φy, whence ϕ = ψ for x = 0.
IV. Let lA = rA, then

ψ−1(y − ϕx) = ϕ−1(x− ψy). (3)

Taking x = 0 we have ψ−1y = Iϕ−1ψy, ψ2 = Iϕ. If y = 0, then ϕ−1x = Iψ−1ϕx
and so ϕ2 = Iψ.

Note that the second pair of equalities in the theorem for the pairs of IV is
equivalent to the first one: from ϕ2 = Iψ and ψ2 = Iϕ it follows that ϕ4 = ψ2 = Iϕ,
whence ϕ3 = I and so ψ−1 = Iϕ−2 = ϕ. Conversely, if ϕ = ψ−1 and ϕ3 = I, then
ϕ2 = Iϕ−1 = Iψ and ψ2 = ϕ4 = Iϕ.

Now check sufficiency of the conditions. Let ψ = I, then ϕx + Iy = Iy + ϕx,
that is we obtain (1) and A = rA.

If ϕ = I, then Ix + ψy = I(x − ψy). It is (2), so A = lA. It is evident that if
ϕ = ψ, then A = sA.

At last, let ϕ2 = Iψ and ψ2 = Iϕ. Show that lA = rA, that is (3) holds. Indeed,
ψ−1(y − ϕx) = Iϕ−2(y − ϕx) = Iϕ−2y + ϕ−1x. But ϕ−1(x − ψy) = ϕ−1x + ϕy =
ϕ−1x + Iϕ−2y as ϕ3 = I (it was shown above) and (3) is true. ¤

From Proposition 2 and Theorem 2 it follows
Corollary 5. The conditions of Theorem 2 for any two classes of I, II, III, IV
define a TS-T -quasigroup.

Corollary 6. If in Theorem 2 A(x, y) = ax + by (mod n), then the conjugates of
the T -quasigroup in a class of I, II, III or IV have the form:

I. A(x, y) = rA(x, y) = ax + (n − 1)y (mod n), lA(x, y) = lrA(x, y) = a−1x +
a−1y (mod n) and rlA(x, y) = sA(x, y) = (n− 1)x + ay (mod n);

II. A(x, y) = lA(x, y) = (n − 1)x + by (mod n), rA(x, y) = rlA(x, y) = b−1x +
b−1y (mod n) and lrA(x, y) = sA(x, y) = bx + (n− 1)y (mod n);

III. A(x, y) = sA(x, y) = ax + ay (mod n), rA(x, y) = lrA(x, y) = (n − 1)x +
a−1y (mod n) and lA(x, y) = rlA(x, y) = a−1x + (n− 1)y (mod n);

IV. A(x, y) = lrA(x, y) = rlA(x, y) = ax + a−1y (mod n) and sA(x, y) =
lA(x, y) =rA(x, y) = a−1x + ay (mod n).

Proof. Follows from Proposition 1 and Theorem 2 if to take into account the form
of a T -quasigroup, of its conjugates and that in this case I = Ln−1. For example, in
class I: A(x, y) = rA(x, y) = ax + Iy = ax + (n− 1)y (mod n), lA(x, y) = lrA(x, y) =
L−1

a (y − Ix) = a−1x + a−1y (mod n). The rest cases are checked analogously. Note
that in this case a, b modulo n are relatively prime to n, so they are invertible
and belong to the multiplicative group of the residue-class ring (mod n). This
multiplicative group consists of all numbers from 1 to n − 1 relatively prime to n.
In this case L−1

a x = La−1x (mod n). ¤
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Examples. Using Corollary 6 we obtain that the operations A1(x, y) = 2x+4y (mod
5), A2(x, y) = 6x + 4y (mod 7), A3(x, y) = 4x + 4y (mod 9) define quasigroups with
three different conjugates: Σ(A1) = Σ1

3(A1), Σ(A2) = Σ2
3(A2), Σ(A3) = Σ3

3(A3).
The operation A4(x, y) = 2x + 5y (mod 9) defines a quasigroup with two different
conjugates: Σ(A4) = Σ2(A4).

For the operation A1 these conjugates have the following form:
A1(x, y) = rA1(x, y) = 2x + 4y (mod 5), lA1(x, y) = lrA1(x, y) =

3x + 3y (mod 5), rlA1(x, y) = sA1(x, y) = 4x + 2y (mod 5) and are given by the
following Cayley Tables:

A1 0 1 2 3 4
0 0 4 3 2 1
1 2 1 0 4 3
2 4 3 2 1 0
3 1 0 4 3 2
4 3 2 1 0 4

lA1 0 1 2 3 4
0 0 2 4 1 3
1 4 1 3 0 2
2 3 0 2 4 1
3 2 4 1 3 0
4 1 3 0 2 4

sA1 0 1 2 3 4
0 0 3 1 4 2
1 3 1 4 2 0
2 1 4 2 0 3
3 4 2 0 3 1
4 2 0 3 1 4

Tab. 1 Tab. 2 Tab. 3
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