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Abstract. Basing on Markowitz’s classical theory we formulate a multicriteria
Boolean portfolio optimization problem with Savage’s minimax (bottleneck) risk crite-
ria. We obtain lower and upper attainable bounds for stability radius of the problem
of finding the Pareto set, consisting of efficient portfolios in the case of Chebyshev
metric l∞ in the risk and state spaces, and linear metric l1 in the portfolios space.
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1 Introduction

In paper [1] we obtained lower and upper attainable bounds for the stability
radius of a Pareto optimal portfolio of the multicriteria Boolean investment problem
with Savage’s minimax (bottleneck) risk criteria in the case of Chebyshev metric l∞
in every operation factors space of the problem. In present paper we obtain results of
similar nature for stability radius of the Markowitz’s investment problem of finding
Pareto set in the case of linear metric l1 in the portfolios space, and Chebyshev
metric l∞ in the risk and market state spaces.

2 Problem statement and basic definitions

Basing on the Markowitz’s portfolio theory [2] we consider the vector variant of
the financial managing problem. To this end, we introduce the following notations:

Nn = {1, 2, ..., n} be a set of assets (stocks, bonds, real estate, etc.);
Nm be a set of market states;
Ns be a set of risks (financial, environmental, industrial etc.);
R be a three-dimensional m×n×s risk matrix (a matrix of missed opportunities)

with elements rijk ∈ R,
rijk be a risk quantity of assets j ∈ Nn chosen by the investor under criterion

(type of risk) k ∈ Ns in the situation when the market was in state i ∈ Nm;
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x = (x1, x2, . . . , xn)T ∈ X ⊆ En be an investment portfolio, where E = {0, 1},

xj =





1 if the investor chooses asset j,

0 otherwise.

Along with the three-dimensional matrix R = [rijk] ∈ Rm×n×s we use its two-
dimensional cuts Rk ∈ Rm×n, k ∈ Ns.

Let the following vector objective function

f(x,R) = (f1(x, R1), f2(x,R2), ..., fs(x,Rs))

estimate efficiency of the choosing portfolio (boolean vector) x ∈ X, |X| ≥ 2 with
Savage’s minimax risk (extreme pessimism) criteria [3]

fk(x, Rk) = max
i∈Nm

∑

j∈Nn

rijkxj → min
x∈X

, k ∈ Ns.

Thus, Savage’s bottleneck criteria under uncertainty of the market state recom-
mends choosing the portfolio in which the total risk value takes the smallest value
in the most unfavorable situation, namely, when the risk is the greatest.

Note that minimax (maximin) problems are quite typical for optimization theory.
For example, monographs [4–6] are devoted to similar types of optimization prob-
lems. These problems include also the problem on the best uniform approximation
of functions originally posed by Chebyshev.

A problem of finding the Pareto set P s(R) which contains all efficient (Pareto
optimal) portfolios will be viewed as a multicriteria investment portfolio problem
Zs(R):

P s(R) = {x ∈ X : P s(x,R) = ∅},
where

P s(x,R) = {x′ ∈ X : x Â x′}.
Here the symbol Â is a binary relation over the set X which is defined as follows:

x Â x′ ⇔ g(x, x′, R) ≥ 0 & g(x, x′, R) 6= 0,

where
0 = (0, 0, ..., 0) ∈ Rs,

g(x, x′, R) = (g1(x, x′, R1), g2(x, x′, R2), ..., gs(x, x′, Rs)),

gk(x, x′, Rk) = fk(x,Rk)− fk(x′, Rk) = max
i∈Nm

Rikx− max
i∈Nm

Rikx
′ =

= min
i′∈Nm

max
i∈Nm

(Rikx−Ri′kx
′), k ∈ Ns,

and Rik = (ri1k, ri2k, ..., rink) is i-th row of cut Rk ∈ Rm×n.
It is obvious that P s(R) 6= ∅ for any matrix R ∈ Rm×n×s.
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We define linear metric l1 in the portfolios space Rn. We also define metric
l∞ (Chebyshev metric) in the state space Rm and risk (criteria) space Rs, i.e. we
assume that

‖Rik‖1 =
∑

j∈Nn

|rijk|, i ∈ Nm, k ∈ Ns,

‖Rk‖ = max
i∈Nm

‖Rik‖1 = max
i∈Nm

∑

j∈Nn

|rijk|, k ∈ Ns,

‖R‖ = max
k∈Ns

‖Rk‖ = max
k∈Ns

max
i∈Nm

‖Rik‖1 = max
k∈Ns

max
i∈Nm

∑

j∈Nn

|rijk|.

In this notation for any indexes i ∈ Nm and k ∈ Ns the following inequalities
are obvious:

‖Rik‖1 ≤ ‖Rk‖ ≤ ‖R‖.
Moreover for any cut Rk ∈ Rm×n and any vectors x, x′ ∈ X the following

inequalities are true:

Rikx−Ri′kx
′ ≥ −‖Rik‖1 − ‖Ri′k‖1 ≥ −2‖Rk‖, i, i′ ∈ Nm, k ∈ Ns. (1)

Similar to [9–13], the stability radius of problem Zs(R), s ≥ 1, the perturbing
parameters of the vector criteria, i.e. the perturbing elements of the risk matrix R
is defined as:

ρ = ρ(n, m, s) =
{

sup Ξ if Ξ 6= ∅,
0 if Ξ = ∅,

where
Ξ = {ε > 0 : ∀R′ ∈ Ω(ε) (P s(R + R′) ⊆ P s(R))},

Ω(ε) = {R′ ∈ Rm×n×s : ‖R′‖ < ε}.
Thus, the problem stability radius is the supremum level of risk matrix pertur-

bations such that new efficient portfolios do not appear. In other words, ρ(n,m, s)
is the radius of such type of stability, which is a discrete analogue of the upper
Hausdorff semicontinuity of point-set mapping [14] which puts in correspondence
the set of efficient portfolios to each point of the space of problem parameters.

Here Ω(ε) is the set of perturbing matrixes, and Zs(R + R′) is the perturbed
problem.

Obviously, the stability radius ρ = ρ(n,m, s) is infinite as the equality P s(R) =
X holds. Further we exclude this case from our consideration. And if the set
X \ P s(R) is non-empty we say that the problem Zs(R) is non-trivial.

3 Problem stability radius bounds

Let

ϕ = ϕ(n, m, s) = min
x 6∈P s(R)

max
x′∈P s(x,R)

min
k∈Ns

min
i′∈Nm

max
i∈Nm

(Rikx−Ri′kx
′).
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Considering that for any portfolio x 6∈ P s(R) the set P s(x,R) is non-empty, then
the following formula is true:

∀x 6∈ P s(R) ∀x′ ∈ P s(x,R) (x Â x′).

Hence, this results in ϕ ≥ 0.

Theorem 1. For the stability radius ρ(n,m, s), s ≥ 1, of a multicriteria non-trivial
problem Zs(R) the following bounds are true:

ϕ(n,m, s)/2 ≤ ρ(n,m, s) ≤ nϕ(n,m, s).

Proof. To prove Theorem 1 it is necessary first to prove that ρ ≥ ϕ/2. It is evident
if ϕ = 0. Let ϕ > 0. According to the definition of ϕ for any portfolio x 6∈ P s(R) (if
problem Zs(R) is non-trivial then there exist such portfolios) there exists portfolio
x0 ∈ P s(x,R) such that

min
i′∈Nm

max
i∈Nm

(Rikx−Ri′kx
0) ≥ ϕ, k ∈ Ns. (2)

Further, taking into account (1) and (2), for any matrix R′ ∈ Rm×n×s and any
index k ∈ Ns we have:

gk(x, x0, Rk + R′
k) = max

i∈Nm

(Rik + R′
ik)x− max

i′∈Nm

(Ri′k + R′
i′k)x

0 =

= min
i′∈Nm

max
i∈Nm

(Rikx−Ri′kx
0+R′

ikx−R′
i′kx

0) ≥ min
i′∈Nm

max
i∈Nm

(Rikx−Ri′kx
0)−2‖R′

k‖ ≥

≥ ϕ− 2‖R′
k‖.

Hence, in view of R′ ∈ Ω(ϕ/2), i.e. ‖R′
k‖ < ϕ/2, k ∈ Ns, we obtain

gk(x, x0, Rk + R′
k) > 0, k ∈ Ns.

Thus x is not efficient portfolio of the perturbed problem Zs(R + R′).
Summarizing and considering x 6∈ P s(R) we conclude that

∀R′ ∈ Ω(ϕ/2) (P s(R + R′) ⊆ P s(R)).

Hence, we have the inequality ρ ≥ ϕ/2.
Further, we prove the inequality ρ ≤ nϕ. Accordance to the definition of ϕ there

exists x0 6∈ P s(R) such that for any x ∈ P s(x0, R) there exists q = q(x) ∈ Ns such
that

min
i∈Nm

max
i0∈Nm

(Ri0qx
0 −Riqx) ≤ ϕ. (3)

Now, setting ε > nϕ, we consider a perturbing matrix R0 = [r0
ijk] ∈ Rm×n×s

whose elements are defined as follows:
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r0
ijk =




−δ if i ∈ Nm, x0

j = 1, k ∈ Ns,

δ otherwise,

where ϕ < δ < ε/n. Then

‖R0‖ = ‖R0
k‖ = ‖R0

ik‖1 = nδ, i ∈ Nm, k ∈ Ns.

Therefore R0 ∈ Ω(ε). In addition, all rows R0
ik, i ∈ Nm, of cut R0

k are equal and
consist of components δ and −δ for any index k ∈ Ns. Thus, denoting this row as
B (it only depends on x0), we have

‖B‖1 = nδ,

B(x0 − x) = −δ‖x0 − x‖1 ≤ −δ < −ϕ ≤ 0. (4)

Hence, in view of (3) and the structure of perturbing matrix R0, we deduce that for
any portfolio x ∈ P s(x0, R) the relations

gq(x0, x, Rq + R0
q) = max

i∈Nm

(Riq + B)x0 − max
i∈Nm

(Riq + B)x =

= min
i0∈Nm

max
i∈Nm

(Riqx
0 −Ri0qx) + B(x0 − x) < 0

hold.
As a result we obtain that

∀x ∈ P s(x0, R) (x 6∈ P s(x0, R + R0)). (5)

Let portfolio x 6∈ P s(x0, R), i.e. the binary relation

x0 Â x

is not satisfied. Let us show, that x 6∈ P s(x0, R + R0). To do it we consider two
possible case:

Case 1. g(x0, x, R) = 0. Then for any index k ∈ Ns equalities (4) imply

gk(x0, x, Rk + R0
k) = max

i∈Nm

(Rik + B)x0 − max
i∈Nm

(Rik + B)x =

= gk(x0, x, Rk) + B(x0 − x) < 0.

Case 2. There exists index l ∈ Ns such that gl(x0, x, Rl) < 0. Then, using (4)
again, we have gl(x0, x,Rl + R0

l ) < 0.
Thus, if x 6∈ P s(x0, R) then x 6∈ P s(x0, R +R0). Hence, in view of (5) we obtain

P s(x0, R + R0) = ∅. This means that x0 is the efficient portfolio of the perturbed
problem Zs(R + R0). Then, taking into account x0 6∈ P s(R), we conclude that

∀ε > nϕ ∃R0 ∈ Ω(ε) (P s(R + R0) 6⊆ P s(R)).

Therefore the inequality ρ ≤ nϕ is true.
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The next statement directly follows from Theorem 1.

Corollary 1. The stability radius ρ(n,m, s) of problem Zs(R) is zero if and only if
ϕ(n,m, s) = 0.

For m = 1 our problem Zs(R) is transformed into a multicriteria Boolean pro-
gramming problem with linear criteria

Rkx → min
x∈X

, k ∈ Ns, (6)

where Rk is k-th row of the matrix R ∈ Rs×n, X ⊆ En, while metric l1 in the
solutions space Rn and metric l∞ in the criteria space Rs.

In this case for m = 1 the known theorem on the stability radius of an efficient
solution of the vector integer problem, where the Pareto set has a unique efficient
solution, holds.

Theorem 2 [13]. If X ⊂ Zn, |X| < ∞, x0 is a unique efficient solution of problem
(6), then for stability radius the following formula is true:

ρ(n, 1, s) = ϕ(n, 1, s) = min
x∈X\{x0}

min
k∈Ns

Rk(x− x0).

4 Attainability of the lower bound

Let us show that lower bound for the problem stability radius, indicated in
Theorem 1, is attainable.

Theorem 3. For m ≥ 2 and for n ≥ 2 there exists a class of problems Zs(R), s ≥ 1,
such that for stability radius of every problem of this class the following formula is
true:

ρ(n,m, s) = ϕ(n,m, s)/2. (7)

Proof. To prove the equality ρ = ϕ/2 in accordance with Theorem 1, it is sufficient
to identify the class of non-trivial problems for which the inequality ρ ≤ ϕ/2 is true.
In what follows, we scrutinize this.

We consider the class of problems Zs(R) such that the following terms are right

X = {x0, x̂}, P s(x0, R) = {x̂}, (8)

(Ri(x0)q −Ri(x̂)q)x
0 > ϕ/2, (9)

where
i(x̂) = argmax{Riqx̂ : i ∈ Nm},

i(x0) = argmax{Riqx
0 : i ∈ Nm}.



ON STABILITY RADIUS OF THE MULTICRITERIA VARIANT . . . 89

Then the definition of ϕ entails that

0 ≤ gq(x0, x̂, Rq) = ϕ, (10)

and from inequality (9) we obtain i(x0) 6= i(x̂). Further we suppose that there exist
two indexes p 6= l over the set Nn such that x0

p > x̂p, x0
l < x̂l, i.e. the inequalities

x0
p = x̂l = 1, x0

l = x̂p = 0 (11)

hold.
For any number ε > ϕ/2 we define the elements of the perturbing matrix R0 =

[r0
ijk] ∈ Rm×n×s by the rule

r0
ijk =





δ if i = i(x̂), j = l, k = q,

−δ if i ∈ Nm \ {i(x̂)}, j = p, k = q,

0 otherwise,

(12)

where
ϕ/2 < δ < min

{
ε, (Ri(x0)q −Ri(x̂)q)x

0
}

. (13)

It is worth to note that the last inequalities are correct because of (9).
Due to the structure of the perturbing matrix R0 the next equalities are obvious:

R0
i(x̂)qx̂ = δ, (14)

R0
iqx̂ = 0, i ∈ Nm \ {i(x̂)}, (15)

R0
iqx

0 = −δ, i ∈ Nm \ {i(x̂)}, (16)

R0
i(x̂)qx

0 = 0, (17)

‖R0
iq‖1 = ‖R0

q‖ = ‖R0‖ = δ, i ∈ Nm, R0 ∈ Ω(ε).

The remainder of the proof will be dedicated to proving that portfolio x0 ∈
P s(R + R0). To this end, in view of (8) it suffices to show that x̂ 6∈ P s(x0, R + R0).
In line with (14) and (15), we have

fq(x̂, Rq + R0
q) = max

{
(Ri(x̂)q + R0

i(x̂)q)x̂, max
i6=i(x̂)

(Riq + R0
iq)x̂

}
=

= max
{

fq(x̂, Rq) + δ, max
i6=i(x̂)

Riqx̂
}

= fq(x̂, Rq) + δ. (18)

It is easy to see the equality is hold:

fq(x0, Rq + R0
q) = fq(x0, Rq)− δ. (19)
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Indeed from (16) the following relations are true:

fq(x0, Rq + R0
q) = max

{
(Ri(x0)q + R0

i(x0)q)x
0, max

i6=i(x0)
(Riq + R0

iq)x
0
}

=

= max
{

fq(x0, Rq)− δ, max
i6=i(x0)

(Riq + R0
iq)x

0
}

.

Thus, taking into account obvious due to (16) relations

fq(x0, Rq)− δ ≥ (Riq + R0
iq)x

0, i ∈ Nm \ {i(x̂)},

it remains to prove that

fq(x0, Rq)− δ = max
i∈Nm

Riqx
0 − δ ≥ (Ri(x̂)q + R0

i(x̂)q)x
0.

Using (13) and (17), we have

fq(x0, Rq)− δ − (Ri(x̂)q + R0
i(x̂)q)x

0 = (Ri(x0)q −Ri(x̂)q)x
0 − δ > 0.

So, the equality (19) is true.
Finally, consistently applying (18), (19), (10) and (13), we obtain

gq(x0, x̂, Rq + R0
q) = gq(x0, x̂, Rq)− 2δ = ϕ− 2δ < 0.

Therefore x̂ 6∈ P s(x0, R + R0). It proves that x0 is efficient portfolio of the
perturbed problem Zs(R + R0). Hence, because of x0 6∈ P s(R) we derive

∀ε > ϕ/2 ∃R0 ∈ Ω(ε) (P s(R + R0) 6⊆ P s(R)).

Thus ρ ≤ ϕ/2. In summary, we have just proven that (7) is valid.

We give a numeric example proving existence of scalar problem Z1(R), R ∈
Rm×n, which stability radius ρ(n,m, 1) is ϕ(n,m, 1)/2.

Example. Let m = 3, n = 3, s = 1; X = {x̂, x0}, x̂ = (1, 1, 0)T , x0 = (0, 1, 1)T ;

R =




1 −1 2
−4 0 4
1 −1 2




is risk matrix with rows Ri, i ∈ Nm. Then

i(x̂) = 1, i(x0) = 2,

f(x̂, R) = 0, f(x0, R) = 4.

Hence, x̂ ∈ P 1(R), x0 6∈ P 1(R), ϕ = 4 and inequality (9) implies

(R2 −R1)x0 = 3 > 2 = ϕ/2.
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The perturbing matrix

R0 =




δ 0 0
0 0 −δ
0 0 −δ


 , 2 < δ < 3,

with rows Ri, i ∈ Nm, is constructed according (12).
Thus, taking into account the equality

R + R0 =




1 + δ −1 2
−4 0 4− δ
1 −1 2− δ


 ,

we have
f(x̂, R + R0) = max

i∈N3

(Ri + R0
i )x̂ = δ,

f(x0, R + R0) = max
i∈N3

(Ri + R0
i )x

0 = 4− δ.

Hence, in view of the inequality 2 < δ < 3, we conclude that

f(x̂, R + R0) > f(x0, R + R0).

Thus, x0 ∈ P 1(R + R0). From this inclusion and relations

‖R0‖ = δ > ϕ/2 = 2,

x0 6∈ P 1(R),

we have that ρ ≤ ϕ/2 = 2.
Therefore, by Theorem 1 we have ρ = 2.

5 Attainability of upper bound

Let us show the upper bound nϕ(n,m, s) for the stability radius of problem
Zs(R) is attainable for m = s = 1.

Theorem 4. If m = s = 1 there exists a class of problems Z1(R) such that for
stability radius of every problem of this class the following formula is true:

ρ(n, 1, 1) = nϕ(n, 1, 1).

Proof. According to Theorem 1 to prove the equality ρ = nϕ it is sufficient to
identify the class of non-trivial problems, for which the inequality ρ ≥ nϕ, where
ϕ > 0 is true.

Let us show that there exists such class, when X = {x0, x1, x2, . . . , xn} ⊂ En,
n ≥ 2, where x0 = 0, xj = ej , j ∈ Nn. Here ej is a unit column vector of Rn, i.e.
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ej is j-th column of the unit matrix E ∈ Rn×n. It is obvious the following equations
are true:

x0 − x = −ej , j ∈ Nn. (20)

Further, in view of m = s = 1, let R = (−r,−r, . . . ,−r) ∈ Rn, where r > 0.
Hence, we have

f1(x0) = 0,

f1(xj) = −r, j ∈ Nn,

i.e. x0 6∈ P 1(R), xj ∈ P 1(R) = P 1(x0, R), j ∈ Nn. From here, according to the
definition of ϕ, the equality

ϕ = r (21)

is true.
Now, in view of m = s = 1, let R′ = (r′1, r

′
2, . . . , r

′
n) be any perturbing row of

Ω(nϕ). Then we have

R + R′ = (−r + r′1,−r + r′2, . . . ,−r + r′n). (22)

Since ‖R′‖ < nϕ, then by contradiction it is easy to prove that there exists a unique
index p such that |r′p| < ϕ. Hence, in view of (20), (21) and (22), we obtain

g1(x0, xp, R + R′) = (R + R′)(x0 − xp) = r − r′p = ϕ− r′p > 0.

Therefore we conclude that for any perturbing row vector R′ ∈ Ω(nϕ) portfolio
x0 6∈ P 1(R + R′). And we get ρ ≥ nϕ.

Thus, ρ = nϕ.

6 Stability problem terms

The multicriteria investment portfolio problem Zs(R), s ≥ 1, is called stable if
its stability radius ρ is greater than zero. We consider the Slater set [15] consisting
of weakly efficient (Slater optimality) portfolio

Sls(R) = {x ∈ X : Sls(x,R) = ∅},

where Sls(x,R) = {x′ ∈ X : ∀k ∈ Ns (gk(x, x′, Rk) > 0)}.
Obviously P s(R) ⊆ Sls(R) for any matrix R ∈ Rm×n×s.

Theorem 5. For the multicriteria non-trivial problem Zs(R), s ≥ 1, the following
statements are equivalent:

(i) problem Zs(R) is stable,
(ii) P s(R) = Sls(R),
(iii) ϕ(n,m, s) > 0.
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Proof. (i) ⇒ (ii). We suppose that problem Zs(R) is stable, but P s(R) 6= Sls(R).
Then there exists weakly efficient portfolio x0 ∈ Sls(R) \ P s(R). Therefore
Sls(x0, R) = ∅ and P s(x0, R) 6= ∅. It means that

∃x0 6∈ P s(R) ∀x ∈ P s(x0, R) ∃q ∈ Ns (gq(x0, x, Rq) = 0).

Hence, ϕ = 0 and by Theorem 1 value ρ = 0. It contradicts the fact that problem
Zs(R) is stable.

(ii) ⇒ (iii). If P s(R) = Sls(R), then form any portfolio x 6∈ P s(R) set
Sls(x, R) 6= ∅. Hence, there exists x0 ∈ X such that the inequalities

gk(x, x0, Rk) > 0, k ∈ Ns,

are true, i.e. x0 ∈ P s(x,R). Thus, the following formula is true:

∀x 6∈ P s(R) ∃x0 ∈ P s(x,R) ∀k ∈ Ns (gk(x, x0, Rk) > 0).

Hence, ϕ > 0.
(iii) ⇒ (i). By Theorem 1 this implication is obvious.

Since P 1(R) = Sl1(R), then from Theorem 5 the following corollary impliesa.

Corollary 2. Scalar problem Z1(R) is stable for any matrix R ∈ Rm×n.

Finally, we note that by the equivalence of any two norms in finite linear space
(see, for example, [16, 17]) the result of Theorem 5 is correct for any norm in
Rm×n×s.
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