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On some operations in the lattice of submodules
determined by preradicals
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Abstract. In the lattice L(rM) of all submodules of a module rM four operations
are defined using the standard preradicals: a-product, w-product, a-coproduct and
w-coproduct. Some properties of these operations, as well as some connections with
the lattice operations of L(rM) are indicated. For characteristic submodules these
operations were studied in the work [5].
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1 Definitions and preliminary facts

Let R be an associative ring with unity and R-Mod be the category of unitary
left R-modules. For an arbitrary module M € R-Mod we denote by L(zM) the
lattice of all submodules of M. A submodule N € L(zM) is called characteristic
(fully invariant) in M if f(N) C N for every R-endomorphism f: M — pM.
The lattice of all characteristic submodules of ;M will be denoted by L (,M).

A preradical v of R-Mod by definition is a subfunctor of identity functor of
R-Mod (i.e. (M) C M and f(r(M)) C (M) for every module M € R-Mod and
every R-morphism f: M — M’). Obviously, (M) is a characteristic submodule
of kM. Moreover, the submodule N € L(zM) is characteristic in zM if and only
if there exists a preradical r of R-Mod such that N = r(M).

If r(r(M))=r(M) for every M € R-Mod, then r is called idempotent prera-
dical; if r(M /zM)) =0 for every M € R-Mod, then r is called a radical.

We denote by R-pr the family of all preradicals of the category R-Mod. Two
operations ,,A” and ,,vV” are defined in R-pr by the following rules:

( A Ta)(X) = ) ra(X), ( V Ta)(X) = > ra(X)

ac ac acd acd

for every X € R-Mod and every family of preradicals {r,|a € A} C R-pr. Then
R-pr (A, V) possesses all properties of a complete lattice with the exception that it is
not necessarily a set (in general case R-pr is a class), so it is called the ”big lattice”
of preradicals of R-Mod. In this lattice a special role is played by the following two
types of preradicals. For every pair N C M, where N € L(zM), we define the

functions a) and w} by the rules:
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ay(X)= X V), wy(X)= N [N,

fiM—>X f:X—>M

for every X € R-Mod. The following facts are well known ([1,2]).

Proposition 1.1. 1) o) and w) are preradicals of R-Mod;
2) ol (M) is the least characteristic submodule of kM containing N ;
3) wy (M) is the largest characteristic submodule of pkM contained in N. O

Proposition 1.2. If N € L(,M), then o¥(M) = N and w¥(M) = N.
Moreover, for a preradical r € R-pr we have:
r(M)=N & o < r < wy. O
So for a submodule N € L(zM) the preradical X is the least among
preradicals 7 € R-pr with the property (M) = N. Dually, w) is the largest
among preradicals r € R-pr with (M) = N.
Now we mention two particular cases:
a) the idempotent preradical r™, defined by module zM
r™(X)= > Imf —the trace of M in X (i.e. 7™ = a}l);
fiM—X
b) the radical r,; defined by M
ru(X)= () Kerf - the reject of M in X (i.e. ry = w{).

fiM—X
The following two operations in R-pr are very important in the theory of preradicals:

1) the product of preradicals r, s € R-pr:
(r-s)(X) =r(s(X));
2) the coproduct of preradicals r, s € R-pr:

(r: s)(X)/r(X) = s(X/r(X))
for every X € R-Mod.

2 a-product of submodules

Using preradicals of the form ol the following operation is introduced in the
lattice L(zM) of all submodules of an arbitrary module M € R-Mod.

Definition 2.1. Let M € R-Mod and K,N € L(zM). The following submodule
of M:
KN-ad(N)= ¥ 5
f*M—N

will be called the a-product in M of submodules K and N.

This operation was considered in [3] for the investigation of prime modules. The
continuation of these studies can be found in [4]. For characteristic submodules
K,N € L*(,M) this operation coincides with the a-product defined in [5] by the
rule: K- N = off a¥ (M).

Some simple properties of a-product are indicated in the following statement.
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Proposition 2.1. 1) K-N C N and K - N is a characteristic submodule in N;
2) If NeL"xM), then K-N & L"M) for every K € L(zM);
3) If K e L"(xM), then K-N C K, therefore K- N C KN N;
4) If K =0, then 0-N =0 for every N € L(zM); if N =0, then
K-0=0 forevery K € L(zM);
5) If N =M, then for every K € L(zkM) the submodule K-M = > f(K)

f*M—>M
is the least characteristic submodule of M containing K;

6) If K =M, then for every N € L(zM) we have M-N = > f(M)=
f:M—N

= rM(N). 0
Proposition 2.2. The operation of a-product is monotone in both variables:
Ki C Ks = Ki-N C Ky-N VN € L(zM);
Ny C N = K-Np C K-Ny VK € L(xM). O

The following two results explore the associativity of a-product and are indicated
in [3] (Lemma 2.1). For convenience we give also the sketch of proofs.

Proposition 2.3. The following relation is true:
(K-N)-L € K-(N-L)
for every K, N, L € L(zM).

Proof. Every pair of morphisms f: M — N, g: M — L determines a morphism
h=gf:M — L and since by definition N-L= 3 g(N) we have g(f(m)) €
g:M— L

N - L. So we can consider that h € Homgz(M, N - L). For every a € K we have
f(a) € K-N and g(f(a)) € (K-N)- L. Therefore we obtain g¢(f(a)) = h(a) €
K- (N-L)= >, h(K), proving the statement. O

h:M — N-L
Proposition 2.4. If M is a projective module, then the operation of a-product in
L(zM) is associative:

(K-N)-L=K-(N-L)

for every K, N, L € L(zM).
Proof. We consider the module U = E Ny, Ny = N, with canonical projections

g:M—L

pg : U — Uy. We can define the mapping:
h:U — N-L, h(z)= Z g(pg(x)) EN-L = Z g(N), z € U.
g:M— L g:M—L
Then h is an epimorphism, since every element of N - L by definition has the form

t
> 9i(ng;). By projectivity of zM forevery f: M — N-L there exists a morphism
i=1
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f: M — U such that f = hf. For every a € K we have f(a) € K - (N - L)
and f(a) = hf(a) = Y. 9g(pgf(a)). Since py f € Homp(M,N), we obtain

g:M—L

pg f(a) € K - N and then by definition Y g(py f(a)) € (K - N) - L, therefore
-

g:M—L
f(a) € (K- N)-L. This proves that K - (N - L) C (K - N) - L, and the inverse

inclusion follows from Proposition 2.3. ]

In continuation we will study some relations between the operation of a-product
and the lattice operations of L(;M). For that we need the following fact on the
operation ,,V” (join) in the lattice R-pr.

Lemma 2.5. For every submodules N, K € L(zM) the following relation is true:

M _ M M
Qg =0y V 0.

Proof. For every X € R-Mod by definitions it follows:
(an V o) (X) = ay(X) + ax (X) =

(T W)+ (X SE)= T JIN+EK)=ad, (X). 0

f:M—-X fTM—-X f:M—-X

Proposition 2.6. For every module M € R-Mod the operation of a-product is left
distributive with respect to the sum of submodules:

for every Ki, Ko, N € L(zM).
Proof. Using Lemma 2.5 and definitions, we obtain:
(K1+ K2) N = oy, (N) = (o, V az,)(N) =

— al (N) +al (N) = (K - N) + (Kz - N). 0

1

Proposition 2.7. For every submodules K, N1, No € L(zM) the following rela-
tion is true: K -(Ny+Ng3) D (K-Ni)+ (K -N2). If NyN Ny =0, then we have:

K- (N1®Nz) = (K-Ni) @& (K- Na).

Proof. The first relation follows from the monotony of a-product (Proposition 2.2).
In the second relation it is sufficient to verify the inclusion (C). Let iy, i2 (p1,p2)
be the canonical injections (projections) of a direct sum N; @ Ny. Every morphism
f: M — Ny® Ny can by uniquely represented as i1g + ioh, where ¢g = pif :
M — Ny, h=paf : M — N. For every a € K we have f(a) € K- (N1 @ Na).
But at the same time

fa) =pifla) +p2f(a) = gla) + h(a) € (K- N1) & (K- Na),

proving the needed inclusion. O
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We conclude this section with the remark on the particular case when M = R,
i.e. L(xR) is the lattice of left ideals of the ring R. For every I, J € L(zR) we have:

I-J=ai(J)= > fU)=>T-j=1J,

f:R—J JjeJ
so the a-product of left ideals coincides with the ordinary product of left ideals in R.

3 w-product of submodules

In a similar mode as in the previous case we will now define another operation
in the lattice L(zM) with the help of preradicals of the forme w) (Section 1).

Definition 3.1. Let M € R-Mod and K, N € L(zM). The following submodule
of M:

KoN=wl(N)= 1 fK)
fN—-M

will be called the w-product in M of submodules K and N, ie. K® N =
{neN|f(n)e K forevery f:N — M}.

In the case when K, N € L (r M) this operation coincides with the w-product
of characteristic submodules, defined in [5] by the rule: K ® N = wy wi (M).
Now we formulate some elementary properties of w-product in L(zM).

Proposition 3.1. 1) K® N C N and K ® N is a characteristic submodule in N;
2) If N & L (xM), then K® N € L*(xM) for every K € L(xM);

3) K® N CK, therefore K© N C KNN;
) 06 N=0, K& 0=0;
5 Ko M=wM(M)= () f YK) is the largest characteristic submodule
of M contained in I(Jf,"Mt;ejr\’/éfore if KeLMyM), then KO M=K;
6) Mo N=wM(N)= (O fYM)=N. O
fiN—M

Proposition 3.2. The operation of w-product is monotone in both variables:
Ki € Kg = KON C KaGON VN € L(xM);
Ny € Na = KON C KONy VK € L(zM). O

We remark that if K € L"(,M), then K- N C K ® N for every N € L(zM),
since af < w¥ and a}f(N) C w¥(N), so we have:

K-NCKoN C KNN.

Proposition 3.3. For every submodules K, N, L € L(zM) the following relation
1s true:

(KoON)OL 2 Ko (N6 L).
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Proof. Let | € K® (N ® L). By definition this means that:
1) le(N® L), ie. g(l) e N forevery g: L — M,

2) h(l) e K forevery h:N® L — M.
We must verify that

le(KON)®L ={zeL|f(9(x))e K Vf:N - M, Vg:L — M}.

For every pair of morphisms ¢ : L — M and f : N — M we can define the
morphism h: N ® L — M by the rule:

h(m) = f(g(m)) YVmeNQO® L,

using the fact that g(m) € N by the definition of N ® L.
From [ € (K® N)® L it follows h(l) € K, therefore h(l) = f(g(l)) € K for
every f:N — M and ¢g:L — M, but this means that lE( ®N)e L O

For the study of relation between w-product and intersection in L(zM) the
following remark is useful.

Lemma 3.4. For every submodules N, K € L(zM) the following relation is true:
Wi = w¥ A Wi
Proof. By definitions, for every module X € R-Mod we have:
(Wi A wi) (X) = wy(X) M wi (X) =
={zeX|f@)eNVf: X > M} N{zeX|fl)e K Vf: X - M} =
={zeX|f@eNNK Vf:X - M}=wh(X). O

Proposition 3.5. For every module M € R-Mod the operation of w-product is left
distributive with respect to the intersection of submodules:

(K1 | K2) © N = (K10 N) () (K2 ® N).

Proof. Applying Lemma 3.4 we obtain:
= wi, (V) N wi,(N) = (K10 N) ) (K20 N). O

In the particular case when M = R we have the specification of w-product
in the lattice L(zR) of left ideals of the ring R. For every left ideals J, I € L(zR)
we obtain:

Jol=wi= (N fYN={(ecl|f@)e]J Vf:d — xR} € JNI
f:I—R
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4 a-coproduct of submodules

The following two operations which will be introduced in continuation are in some
sense dual to the previous operations (a-product and w-product) and are obtained
by replacing the product of preradicals with its coproduct (Section 1).

Definition 4.1. Let M € R-Mod and N, K € L(zM). The following submodule
of M:

(N:K)=ny'(a(M/N))={meM|m+N € f:M;M/Nf(K)}

will be called the a«-coproduct in M of submodules N and K, where
M — M / N is the natural morphism. In other form:

(N:K)/N=a}(M/N).

Some properties of a-coproduct are collected in

Proposition 4.1. Let M € R-Mod and N, K € L(zM). Then:
1) (N:K) O N+ K;

2) (N :K) /N isa characteristic submodule in M / N; if N € Ly M), then
(N : K) € LN(xM);

3) If N+K =M (in particular, if N=DM or K =M), then (N:K)=M;

4) If N =0, then for every K € L(zM) the submodule (0: K) is the least
characteristic submodule of M containing K; therefore if K € LCh(RM),
then (0:K)=K;

5) If K=0, then (N:0)=N forevery N € L(zM). O

Proposition 4.2. The operation of a-coproduct is monotone in both variables:
N1 C Ny, = (NlK) - (NQK) VKEL(RM),
KiCKy = (N:Kj) C (N:Ky) VN € L(xM). O

Proposition 4.3. If the module M € R-Mod is projective, then for every submo-
dules N, K, L € L(zM) the following relation is true:

(N:K):L) € (N:(K:L)).

Proof. Let m € ((N : K) : L). Then by definition we have m + (N : K) €

(M /(N : K)), ie. m+(N:K)= > 9i(l;), where [; € L.
gi:M — M/(N:K)

Since zM is projective, for every morphism g¢g; : M — M/(N : K) there

exists a morphism f; : M — M/N such that ¢f; = g;, where ¢ : M/N —

M /(N : K) is the epimorphism determined by the inclusion N C (N : K)

(le. @(m+ N)=m+ (N :K)). Therefore:
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m—l—(N:K): Z gz(lz) =
gi: M — M/(N:K)

= Y @) = e X R)eM/(N:K).

Considering the inverse image in M / N we have:

(m+N) = X fill) € Kerg = (N:K)/N = alf(M/N),
fi:M— M/N
andso (m+N) — > fill;) = > fj(kj), where k; € K. Therefore:
fi:M— M/N fj: M — M/N
m+N = > i)+ X filky) € alie, (M /N),
fi:M— M/N fj+M— M/N
since [; € L C (K : L) and k; € K C (K : L). By definition this means that
me (N:(K:L)). O

Proposition 4.4. For every submodules N, Ky, Ko € L(zM) the following relation
1s true:

(N : (K1 + K3)) = (N: K1)+ (N : Ky),
i.e. the a-coproduct is right distributive with respect to the sum of submodules.

Proof. By Lemma 2.5 we have aj ,,, = oy V aif , therefore:

(N:(Ki+Ky) /N = o, (M/N) = o’ (M/N) + o’ (M /N)=

= [(N:K1)/N] + [(N:Ka)/N] = [(N:Ki)+(N:K)] /N,

which implies the statement. O

Now we concretize the operation of a-coproduct for the lattice of left ideals
L(zR) of the ring R.

Proposition 4.5. For every left ideals N, K € L(gzR) the following relation is
true:

(N:K) = KR+ N.

Proof. By definition (N : K) = 73" (a®(R/N)), where 7y : R — R /N is the
natural morphism. Since Homgz(R,R/N) = R/ N, we have

ag(R/N) = 3 f(K) = Y K@r+N)=K(Y(r+N)) =
f:R—R/N reER reER

= K(R/N)=(KR+N)/N,

therefore (N :K)= KR+ N. O
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If K is an ideal, then (N : K) = N+ K for every N € L(zxR). So in
the lattice L"(,R) of two-sided ideals of R the a-coproduct coincides with the
ordinary sum of ideals.

In particular from Proposition 4.5 it follows also that

(N:K)L=(KR+N)L=KRL+NL=KL+ NL=

— (K+N)L=(N+K)L=(K:N)L
for every N, K, L € L(zR).

5 w-coproduct of submodules

In this section we consider an operation in L(zM) similar to the a-coproduct

replacing ay by wi'.

Definition 5.1. Let M € R-Mod and N, K € L(zM). The following submodule
of M:

(NO K)=n3'(wl(M/N)={meM|m+Ne () fHK)} =
f:M/N—-M

= {meM|fim+N)eK Vf:M/N — M}

will be called the w-coproduct in M of submodules N and K, where
M — M / N is the natural morphism. Therefore:
(NO K)/N =wl(M/N)= (1 [fHE)
f:M/N—M
The w-coproduct (N ® K) can be expressed in other form ([3]), using the fact
that there exists a bijection between the morphisms g : M — M with the condition

g(N) = 0, and all morphisms f : M / N — M. Taking this into account, we can
present the w-coproduct as follows:

(NO K) = {meM|gm)e K VYg:M — M, g(N) = 0}.

If N,KeL®" (rM) then this operation coincides with the w-coproduct of charac-
teristic submodules defined in [5] by the rule:

(N K)=w : wlf) ().

This operation (in other notations and other order of terms ) was used in [3] for the
study of coprime modules. The continuation of these studies is in [6], where coprime
preradicals and coprime modules are investigated. As in the previous cases we start
with some elementary properties of this operation.

Proposition 5.1. 1) (N® K) 2 N and (N ® K)/N s a characteristic
submodule of M/N;

2) If N=M, then (M ® K)=M forevery K € L(zM);
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3) If K=M, then (N ® M)=M forevery N € L(zM);
4) If N =0, then (0 ® K) is the largest characteristic submodule contained
in K for every K € L(zM); soif K € L"(zM), then (00 K)=K;

5) If K =0, then (N ® 0) :wgl( N Kerf) for every N € L(zM),
f:M/N—M

where wy : M — M / N is the natural morphism;
6) If Ne L"xM), then (N® K)e& LM M) for every K € L(zM);
7) If N, K € L*(xM), then (N ® K) D K, therefore (N ® K)D N+ K. O

Proposition 5.2. The operation of w-coproduct is monotone in both variables:
Ny € Ny = (N1 ® K) - (N2 ® K) VK € L(R]\4)7
Ky C Ky = (N ® Kl) - (N ® KQ) VN e L(RM) O

Two results on associativity of this operation are mentioned in [3] (Lemma 4.1).
We remind these statements with short proofs.

Proposition 5.3. For every M € R-Mod the relation
(NOK)®L) C (NO(KOGL)

is true, where N, K, L € L(zM).

Proof. By definition we have:

me(NO@K)OL) & gm)eL Vg:M — M, g(N@® K)=0;

me(NO (KOL) & fme(K®L) Yf:M— M fN)=0
< hfm)e L YVh:M — M, h(K)=0and Vf: M — M, f(N)=0.

If m e ((N ® K)o L) and we have a pair of morphisms f,h : M — M
such that f(N) = 0 and h(K) = 0, then by definition f(N ® K) C K and so
hf(N ® K) = 0. By assumption, hf(m) € L for every such pair of morphisms, and
by definition this means that m € (N O (KO L)) O

Proposition 5.4. If ;M is injective and artinian, then the operation of w-coproduct
in L(zM) is associative:

(NOK)O L) = (NGO (K0 L),
for every N, K, L € L(zM).

Proof. Since M is artinian there exists a finite number of endomorphisms

fi,ooos fn: M — M with f;(N) =0 such that (N ® K) = () fj_l(N). We define
j=1

the morphism t: M /(N @ K) — ﬁ(M/K) by the rule: t(m+ (N @ K)) =
1

= (film) + K,..., fa(m) + K) and observe that ¢ is a monomorphism.
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Let m € (N® (K @ L)), ie. hf(m) € L for every f,h : M — M with
f(N) = 0 and h(K) = 0. Let ¢ : M — M be an arbitrary morphism with
g(N ® K) = 0. Then g can be expressed in the form g = ¢'- 7 o, where
Tworx ' M — M/(N® K) is natural and ¢’ € Homyp(M /(N ® K),M).
Since M is injective and ¢ is mono, there exists a morphism ¢ : [[ (M / K)—- M

1
such that ¢’ = qt.

n
Now we consider the morphisms u; = i;7, : M — H(M/K) (j=1,...,n),
1

n
where 7, : M — M / K is natural, and i; : M / K — [[ (M / K) are the canonical
1

injections. Then:

g9(m) = qt iy g (M) = qt(m + (N @ K)) = q(fi(m) + K, ..., fu(m) + K) =
ZQ(WKfl(m)v---ﬂTKfn ) (Zlﬂ'Kfl )+"'+in7TKfn(m)):

= Q(ulfl(m)v cee aunfn(m)) =qul fl(m) + ...+ quy fn(m)7

where the morphism h; = quj : M — M has the property h;(K) = 0, and
the morphisms f; are given with f;(IN) = 0. From the assumption that m €
(N ® (KOG L)) we obtain qu; fj(m) € L for every j =1,...,n, so g(m) €
L for every ¢ : M — M with g(N ® K) = 0. By definition this means that

€ (N ® K) ® L), proving the inclusion (2), the inverse inclusion is true by
Proposition 5.3. O

Now we will prove the right distributivity of w-product in L(zM) with respect
to the intersection of submodules.

Proposition 5.5. For every submodules N, K1, Ko € L(zM) the following relation
18 true:
(N ® (K1 N KQ)) = (N ® Kl) N (N ©) Kg)

Proof. By Lemma 3.4 we have wy ., = wi| A wy,, therefore:
(N@ (K1 N Ko) )/N = lesz M/N) = wﬁ’l(M/N N wK M/N =
= [N® Ky)/N|] n[(NO® K3)/N| = [([N® K1) n (NO Ky)] /N,
which implies the statement. O

Remark. The distributivity relations from Propositions 2.6, 3.5, 4.4 and 5.5 can be
generalized to infinite distributivity, i.e. the following relations are true:

(S Ka)-N = S(Ka-N). () Ka)ON = () (Ka®@N),

aell acll acll acA
(v:(ZH) = Bk (o () = giwo k)
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Finally, we will specify the form of w-coproduct in the lattice L(zR) of left ideals
of R. Let N, K € L(zR). By definition we have:

(N® K) = {a€R|gla)e K Vg: xR — xR with g(N) = 0}.

If for g : RR — zrR we denote a4 = g(1lz), then g(a) =a-a4 for every a € R
and Kerg={a€ R|a-ay=0}=(0:ay); (left annihilator of a,). The condition
g(N) =0 means that N-a, =0, ie. a4 € (0:NN), (right annihilator of N).

If a € (N©® K), then g(a) € K, ie. a-a, € K or a € (K : ag), for every
g : rRR — RR with a4 € (0 : N),. So we obtain that a € (K : (0 : N),),.
Therefore:

(NGO K)=(K:(0:N),),
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