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A Generalization of Hardy-Hilbert’s Inequality
for Non-homogeneous Kernel
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Abstract. This paper deals with a generalization of Hardy-Hilbert’s inequality
for non-homogeneous kernel by considering sequences (sn), (tn), the functions ¢p, ¢q
and parameter A. This inequality generalizes both Hardy-Hilbert’s inequality and
Mulholland’s inequality, which includes most of the recent results of this type. As
applications, the equivalent form, some particular results and a generalized Hardy-
Littlewood inequality are established.
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1 Introduction

If an, by, > 0 satisfy > 00 ;a2 < oo and Y o0, b2 < oo, then the well known
Hilbert’s inequality (see [1]) is given by

ZZm+n ZZb (1)

m=1n=1

N

and an equivalent form is given by
oo oo

2 o0
YAX ) <Pl 2)
n=1

n=1 \m=1

where the constant factors 7 and 72 are the best possible. In 1925, Hardy [2]
gave some extensions of (1) and (2) by introducing the (p,q)-parameters as: if
p>1, % + % =1, an, b, > 0 satisfy Y 2 ; al, < oo and Y o2, bi, < oo, then

1/p [eS) 1/q
p X

ZZW” eI St > 3)

m=1n=1 n=1 n=1

and an equivalent form is given by
p . p 00

p 4
Z:: Z:: m+n < [sin(ﬂ/p)] ;a"’ )
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where the constant factors 7 and [Sin(fr /p)]p are the best possible. Inequality (3)
is called Hardy-Hilbert’s inequality and is important in analysis and its applications
(cf. Mintrinovic et al. [4]). Recently many generalizations and refinements of these
inequalities were also obtained. Some of them are given in [5-15].

Ifp>1, 1—1—7 =1,apn,b, > Osatisfy 0 < Y > 2m ab, < ooand 0 < > °°
00, then the "Mulholland’s inequality (cf. [1,3]) is given by

) /P ¢ 1/q
s 1 1
sznlnmn sin(m/p) {Znaﬁ} {an%} ; (5)

n=2 n=2

lq
n?nb

where the constant factor —"—— is the best possible. Replacing a,, with ma,, and

sin(7/p)
b, with nb, we have the following inequality:
If p > 1,%—1—7 = 1,am,b, > 0 satisfy 0 < > 22, nP'al < co and 0 <

o0 o nd b < oo, then the inequality

Z Z 1nmn - T;/p) {Z nplaﬁ} {Z nfllbi} (6)

m=2n=2 n=2 n=2

™

holds, where the constant factor S 7p) is the best possible. The inequality (6) is
also referred to as Mulholland’s inequality. Some generalizations of these inequalities
are given in [16,17].

Most of the recent generalizations of inequalities (1) and (3) (cf. [5-15]) estimate
the upper bounds of the double sum of the form ) > K(m,n)amb,, where the
kernel K (m,n) is homogeneous in m and n. In this paper, we give a generalization
of Hardy-Hilbert’s inequality for non-homogeneous kernel K(m,n) = (s, + t,) "
by considering the sequences (sy), (tn), the functions ¢,, ¢, and parameter . This
inequality generalizes both Hardy-Hilbert’s inequality and Mulholland’s inequality,
from which all the inequalities given in [5-17] are obtained as particular cases. As
applications, the equivalent form, some particular results and a generalized Hardy-
Littlewood inequality are established.

2 Some Lemmas

We first set the following notations. Suppose p > 1, % + % =1and ¢, (r =p,q)
is a function of r such that 0 < ¢, < X (r = p,q). Let mg,np € N and s(x),t(z) are
differentiable strictly increasing functions in (mg—1, c0) and (ng—1, 00), respectively,

such that s((mo — 1)+) = t((no — 1)+) = 0 and s(o0) = t(c0) = o0, (S(;’;(% and
t'(x)

Ga)-e  are decreasing in (my — 1,00) and (ng — 1,00), respectively. We write
s(m) = sm, §'(m)=s),, t(n)=t, and t'(n) =t,.
We need the formula of the f—function as (cf. Wang et al. [18]):

B(p,q) = /OOO mi)pﬂup_ldu = B(g,p) (p,q>0). (7)
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Lemma 1. Define the weight functions wy(s,t,p,m) and wx(t,s,q,n) as

o 4
S,t,P, Z Sm +t )Ilf(bp’ (m > mO)’ (8)
At s, q,m Z sm+t A(s mS)qubq’ (n = no) (9)
Then
W)\(S, t,p, m) < B(¢p7 A — gbp)(sm)(ﬁp_/\y (m > mO); (10)
W)\(t, Sa q: n) < B(d)qv )\ - ¢q)(tn)¢q_)\> (n Z n()). (11)

Proof. Since A > 0, s(x), t(x) are differentiable, strictly increasing functions and

(8(;;()316) s, and e ;gx) 5, are decreasing in (mg — 1,00) and (ng — 1,00), respectively.

So

— [" t'(y)
(s, 8,p,m) < Z/n ' sm+t<y>> X (el Y

n=ng

> (t(y) 1 (y)
—d
(8m + t(y))*

= (s5m)%" /000 (14—1u) u®tdu <setting u = t;ij)

Then by (7), we get (10). Similarly, (11) can be proved. The lemma is proved. [

Lemma 2. If ¢, + ¢ = X and 0 < € < q¢p, then

/ !
RED z e
e = Sm + tn (Sm)l_¢Q+E (tn)1—¢p+a

(12)

L_p (¢p— Z,¢q+2> ~ 0.

(Smy)*

Proof. Since A > 0, s(z), t(z) are differentiable strictly increasing functions and

(8(;;()316),% and (t(;l)gf),% are decreasing in (mg — 1,00) and (ng — 1, 00), respectively,
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we have
[ ! s'(x) #(y)
Zl > /mo /no (s(z) + t(y))* X (S(x))l_(ﬁq_i_% X (t(y))1_¢p+§ dxdy
_ [ s o 1 - ‘ )
- o W /z(g))) W u® du] dx (settmg u = m)
- [ & - ﬁ _ Oo & té?w%) w5t
_/mo (s q:))1+gdx/0 (1+U)Adu /mo (s(2)) 17 [/0 AT ————du| dz

V

1 oou¢p—§—1 - 0o Sl(x) tsz—;) bpt1
e b rar L, w l/o v

1 /°°u%31du_<tno>%3(¢ _e)‘1(¢ _e+6)‘1
e(smo)® Jo  (1+u)? (umg) "t U7 g " g '

Then by (7), (12) is valid. The lemma is proved. O

3 Main Result

Theorem 1. If p > 1, %—i—l =1, 0< ¢ <A (r=p,q) and ayn,b, > 0 satisfy

m ¢p—A+(p—1)(1—9q) tn dg—Ar+(q—1)(1—ép)
0 <> e (5m) T am < 00 and 0 < 3¢ (tn) Ty bi < o0,

then

1
>0 (Sm)¢p—)\+(17—1)(1—¢q) o } P

> Z <HA<¢p,¢q>{ >

m=mg n= no m=mg

1
20 (ty) e M@= D(1=6p) a
) { L e

n=ng

(13)

1 1
where Hx(¢p, ¢q) = B? (¢p, A = dp) B (g, A — ¢gq).
Proof. By Hélder’s inequality with weight (cf. Kuang [19]), we have

o o0

Z Z sm+t

m=mg n=ng
(tn)(%*l)/p(t%)l/p (Sm)(%—l)/q(sgn)l/qb
mz;nz orerm IR e A A R AT

o [ ) (] ()00 |7
S{ 2 [Z (8m + tn)* (tn)l—%] (57~ am}

m=mg Ln=ng

oo o0 1 s (t,,) @D (0=¢p) ) 3
X{Z [Z (o + 1) <sm>1-¢q] T b”} |

n=ng Lm=mg
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Then by (8) and (9), we have

- 5, )P-D(1=6y)
Z Z 3m+t { Z w)\(s’t’p’m)(zsl)p—l afn}

m=mg n=ngo m=mo m
> ( )(q D(1—¢p) a
’ {Z e ATE I

and in view of (10) and (11), it follows that (13) is valid. The theorem is proved. [

Theorem 2. If p > 1, %—i—% =1, 0< ¢ <X (r =p,q) and ap, > 0 satisfy

ép—A+(p—1)(1—¢q) . . . ‘
0< sz:mo (5m) p(S/ b Tab, < oo, then we obtain an equivalent inequality of

(13) as follows:

[e%9) [e'e) p
t/
2. e [—Z ot P
o0 (sm)¢p*)‘+(p*1)(1*¢q)
[ (@ 00))" D CAT=S—
m=my m
. ’ 00 a p—1 .
Proof. Setting by = gty |Lmmo igs|  and using (13) we
obtain
¢ —A+(g=1)(1—¢p)
<y W) b
n=ngo
e’} 00 p
t/
-3 o [;;

-y Z S (15)

m=mgo n=ng

0 by Ap-1)(1-d) )7
SHA(%,%){ yo Lom) — a%}

m=my m

1

2 (b)) P A @D (A= ¢p) a
X { Z (t/ )q—l b% '
n=ng

n
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Hence

¢ Vb A=) (1=dy) |7
(tn)at "

n

o'} t;l 00 am
N { 2 (tn) L%t (=1 (G—2) L:Zmo ($m =+ tn)?

n=ng

1
O (g) A -D(1=00) ) 7
< HA(¢p7¢q) { Z ( ) 7 \p—1 apm < 0.

A

By using (13) it follows that (15) takes the form of strict inequality; so does (16).
Hence we get (14).

On the other hand, if (14) holds, then by Hoélder’s inequality, we have

Z Z sm—l-tn

m=mo n=ng

- (t)) /P e a
=2 () 1= 0p+(P=1)(6a=X)/p > (5m + tn )
m=my

[(tn)(1—¢p+(p—1)(¢q—>\))/pb ]

(tr,)1/P
n=ng
PY» bo-A(a-1)(1-¢p) )7
- t, S R B U SN Y a
S{ Z () 1= 0pt(=1)(0g=2) [ Z (Sm + tn)* } {Z (t)a1 bh o -
n=ngo m=mgo n=mno

Hence by (14), (13) yields. Thus it follows that (13) and (14) are equivalent. The
theorem is proved. O

Theorem 3. Ifp > 1, l—1—1:1 &r >0 (r=p,q), ¢p+ dg = A, an, by, >0 satisfy

m)PA—%q) 1 ty,)2(1=dp)—1
0< E;(L):Tno (S(L,Tam < oo and 0 < Zn no ()(t/Tb% < 00, then

i (Sm)P(1—¢q)_1 P i (tn)‘I(l—¢p)_1 q
< B § A — U § q
m27no nzno Sm + t (¢p7 (bQ) {m:mo (Sén)p—l am = (t%)q_l bn

(17)
where the constant factor B(¢yp, ¢q) is the best possible.

Proof. Since ¢, + ¢4 = A, then by Theorem 1, (17) is valid. For 0 < ¢ < q¢,, we
take

Uy = (sm)*lJ“d’rE/p si (m > mog),

by = (tp) e/ (n > ny).
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: Y@ )
Since o = Gt 6@

1 . . .
yoaFe 18 decreasing in (mg — 1, 00), we have

° (Sm)p(l—aﬁq)—l

ZW% 1+s+ Z

m=mo m=mo+1 (Sm
s’ > ¢(x)
< _Tmo g (18)
- <sm0>1+e+/ (o=
[ 1
e (8mo) 1T (8mg)°]
Similarly,
>0 (tn)Q(lﬂﬁp)*l - 1[ t 1 ]
b < S e : 19
n;o ()" el (tng)™=  (tno)* (19)

If the constant factor B(¢y, ¢q) in (17) is not the best possible, then there exists a
positive constant K < B(¢p, ¢4) such that (17) is still valid if we replace B(¢p, ¢q)
by K. In particular by (12), (18) and (19), we have

1)53 <¢p—6,¢q+z> -0

(Smo
{ Ja(1—67)- bq}é
]_ n
n=ng )q

ST Sy
<K{5(Sni, e T (Smo)° } { 1+5 nlo)a}é
K. Th
n (17)

m=mg n= no
o0
< 5K{ 3 (

m=mg
and taking ¢ — 07, we get B(¢p, ¢g) < is contradiction leads to the conclusion
that the constant factor B(¢yp, ¢q) in is the best possible. The theorem is
proved. O

Corollary 1. Ifp>1, 1+ é =1 and ay, > 0 satisfy 0 <Y (s,)' "ay, < oo
(r =p.q), then

hS] \

o0 o0

Z Z SZ’”f’;n siZz < > <3’m>1‘pafn>p < > <s$n>1‘qa$n>q (20)

m=mg n=mgo m=mgo m=mg

where the constant factor ﬁ 1s the best possible.
)

Proof. Taking a,, = by, 8, = th, A= 1,0, = % (r=p, q) in (17), we get (20). The
corollary is proved. O
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Corollary 2. Ifp>1
(r=p,q), then

A 2 (Sm » v (Sm)2 " . i
Z Z PRI (Z (Sl)plam> (Z (S/qlam> (21)

m=mg n=mg m=mg m=mg

, 1—1)+%_1 and am > 0 satisfy 0<% ((ir/"))i T Uy, < OO

where the constant factor w is the best possible.

Proof. Taking an, = by, s, =tn, A=1, ¢, = 5 (r =p,q) in (17), we get (21). The
corollary is proved. O
Theorem 4. If p > 1, 2%—1—% =1, ¢, >0(r=p,q),0p+dq = A, a, > 0 satisfy
0 <Y e % < 00, then we obtain an equivalent inequality of (17)
as follows:
o0 ’ 00 p o0 (1—¢4)—1
t, Qm (Sm)p !
TRy | <[B(ép )] — T m (22)
nzno (tn)t=Por [mzmo (8m =+ tn)? m mzmo ()P~ "

where the constant factor [B(¢pp, ¢q)|F is the best possible.

Proof. Since ¢, + ¢4 = A, then by Theorem 2, we get inequalities (17) and (22) are
equivalent. By Theorem 3, the constant factor in (17) is best possible, hence the
constant factor in (22) is best possible. The theorem is proved. O

4 Generalization of Hardy-Hilbert’s Inequality

Theorem 5. If p > 1, %+é:1,0<q§r<)\(r:p, q), A,B > 0, 0<a<¢,
0 < B < d%p, an, by > 0 satisfy 0 < .00 m@r=A+(1=p)éa)tr=1ah < o0 and

0<>, nPOa=At(1=0)ép)+a-1p1 « 6 then the following two equivalent inequali-
ties hold:

a(pp—A+(1—p)dq)+p—1
ZZ Amo‘—l—Bnﬁ) <MH>\(¢P7¢q){Zm(P (1-p)oq)+p a%}

m=1n=1 m=1

1 (23)
e q
X {Z nﬁ(‘ﬁq/\JFUQ)d)p)Jrqlb%} :
n=1
00 00 . p
B(p+(1—p)(pq—A))—1 m
Z1n Z_l (Am® + Bnf)>
- " (21)

< [pHA(¢p, b)) Z m (@At (1=p)do)Fp=1 g,
m=1
1 1
dp—A\ p bqg—2\ q 1 1
where j1 = (f,;;p )p (ij¢q )q and Hx(¢p, ¢q) = B? (¢p, \—dp) B (dg, \—y). The
constant factors pHy(¢p, ¢q) and [WHx(dp, dg)|F are the best possible if ¢p+ g = A.




A GENERALIZATION OF HARDY-HILBERT’S INEQUALITY 37

Proof. Setting s,, = Am®, t, = BnP in Theorem 1 and Theorem 2, we get both
the inequalities (23) and (24) are valid and equivalent. From Theorem 3 and Theo-
rem 4, it follows that the constant factors are the best possible. This completes the
proof. O

We discuss a number of special cases of inequality (23). Similar inequalities can
also be derived from inequality (24).

Example 1. Setting ¢, = 1 — Aap, ¢4 = 1 — A1q in Theorem 5, we have the
following inequality: If p > 1, 1%4-% =1, A B >0, A < é? Ay < ?1)’ 0 <
Oég 1— Aq’ O<ﬁ< = Azp,)\>max{1—A2p,1—A1q},am,bnZosatisfy0<
Z:nO:l a(2—p—A+p(A1—A2))+p— 1gP < o0 and 0 < Zzo:1 nﬁ(Z—q—)\+q(A2—A1))+q—1b% <
oo, then

1
oo 00 b e'e] P
a(2—p—A+p(A1—A2))+p-1_p
22 Ama+Bnﬂ) <L{Zm o am}

m=1n=1 m=1

1
% {Z nﬁ(z—q—Mq(Az—Al))Jrq_lb%} q

n=1

(25)

1
where L = <A17A2p7A>p <Bl Ava A) Hy)(1—Ayp,1—A1q). For A= B =a =

ﬂBlfAQP aAl Aqq

B =1, we get the result of Brnetic and Pecaric [5, Theorem 2].

Example 2. Setting ¢, = (r = p,q) in Theorem 5, we have the following inequal-
ity: pr>1,;+5_1 AB>0 0<a<$,0<B<E X>0 amby, >0
satisfy 0 < 3% mP~D0-aNgh < o0 and 0 < Y20° , n@DO=ANRE < oo, then

AN
BlZ 2 (p—1)(1—aN) (a=1)(1-BN),
S-Sty ol WS el
(26)
A a1 1yl A A .
where p = (Aq Bpothﬁp> and the constant factor uB <5, E) is the best possible.
For A= B =X=1, a=f, we get the result of Yang [7]. Settinga=p=1, p=

q = 2, we get the result of Yang [13] and setting o = 8 = 1, we get the result of
Yang [15].

Example 3. Setting gb = A1 f) (r = p,q) in Theorem 5, we have the following
inequality: If p > 1, +l—1 AB>0,0<a<® 0<p<{, A>0and

A, by, > 0 satisfy 0 < Zm: mP~A "1l < 0o and 0 < -0, n? PA~1p] < oo, then
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Ao a1 oa1yN—1
where p = <A535a565> and the constant factor uB (%,

For A = 1, = 3, we get the result of Yang [8]. Setting A =B =a=0=1, we
recover the result of Yang [9)].

%) is the best possible.

A—2

Example 4. Setting ¢, = (r = p,q) in Theorem 5, we have the following
inequality:pr>l,% %:1 A, B > 0, 0<a<+§_2,0<ﬂ§1ﬁ,
A>2— min{p, q}, Gm, by, > 0 satisfy 0 < Zmzlmp D-algtA=2))gP < 50 and
0 < 320 pla=DO=BF+HA=2)p < o0 then

1

o0 o0 E
E E E ' (p—1)(1-a(g+A-2)) ,p E : (¢=1)(1-B(p+A-2)) 14
Amo‘ +Bnﬁ) <L1{m 1m E } { ! bn}

:ln:l
(28)

g+A—2 p+A 2

where the constant factor L = (A q P aqﬁ ) x B <p+)‘ 2 q+2‘ ) is the

best possible. In particular for o = 8 = 1, p = q = 2, we get the result of Yang [13].

Example 5. Setting ¢, = 1+ (1 — 1)(A = 2) (r = p,q) in Theorem 5, we have
the following inequality: If p > 1, %4—% =1, AB >0 0<ac< zﬁ’
0<p< +)\ 5, A > 2—min{p, ¢}, am,by >0 satisfy 0 <>, me2=A-p)tr—1gp
00 and 0 < 3200 pfR-A=d+a=1pl < oo, then

1
(2 A—p)+p—1 B2-A—q)+q—17q |
53 < S s | (S5
(29)
pEA—=2 q+A 2

where the constant factor Ly = (A P a aqﬁp) x B (1‘%, #) is the

best possible. For a = 3 = 1, we get the result of Yang and Debnath [6]. Setting
A= DB =X=1, a= (3, we recover the result of Yang [7].

(r = p,q), in Theorem 5, we have the
1=1, AB>0,0<a< (3+
Do<p< (A2 + D7 A > 1= 2min{l, 1}, ap,b, > 0 satisfy 0 <

S0 mpIHa@PATR)208 < 00 and 0 < .00 ndIHBC-A-d)/2p0 < oo then

Example 6. Setting ¢, = % +
following inequality: If p > 1, %

1 1
mbn 0 q
L p—1+a(2—pA-p)/2 p q—1+5(2—qA—=q)/2pq
33 3{zm w5 i
(30)
where the constant factor Ls = (A JrqB +paqﬂp> % B (% + %, % + %)

is the best possible. Setting A = B = A = 1, a = 3, we recover the result of
Yang [7].

-1
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Example 7. Setting ¢, = A(L + (1 — %)(a —2)), ¢q = )\(% +(1— %)(ﬂ —2))
in Theorem 5, we have the following inequality: If p > 1, % + % =1, A B, A>0,
2-p < a<2+p2L), 2-q¢ < B < 2+q*3L), am by > 0 satisfy

0<% mACamPtP—lgh < o0 and 0 < 300 | pA=B-0+a—1p < oo then

1
o0 q
Z Z A(2—a—p)+p—1 Z A2—B8—q)+g—1
=1 1 Ama—i_BnB { " " ap} { —1n o b%}
(31)

-1
Apta—=2)  Ag+B-2) 1 1 _
where the constant factor Ly = <A pa BT B ﬁp> x B (W,

qaB
of Yang [12].
Remark 1. Setting (i) ¢, = % (r = p,q), (i) ¢ = 1 — % (r = p,q),
(iii) o, = M — % (r = p,q) in Theorem 5, we get new inequalities.
Remark 2. Taking a=0, A=B=1, ¢, =2 (r =p,q) in (23), we get the result
of Yang [10].
Remark 3. Taking s, = t,,, = u(m) in Theorem 3, we get the result of Yang [14].

w) is the best possible. For A = B = XA = 1,a = 3, we get the result

For other appropriate values of A, ¢, ¢4 and suitably choosing sequences s,, and
t, in Theorem 1 and Theorem 3, one can obtain many new inequalities.

5 Generalization of Mulholland’s Inequality

Theorem 6. If p > 1, l—i-l =1, 0< ¢ <1 (r=pq), A > max{dy, ¢g},

o, >0 and ap,b, > 0 satzsfy 0 < 3200, mP~HInm)r A P-D0-¢)gh < oo
and 0 <Y 2%, ni~t(lnn)%a" M(g-1d ¢P)bq < 00, then the following two equwalent
inequalities holds:

1
o E

ZZ H -1 bp—A+(p—1)(1—¢
2 lnmanﬁ X <7 AM(&p, bq) {E mP™ (Inm)®r (r—1)( q)a%}

m=2n= m=2

00 1 (32)
X {anl(ln n)¢qz\+(q1)(1¢p)b%} q ;

n=2
2 (Inn) e 1+ P-1)(A=¢q) [ > . ]p
Z n (In manfB)A
- - - (33)

< NHx(dp, $)P > mP~ (Inm) A e=D=00) g
m=2

1
a®p—A bg—A 1 1
where n = ( ﬁ{;p ) (ﬁ Pq ) and HA(¢pa¢q) = BP(¢p7A - pr)Bq(qua)\ - ¢q)'
The constant factors nHx(¢p,dq) and [nHx(¢p, )|  are the best possible if
¢p + qu =\
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Proof. Setting s, = Inm®, t, = Inn?® in Theorem 1 and Theorem 2, we get both
the inequalities (32) and (33) are valid and equivalent. The constant factors are
the best possible obtained from Theorem 3 and Theorem 4. This completes the
proof. O

Example 8. Setting ¢, = % (r = p,q) in Theorem 6, we obtain the following
inequality: If p > 1, l—i—l =1, a>0 08>0 >max{% %}, Qm, by, > 0 satisfy
0< > omP™ 1(lnm)1 Aam <ooand 0 < 3%, 4 H(Inn) b} < oo, then

G amb 11 & M & ‘
T Hy| -, - mP~L(Inm)Aa?, n?(Inn) = pd
R IR | R

In particular for « = = A = 1, we get the result of Yang [16, Theorem 2.1].
Example 9. Setting ¢, = 2 (r = p,q) in Theorem 6, we have the following

.
inequality: If p > 1, % + l =1, a>0,3>0,0<X<min{p,q}, am,b, > 0 satisfy
0< Y > ,mPl(In m)(pfl)(l Nah, < 0o and 0 < 320°, nd~ (Inn) @ DE-Np] < o0,

then

1
1 A A P
B(2 2 p=1(] (p=1)(A=X) P
ZZ lnmanﬁ 33 (p q){Zm (Inm) ab,

m2n2 aqﬁ m=2

i (35)
0 q
X {Z nql(lnn)(ql)(l)‘)b%}
n=2
where the constant factor WB (%, ?) is the best possible. In particular for

a == X=1, we get the result of Yang [16, Theorem 2.1].

Example 10. Setting ¢, = A\(1 — 1) (r = p, ¢) in Theorem 6, we have the following

r

inequality: If p > 1, %—l—% =1, a>0,0>0,0<X<min{p,q}, am,b, > 0 satisfy
0<% ,mPl(Inm)P~2Lah, < oo and 0 < 3200, n9~1(Inn)9=A~1b}, < oo, then

1
>3 L (A Sy
lnmo‘nﬁ 2 2 P q

m2n2 C“’ﬁg m=2

1
oo q
X {Z n?1(In n)q)‘lb%}

n=2

(36)

where the constant factor WB <% 5) is the best possible.

In particular for « = 8 = A = 1, it reduces to

i i (Inmn)A 125 {i m?™! (lnm)"*af, }p{i n (Inn) =20 }q (37)

m=2 n*2 p m=2 n=2
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and we obtain a new inequality in (p,g)-parameter form other than (6), with the
same best constant factor.

Example 11. Setting ¢, = 14 (1—1)(A—2)(r = p, q) in Theorem 6, we have the fol-
lowing inequality: If p > 1, %4—% =1, a>0,6>0,2—min{p,q} <X <2, anm, b, >
0 satisfy 0 < S°°°_, mP~1(Inm)'Aah, < 0o and 0 < 320, ndL(Inn)=bf < oo,
then

1

3 ;m <nm<p>{2 m? ! (In m>1*a’£n}p{2 n"!(In n)l‘kb%}q (38)

m=2 n=2

2-A—p 2-A—
whete 5= a0 B0, ka(p) = B (222,022

) and the constant factor
nkx(p) is the best possible.

In particular for « = =1, we get

Z Z ln )™ (p){ i mP~ (Inm) Aak, }p{i nd~ (Inn)'=*pd }q (39)

m=2n= 2 m=2 n=2

where the constant factor ky(p) is the best possible. For A = 1, it reduces to the
result of Yang [16, Theorem 2.1]. Replacing am, b, by &=, n"s respectively, we get
the result of Yang and Debnath [17, Theorem 1]).

Example 12. Setting ¢, = % + p,q) in Theorem 6, we have the fol-
lowing inequality: If p > 1, %—I—% a>0 06>0 1- 2m1n{ } <A<
1 +2mim{1 } Am, by > 0 satisfy 0 < 3209, mP~1(Inm)P(1=N/2 % < oo and
0< > ni” 1(lnn) 9(1=N/2p1 < 00, then

Z Z (In manﬂ

m=2n=2

1
- ° p [ @ 7
< nk)\(p) { Z mpfl(ln m)p(l)\)/Qagn} {Z nql(lnn)Q(lz\)/ngL}

m=2

1
p (=
=1,

) and the constant factor

1-2_1 1=X_1 ~
where n=a 2 "4 2 “», k\(p)=B (% + 217’ % +
= A =1, it reduces to (6).

Remark 4. Setting (1) ¢, = 1~ 1 (r = p.q), (i) ¢ = 1+ 222 (r = p,g),

'
(iii) ¢, = % — % (r = p,q) in Theorem 6, we get new inequalities.



42 NAMITA DAS, SRINIBAS SAHOO

6 Applications

In this section, we will give the generalizations of Hardy-Littlewood’s inequality.
Let f € L?(0,1) and f(x) # 0. If

1
an:/ 2" f(z)dx, n=0,1,2,3,...
0

then we have the Hardy-Littlewood’s inequality (see [1]) of the form

o0 1
Zafl < 7r/0 fA(x)dx (41)
n=0

where the constant factor 7 is the best possible. Yang [11] gave a generalization of
(41) for p > 2 as

o0 I+ o0 5o
(Zaﬁ) <z (Zaﬁ“’—”> /0 1 (@)da. (42)
n=0 p n=0

Theorem 7. Let p > 1,

L+l=1, fer?0,1), f(x) #0 and

LA

an = (s3)

1
/ :US"_%f(x)dx, n > mo.
0

If 0< Z;L.O:mo(sg)Qipafz(p_l) < 00, then

o0 3 oo 5ol
P m 1 \2—p, p(p—1) / 2
(n;mo an> < T <n;0(sn) a ) i 2 (x)dz. (43)

Proof. Applying Schwartz inequality, we have
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Since f(z) # 0, s}, > 0. So, a, # 0. Hence it is impossible to get equality in (44).
Again by Corollary 1, we have

1 1
S5 )l ()
Sn + Sm

n=mgo m=mg

1
) *
<t ( > <s;,>1—"az<p—”sz)

s
N
3
—
cn\
S~—
_
|
)
=)
S
T
=
—~
C,J\
S~—
S
SN—
Qe

p n=myo =my
1 1
- o] ( ) P o) q
_ /\2— -1
= —= | D ()P Pap > ah | .
sin —
p n=myo n=myo

Hence we obtain the inequality (43). This complete the proof of the theorem. [

Theorem 8. Letp >1, .+ ¢ =1, f € L*(0,1), f(z) # 0 and

/ 1 1
ap = (8"1)p1/ ms"_%f(x)dx, n > mo
(8p)r 270
If
oo} 2—
0< Z <3;1> 8 p(p—1) ~
Sp, "
n=my
then ) )
00 1+3 s \2P bl
> db <m| ) <“> abP~) / (z)de. (45)
= = Sn 0
n=myo n=mo

Proof. Proceeding as in Theorem 7 and using Corollary 2, the proof of the theorem
follows. o

Remark 5. For s, = n, (43) becomes (42). Taking p = 2 in Theorem 7 and Theorem
8, we get

i a2 < 7r/1 A (x)dx (46)
" 0

which reduces to (41) for s,, = n.
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