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Abstract. Let R be a G-graded commutative ring with identity and let M be a
graded R-module. We endow Specy(M), the collection of all graded prime submo-
dules of M, analogous to that for Spec(R), the spectrum of prime ideals of R, by
two topologies: quasi-Zariski topology and Zariski topology. Then we study some
properties of these topological spaces.
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1 Introduction

Throughout this paper all rings are commutative with a nonzero identity, and
all modules are unitary. Let R be a commutative ring and consider Spec(R), the
spectrum of all prime ideals of R. The Zariski topology on Spec(R) is a useful
implement in algebraic geometry. For each ideal I of R, the variety of I is the set
V(I) = {P € Spec(R)|I C P}. Then the set {V(I)|I > R} satisfies the axioms for
the closed sets of a topology on Spec(R), called the Zariski topology on Spec(R) [1].

Let M be an R-module and let N be a submodule of M. We denote the anni-
hilator of M/N by (N :g M), i.e. (N :g M) = {r € Rl[rM C N}. We recall that
a proper submodule N of M is called a prime submodule of M if, for every a € R
and m € M, am € N implies that either m € N or a € (N :g M). The notion
of prime submodules was first introduced and studied in [2] and recently it has re-
ceived a good deal of attention from several authors. We denote the set of all prime
submodules of M by Spec(M). In [7], the Spec(M) topologized with the Zariski
topology (quasi-Zariski topology by the notions of [6]) in a similar way to that of
Spec(R). For any submodule N < M, denote by V*(N) the variety of N, which is
the set V*(N) = {P € Spec(M)|N C P}. Then the set 7*(M) = {V*(N)|N < M}
is not closed under finite unions. The R-module M is called a Top-module provided
that 7*(M) is closed under finite unions, whence 7*(M) constitute the closed sets
in a Zariski topology on Spec(M).

A grading on a ring and its modules usually aids computations by allowing
one to focus on the homogeneous elements, which are presumably simpler or more
controllable than random elements. However, for this to work one needs to know
that the constructions being studied are graded. One approach to this issue is to
redefine the constructions entirely in terms of the category of graded modules and
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thus avoid any consideration of non-graded modules or non-homogeneous elements;
Sharp gives such a treatment of attached primes in [10]. Unfortunately, while such
an approach helps to understand the graded modules themselves, it will only help
to understand the original construction if the graded version of the concept happens
to coincide with the original one. Therefore, notably, the study of graded modules
is very important.

For the sake of completeness, we recall some definitions and notations used
throughout. Let G be an arbitrary group. A commutative ring R with a non-
zero identity is G-graded if it has a direct sum decomposition R = @geG R, such
that for all g,h € G, RyR), € Rgy,. The G-graded ring R is called a graded in-
tegral domain provided that ab = 0 implies that either a = 0 or b = 0 where
a,b € h(R) := Uyeq Rg- If R is G-graded, then an R-module M is said to be
G-graded if it has a direct sum decomposition M = P s M, such that for all
g,h € G, RgMy, C My, . For every g € G, an element of R, or M, is said to be
a homogeneous element. We denote by h(M) the set of all homogeneous elements
of M, that is h(M) = U,cq Mg. Let M be a G-graded R-module. A submodule
N of M is called graded (or homogeneous) if N = @ (N N My) or equivalently
N is generated by homogeneous elements. Moreover, M /N becomes a G-graded
R-module with g-component (M/N), = (My+ N)/N for each g € G. An ideal I of
R is called a graded ideal if it is a graded submodule of R and a graded R-module.

Let R be a G-graded ring. A proper graded ideal I of R is said to be a graded
prime ideal if whenever ab € I, we have a € I or b € I, where a,b € h(R). The
graded radical of I , denoted by Gr(I), is the set of all z € R such that for each g € G
there exists ny > 0 with 2" € I. A graded R-module M is called graded finitely
generated if M =" | Rx,,, where x4, € h(M) for every 1 <1 < n. It is clear that
a graded module is finitely generated if and only if it is graded finitely generated. For
M, consider the subset T9(M) = {m € M : rm = 0 for some nonzero r € h(R)}. If
R is a graded integral domain, then TY9(M) is a graded submodule of M. M is called
graded torsion-free (g-torsion-free for short) if 79(M) = 0, and it is called graded
torsion (g-torsion for short) if T9(M) = M. It is clear that if M is torsion-free, then
it is g-torsion-free. Moreover, if M is g-torsion, then it is torsion.

Most of our results are related to the references [6,7] which have been proved for
the graded case.

2 Results

Let R be a G-graded R-module and consider Specy(R), the spectrum of all
graded prime ideals of R. The Zariski topology on Specy(R) is defined in a similar
way to that of Spec(R). For each graded ideal I of R, the graded variety of I is the
set V(1) = {P € Specg(R)|I C P}. Then the set {V3(I)|] is a graded ideal of R}
satisfies the axioms for the closed sets of a topology on Specy(R), called the Zariski
topology on Specy(R) (see [9]).

Let R be a G-graded ring and M a graded R-module. We recall from [3] that a
proper graded submodule N of M is called graded prime if rm € N, then m € N
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orr € (N:g M)={r e RjrM C N}, where r € h(R), m € h(M). It is shown in [3,
Proposition 2.7] that if NV is a graded prime submodule of M, then P := (N :p M)
is a graded prime ideal of R. Let N be a graded submodule of M. Then N is a
graded prime submodule of M if and only if P := (N :g M) is a graded prime ideal
of R and M/N is a g-torsion-free R/P-module. Note that some graded R-modules
M have no graded prime submodules. We call such graded modules g-primeless.
For example, the zero module is clearly g-primeless. A submodule S of M will be
called graded semiprime if S is an intersection of graded prime submodules of M.
Let Specy(M) denote the set of all graded prime submodules of M. Our goal is to
endow Specy (M) with some topologies. To this end, for each subset E C h(M), let

VI(E) = {P € Specy(M)|E C P}.

Let N be a graded submodule of M. The graded radical of N in M, denoted
by Gryr(N) is defined to be the intersection of all graded prime submodules of M
containing N [5]. In the other words, Gra(N) = (\peyys(n) P> and it is equal to M
if VI(M) = 0. It is obvious that N C Grp(N) and that Gry(N) = M or Gry(N)
is a graded semiprime submodule of M.

Assume that N is the graded submodule generated by E C h(M). Then from
E C N C Gry(N) we clearly have VZ(Gry (N)) C VZ(N) C VZ(E). On the other
hand, N is the smallest graded submodule of M containing F, so that if P € VZ(E),
then P € VI(N). Therefore VZ(E) = VZ(N). Moreover Grys(N) is the intersection
of all graded prime submodules of M containing N; so VI(N) = VI(Gry(N)).
Therefore VI (E) = VI(N) = VI(Gry(N)). Consider the cases when E = {0} or
E = M. Then VZ(0) = Specy(M) and V(M) = 0. Now let {Ny}rea be a family of
graded submodules of M. Then (o, Vi (N)) = V(3" ,ca Na). Moreover, for every
pair N and K of graded submodules of M, we have VJ(N)UVZ(K) C VI(NNK).
Summarizing, we have proved:

Proposition 1. Let M be a graded R-module. Then

(1) For each subset E C h(M), VI(E) = VZ(N) = VZ(Gry(N)), where N is
the graded submodule of M generated by E.

(2) VI(0) = Specy(M), and VI (M) = 0.

(8) If {Nx}rea is a family of graded submodules of M, then (Nycp Vi (Ny) =
V(2 xea Na)-

(4) For every pair N and K of graded submodules of M, we have VI(N) U
VA(K) € VIV A K).

Therefore if we set
(M) = {VZ(N)|N is a graded submodule of M}

then ¢ (M) contains the empty set and Specy(M), and 7¢ (M) is closed under arbi-
trary intersections, but it is not necessarily closed under finite unions.
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Definition 1. Let M be a graded R-module.

(1) We shall say that M is a g—Top module if ¢{ (M) is closed under finite unions,
i.e. for any graded submodules N and L of M there exists a graded submodule K
of M such that VI(N)U VI (L) = VI(K).

(2) A graded prime submodule N of M will be called graded extraordinary, or
g-extraordinary for short, if whenever K and L are graded semiprime submodules
of M with KNL CN then K CNor L CN.

Assume that M is a g — Top module. In this case ¢/(M) satisfies the axioms for
the closed sets of a unique topology 7¢ on Specy(M). Then the topology 7¢ (M) on
Specg(M) is called the quasi-Zariski topology. Note that we are not excluding the
trivial case where Specy (M) is empty; i.e. g-primeless graded R-modules are g—Top
modules. Also any graded prime ideal of the graded ring R is an extraordinary
graded prime submodule of the graded R-module R.

Theorem 1. Let M be a graded R-module. Then, the following statements are
equivalent:

(i) M is a g — Top module.

(ii) Every graded prime submodule of M is g-extraordinary.

(1ii) VI(NYUVI(L) = V(NN L) for any graded semiprime submodules N and
L of M.

Proof. The result is clear when Specy(M) = (). So assume that Spec, (M) # 0.

(i) = (ii) Let M be a g — Top module. Assume that P is a graded prime
submodule of M and that N, L are graded semiprime submodules of M with NNL C
P. By assumption, there exists a graded submodule K of M with VZ(N)UVZ(L) =
VZ(K). Since N is a graded semiprime submodule, N = (,.; P; in which {P;}ics
is a collection of graded prime submodules of M. For every i € I, we have

PeVIN)CVIK)=KCP=KC(\e;P=N.
Similarly, K C L. So K € NN L. Now we have
VZ(N)UVI(L) CVI(NNL) CVI(K)=VIN)UVI(L).

Consequently, VZ(N)U V(L) = VI(N N L). Now from NN L C P we have
PeVINNL) = VIN)UVIL). Hence either P € VI(N) or P € VI(L),
that is either N C P or L C P. So P is g-extraordinary.

(i) = (ii1) Suppose that every graded prime submodule of M is g-extraordinary.
Assume that N and L are two graded semiprime submodules of M. Clearly VJ(N)U
VI(L) C VZ(NNL). For the other containment, choose P € V(N N L). Then
NNL C P. By assumption, P is g-extraordinary. So N C P or L C P, that is
either P € VI(N) or P € VI(L). Therefore VI(NNL) C VI(N)UVI(L), and so
VI(N)UVI(L) = VI(N N L).

(7i1) = (i) Let N,L be two graded submodules of M. We can assume that
VI(N) and V(L) are both nonempty, for otherwise VJ(N) U VZ(L) = VZ(N) or
VI(N)UVI(L) = VI(L). We know that Grys(N) and Gry(L) are both graded
semiprime submodules of M. Setting K = Gry/(N) N Gras(L) we have:
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VZ(N)UVI(L) = V2 (Gry(N)) UVE (Gry (L)) = VI (Gru(N) N Gra (L)) = VI (K)
by (iii). Hence M is a g — T'op module. O

Proposition 2. Let M be a graded R-module with the property that for every graded
prime submodule N of M, (K :g M) C (N :g M) implies that K C N for each
graded semiprime submodule K of M. Then M is a g — Top module.

Proof. Let N be a graded prime submodule of M and assume that 51 NSy C N,
where 51,5y are graded semiprime submodules of M. It follows from (S; :g M) N
(S2:r M) =(S1NSy:g M) C (N :g M) that either (S; :g M) C (N :g M) or
(S2 :r M) C (N :gp M) since (N :gp M) is a graded prime ideal of R. Now by
assumption we have S; C N or S C N, that is N is g-extraordinary. Hence M is a
g — Top module by Theorem 1. O

Theorem 2. Let M be a g — Top R-module.

(1) If K is a graded submodule of M, then M /K is a g — Top R-module.

(2) The graded Rp-module Mp is a g— Top module for every graded prime ideal
P of R.

(8) If Grpy(N) = N for every graded submodule N of M, then M is a graded
distributive module.

Proof. There will be nothing to prove if M has no graded prime submodules. So
assume that Specy (M) # 0.

(1) By [3, Lemma 2.8], the graded prime submodules of M/K are just the
submodules N/K where N is a graded prime submodule of M with K C N.
Consequently, any graded semiprime submodule of M/K is of the form S/K in
which S is a graded semiprime submodule of M with K C S. Assume that
S1/K and S9/K are two graded semiprime submodules of M/K. Then, by The-
orem 1, VZ(S1) UVI(Sy) = VI(S1 N S) since M is a g — Top module. Thus
VI(S1/K)UVI(Se/K) =VI(S1/KNSy/K). Tt follows from Theorem 1 that M/K
is a ¢ — T'op module.

(2) By Theorem 1, it is enough to show that every graded prime submodule
of Mp is g-extraordinary. Let N be a graded prime submodule of Mp, and let
S1 NSy C N for some graded semiprime submodules 57,59 of Mp. Clearly, N N M
is a proper graded submodule of M. Assume that r € h(R) and m € h(M)
are such that rm € N N M. Then, r/1 € h(Rp) and m/1 € h(Mp) with
(r/1)(m/1) = (rm)/1 € N. It follows that either (r/1)Mp C N or m/1 € N since N
is graded prime. Therefore, either r € (N N M :g M) or m € N N M. This implies
that N N M is a graded prime submodule of M. Hence N is g-extraordinary by
Theorem 1. As another consequence, Sy N M and S N M are graded semiprime
submodules of M with (S1NM)N(SeN M) C NN M. Therefore, SsNM C NNM
or SN M C NN M. Tt follows that either S = (S1 N M)Rp C (NN M)Rp or
So=(SeNM)Rp C (NNM)Rp. Hence N is a g-extraordinary submodule of Mp.

(3) For every graded submodules N, K and L of M we have:
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(K+L)NN =Gry((K +L)NN)
=[PP € V(K +L)NN)}
=({PIP € VI(K + L) UVI(N)}
=[PP € (VI(K)nVI(L)UVI(N)}
=[PP € (VI(K)UVI(N)) N (VL) UVI(N))}
= {PIP e (VI(KNN))N(VI(LNN))}
=({PIP € VI(KNN)+(LNN))}
= Gry((KNN)+(LNN)) = (KNN)+(LNN).
Thus M is graded distributive. =

Let M be a g — T'op module and let X = Specy(M). We know that any closed
subset of X is of the form V7(N) for some graded prime submodule N of M. But
now the question arises as to what open subsets of X look like. To say that any
open subset of X is of the form X — V() for some graded prime submodule N of
M, though true, is not very helpful. For every subset S of h(M), define

Xg=X-VI(5)
In particular, if S = {f}, we denote Xg be Xy.

Proposition 3. The set {X¢|f € h(M)} is a basis for the quasi-Zariski topology
on X.

Proof. Let U be a non-void open subset in X. Then U = X — VZ(N) for some
graded submodule N of M. Assume that N is generated by some subset E C h(M).
Then we have

U=X-VIN)=X-VIE)=X - VZ(UsepifH) =X —Nep V2 (f) =
UfeE(X - VI(f) = UfeE X

Therefore the set {X¢|f € h(M)} is a basis for X. O

Let R be a G-graded ring. A graded R-module M is said to be a graded multi-
plication module if for each graded submodule N of M, N = IM for some graded
ideal I of R [4]. One can easily show that if N is a graded submodule of a graded
multiplication module M, then N = (N :g M)M. A graded multiplication module
need not be multiplication. We first recall some results concerning graded prime
submodules and graded multiplication modules.
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Theorem 3 (see [8]). Let M be a graded multiplication R-module, and N a proper
graded submodule of M. Then, the following statements are equivalent:

(1) N is a graded prime submodule;

(2) (N :r M) is a graded prime ideal of R;

(8) N = PM for some graded prime ideal P of R with Ann(M) C P.

Suppose that M is a graded multiplication R-module, N = IM and K = JM
are graded submodules of M, where I and .J are graded ideals of R. The product
of N and K, denoted by NK, is defined by NK = (IJ)M. It is proved in [8, Theorem
4] that this product is independent of the choice of I and J. For each pair m, m’ of
elements of h(M), we define mm’ = (IJ)M, where Rm = IM and Rm' = JM.

Theorem 4. Let N be a proper graded submodule of the graded multiplication
R-module M. Then, the following statements are equivalent.

(1) N is a graded prime submodule;

(2) AB C N implies that A C N or B C N for each graded submodules A and
B of M;

(8) m.m' C N implies that m € N or m' € N for every m,m’ € h(M).

Proof. Tt is a direct consequence of [8, Theorem 4 and Corollary 2]. O]

Theorem 5. FEvery graded multiplication module is a g — Top module.

Proof. Let M be a graded multiplication R-module. Assume that N and L are
two graded semiprime submodules of M. Clearly VJ(N)U V(L) C VJ(NL). For
the converse containment, pick P € VZ(NL). Then from NL C P we get either
N C Por L C P by Theorem 4. Therefore P € V.J(N)UVZ(L), that is VJ(NL) C
VI(N)U VZ(L). Consequently VZ(N)uVI(L) = VI(NL). Tt follows from
Theorem 1 that M is a g — T'op module. O

Corollary 1. Let M be a graded multiplication R-module. Then VI(N)UVI(L) =
VI(NL)=VZ(NNL) for each pair N and L of graded submodules of M.

We end this paper by endowing Specy (M) by another topology, called the Zariski
topology on M. Let M be a graded module over the G-graded ring R. For every
graded submodule N of M, set

VI(N) = {P € Specy(M)|(P ir M) 2 (N 5 M)}
and

C9(M) ={VI(N)|N is a graded submodule of M}.
Then

Proposition 4. (1) V9(0) = Specy(M), and VI(M) = 0.

(2) If {Nx}xea is a family of graded submodules of M, then (N cp VI(N)) =
VI aea VA)-

(3) For each pair N and K of graded submodules of M, we have VI(N)UVI(K) =
V(N N K).
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Therefore for any graded R-module M there always exists a topology 79 on
Specg(M) in which (9(M) is the family of all closed sets. 79 is called the Zariski
topology on Specy(M). Now consider the set

(M) = {VZ(IM)|I is a graded ideal of R}.

In contrast with ¢*¢(M), (Z«(M) is always closed under finite unions, and so it always
induces a topology 74, on Specy(M). It is easy to verify that, for every g — Top
module, the topology 77, is coarser than the topology 77.

Lemma 1. Let R be a G-graded ring and let M be a graded R-module. For every
graded prime ideal p of R, denote by Spech(M), the set {P € Specy(M)|(P :p M) =
p}. Then, for every graded submodules N and L of M, the following statements are
satisfied.

(1) If (N :g M) = (L :g M), then VI(N) = V9(L).

(2) Let both N and L be graded prime. Then (N :g M) = (L :g M) if and only
if VI(N)=VI(L).

(3) VI(N) = Upeva.nny Spech(M).

Theorem 6. Let R be a G-graded ring and let M be a graded R-module.
(1) The Zariski topology 79 on Specy(M) and the topology T2, are identical.

(2) If M is g — Top module, then the quasi-Zariski topology 7 on Specy(M) is
finer than the Zariski topology 9.

Proof. Tt is easy to show that VI(N) = VI((N :g M)M) = VZ((N :g M)M) and
VI(IM) = VZI(IM) for every graded submodule N of M and every graded ideal I
of R. Therefore (9(M) = ¢Z.(M) C ¢{(M). So the result follows. O

Acknowledgement. The author thanks the referee for his/her valuable comments.

References

[1] AtryaH M.F., MACDONALD I.G. Introduction to commutative algebra. Longman Higher
Education, New York, 1969.

[2] DAuNs J. Prime modules. J. Reine Angew. Math., 1978, 298, 156-181.

[3] EBRAHIMI ATANI S. On graded prime submodules. Chiang Mai J. Sci., 2006, 33(1), 3-7.

[4] EBRAHIMI ATANI S., FARZALIPOUR F. On graded multiplication modules. Chiang Mai J. Sci.,
To appear.

[5] EBRAHIMI ATANI S., SARAEI F. E.K. Graded modules which satisfy the Gr-Radical formula.
Thai J. Math., 2010, 8(1), 161-170.

[6] Lu C.P. The Zariski topology on the prime spectrum of a module. Houston J. Math., 1999,
25(3), 417-425.

[7] McCasLanND R. L., MOORE M.,E., SMmITH P.F. On the spectrum of a module over a com-
mutative ring. Comm. Algebra, 1997, 25(1), 79-103.



TOPOLOGIES ON SPEC¢(M) 53

[8] OrAL K.H., TEKIR U., AGARGUN A.G. On graded prime and primary submodules. Turk. J.
Math., 1999, 25(3), 417-425.

[9] RoOBERTs P.C. Multiplicities and Chern classes in local algebra. Cambridge University Press,
1998.

[10] SHARP R.Y. Asymptotic behavior of certain sets of attached prime ideals. J. London Math.
Soc., 1986, 212-218.

[11] YOUSEFIAN DARANI A., SOHEILNIA F. 2-Absorbing and weakly 2-absorbing submodules. Thai
J. Math., To appear.

AHMAD YOUSEFIAN DARANI Received January 13, 2011

Department of Mathematics
University of Mohaghegh Ardabili
P.O. Box. 179, Ardabil, Iran

E-mail: yousefian@uma.ac.ir, youseffian@gmail.com



