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1 Introduction and Preliminary Results

In this paper we develop a dynamic programming approach for finite Markov
processes and propose polynomial time algorithms for determining the limit state
matrix in Markov chains. A characterization of a simple Markov process and the
basic definitions related to determining the probabilities of state transitions of the
system in such processes can be found in [3-5,9,10]. Here, for the finite Markov
processes, we consider the problem of determining the probability of system’s tran-
sition from a starting state to a final one when the final state is reached at the
time-moment which belongs to a given interval of time. For such a specific case, we
develop dynamic programming algorithms. Furthermore, the asymptotic behavior
of the proposed algorithms are analyzed. Such a characterization of the problem
allows us to apply a new approach for studying Markov chains and to elaborate
polynomial time algorithms for determining the limit state probabilities of the dy-
namical system in such processes. We show that for non-ergodic Markov chains the
limit probability matrix can be found in polynomial time. Therefore, we propose two
polynomial time algorithms. The computational complexity of the first algorithm is
O(n*) and of the second one is O(n?). Note that the well-known algorithm from [9)]
(see also [4,5,10]) in the worst case uses O(n*) elementary operations. Comparing
this algorithm with proposed ones we can conclude that the approach described
below allows us to ground new efficient algorithms for determining the limit state
matrix in Markov chains. Additionally, we develop dynamic programming proce-
dures for the calculation of the state probability transitions in the non-stationary
discrete Markov processes. The proposed calculation procedures and algorithms can
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be used for studying and solving the stochastic version of classical discrete optimal
control problems [2-9].

In this paper we consider discrete Markov processes with a finite set of states
[3,5,7]. We denote the set of states of the dynamical system in such processes
by X = {z1,x2,...,2,}. At the moment of time ¢t = 0 the state of the system
is x;,. For an arbitrary state x € X the probabilities p, , of system’s transitions

from z to another states y € X such that )  p,, = 1 are given. So, we assume
yeX
that the Markov process is determined by the stochastic matrix of probabilities

P = (pzy) and the starting state x;, of the dynamical system. The probability
Py, (z,t) of system’s transitions from the state z;, to an arbitrary state z € X by
using ¢ transitions is defined and calculated on the basis of the following recursive
formula [3]

Py (z,7+1) = Z Py, (Y, T)Pyw, T=0,1,2,... ¢t -1,

yeX

where Py, (4,0) = 1 and Py, o(z,0) = 0 for z € X \ {z;,}. This formula can be
represented in the matrix form by

m(r+1)=n(r)P, 7=0,1,2,...,t—1. (1)

Here 7(7) = (mw1(7), m2(7), ..., 7 (7)) is the vector, where the component i expresses
the probability of the system L to reach from x, the state z; at the moment of time
7, le. m(T) = Py, (%, 7). At the starting moment of time 7 = 0 the vector ()
is given and its components are defined by 7;,(0) = 1 and 7;(0) = 0 for arbitrary
i # 1p. If for given starting vector m(0) we apply our formula for t =0,1,2,...,t—1,
then we obtain

(t)

where P) = P x P x---x P. So, an arbitrary element Pa,y Of this matrix expresses
the probability of system L to reach the state y from x by using ¢ units of times.
Formula (1) can be applied for the calculation of the state probabilities of the
system in finite Markov processes. In the case 7 — oo this formula leads to the
n
relation m = w P which together with the condition ) m; = 1 allows us to determine
i=1
the limit state probabilities in ergodic Markov chains.

2 The Main Results

To solve our main problem we need to develop special calculation procedures for
determining the probability of system’s transitions from a starting state to a final
one when the final state is reached at the time-moment from given interval of time.
We describe such calculation procedures which will allow us to ground polynomial
time algorithms for finding the limit state matrix in aperiodic Markov chains.
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2.1 Calculation of the Probabilities of States Transition of the
System with a Given Restriction on the Number of Stages

In this subsection we show how to calculate the probability of system’s transitions
from the state z;, to the state x when x is reached at the time moment 7'(z) such
that 77 < T'(xz) < Ty where T7 and T3 are given. So, we consider the problem of
determining the probability of the system L to reach the state x at least at one of
the moments of time 77,77 + 1,...,T5. We denote this probability by Pxi0 (x,T1 <
T(x) < T3). Some reflections on this definition allow us to write the following
formula

Poyy (@, Ty <T(x) <T3) =

Further we describe some results which allow to calculate the probability
P.(y,0 < T(y) <t) for xz,y € X and t = 1,2,.... For this reason we shall give
the graphical interpretation of the Markov processes using the graph of state tran-
sitions GR = (X, ER) [1,3,7,10]. In this graph each vertex z € X corresponds to
a state of the dynamical system and a possible system passage from one state x to
another state y with positive probability p,, is represented by the directed edge
e = (z,y) € ER from x to y; to directed edges (z,y) € ER in GR the corresponding
probabilities p,, are associated. It is evident that in the graph GR each vertex

x contains at least one leaving edge (x,y) and ) p,, = 1. As an example the
yeX
graph of state transitions GR = (X, ER) for the Markov process with the stochastic

matrix of probabilities
0.3 03 04 0
05 0 05 0
0 04 0 06
0 03 05 0.2

is represented in Fig. 1.

Fig. 1

In general we will consider also the stochastic process which may stop if one of
the states from a given subset of states of dynamical system is reached. This means
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that the graph of such a process may contain the so-called deadlock vertices. So,
we consider the stochastic process for which the graph of transition probabilities

may contain the deadlock vertices y € X and ) p,. = 1 for the vertices x € X
zeX
which contain at least one leaving directed edge. As an example in Fig. 2 a graph

GR = (X, ER) which contains a deadlock vertex is represented.

Fig. 2

This graph corresponds to the stochastic process with the following matrix of state
transitions

03 03 04 O
05 0 03 02
0 06 0 04
0O 0 0 0

P =

Such graphs do not correspond to a Markov process and the matrix of probability
P contains a row with zero components. Nevertheless the probabilities Py, (z,t) in
this case can be calculated on the basis of the recursive formula given above. Note
that the matrix P can be easily transformed into a stochastic matrix changing the
probabilities p,, = 0 for deadlock states y € X by the probabilities p,, = 1.
This transformation leads to a new graph which corresponds to a Markov process
because the obtained graph contains a new directed edge e = (y,y) with p. = 1
for y € X. We call the vertices y € X in this graph the absorbing vertices and
the corresponding states of the dynamical system in Markov process the absorbing
states. So, the stochastic process which may stop in a given set of states can be
represented either by a graph with deadlock vertices or by a graph with absorbing
vertices. In Fig. 3 represents the graph with absorbing vertex y = 4 for the Markov
process defined by the matrix P given below.

03 03 04 O

05 0 03 02
0 06 0 04
0 0 0 1.0

P=

It is easy to see that the stochastic matrix P in this example is obtained from
the previous one by changing ps 4 = 0 with ps 4 = 1. The corresponding graph with
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Fig. 3

the absorbing vertex y = 4 in this case is obtained from the graph on Fig. 2 by
adding the directed edge e = (4,4) with py4 = 1.

We shall calculate the probabilities P, (y,0 < T'(y) < t) by using the graph with
absorbing vertices.

Lemma 1. Let a Markov process be given for which the graph GR = (X, ER)
contains an absorbing vertexry € X. Then for an arbitrary state x € X the following
recursive formula holds:

Px(?/yOST(y) §T+1) = pr,zpz(yaOST(z) ST)a 7=0,1,2,...,
zeX

where Pp(y0 <T(y) <0)=0ifx #y and Py(y,0 <T(y) <0)=1.

Proof. 1t is easy to observe that for 7 = 0 the theorem holds. Moreover, we can
see that here the condition that y is an absorbing state is essential; otherwise for
x = y the recursive formula from lemma fails to hold. For 7 > 1 the correctness
of this formula follows from the definition of the probabilities P,(y,0 < T'(y) <
T+1),P.(y,0 <T(z2) <7) and from the induction principle on 7. O

The recursive formula from this lemma can be written in matrix form by
m(r+1)=Pr'(r), 7=0,1,2,....

Here P is the stochastic matrix of the Markov process with the absorbing state
y € X and
™ (7)

!
mo(7)
7'(1) = . , 7=0,1,2,...

T (T)
are the column vectors, where an arbitrary component 7/ (7) expresses the probabil-

ity of the dynamical system to reach the state y from x; by using not more than 7
unites of times, i.e. 7 (1) = Py, (y,0 < T(y) < 7). At the starting moment of time
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7 = 0 the vector 7/(0) is given: All components are equal to zero except for the
component corresponding to the absorbing vertex which is equal to one, i.e.

ry ) 0, if @ £y
W(O)_{ 1, ifx;=y.

)

If we apply this formula for 7 =0,1,2,...,t — 1, then we obtain
() = POT(0), t=1,2,....

So, if we denote by j, the column of the matrix P () which corresponds to the absorb-
ing state y then an arbitrary element pl(tj)y of this column expresses the probability
of the system L to reach the state y from z; by using not more than ¢ units of time,
ie. pgt])y = P, (y,0 <T(x) <t). This allows us to formulate the following lemma:

Lemma 2. Let a finite Markov process with the absorbing state y € X be given.

Then:
a) P, (y,7) =Py, (y,0<T(y) <7), for zieX\{y}, 7=1,2,...;

b) Py, Ty <T(y) <T) = p<§z) _pgl_l)-

)

Proof. The condition a) in this lemma holds because

Py (y,7) =p7) =P, (y,0 < T(y) < 7).

isdy
The condition b) we obtain from Lemma 1 and the following properties

T T1—1
Po(y,0 <T(y) <To) = p\2), Po(y0<T(y) <Ti—1)=p{ 7Y,

O]

So, to calculate Py, (y,Th < T(y) < T») it is sufficient to find the matrices
pPTi-1  p(T2) and then to apply the formula from Lemma 2.

The procedure of the calculation of the probabilities P, (y,0 < T'(y) < t) in the
case of the Markov process without absorbing states can be easily reduced to the
procedure of the calculation of the probabilities in the Markov process with the
absorbing state y by using the following transformation of the stochastic matrix P.
We put p;, ; = 0if j # i, and p;,;, = 1. It is easy to see that such a transformation
of the matrix P does not change the probabilities Py(y,0 < T(y) < t). After
such a transformation we obtain a new stochastic matrix for which the recursive
formula from the Lemma 21 can be applied. In general for the Markov processes
with absorbing state these probabilities can be calculated by using the algorithm
which works with the original matrix P without changing its elements. Below such
an algorithm is described.



72 DMITRII LOZOVANU, STEFAN PICKL

Algorithm 1: Determining the state probabilities of the system with
a restriction on number of transitions (stationary case)

Preliminary step (Step 0): Put Py(y,0 < T(y) < 0) =0 for every z € X \ {y}

and Py(y,0 <T(z) <0) =
General step (Step T+ 1,7 > 0): For every x € X \ {y} calculate

Py, 0<T(x) <7+1) =Y pePo(y,0<T(y) <7) 2)
zeX
and then put
Py(y,0<T(y) <7+1)=1 (3)

If 7 <t —1 then go to next step; otherwise STOP.

Theorem 1. Algorithm 1 correctly finds the probabilities P,(y,0 < T'(x) < 7) for
ceX, 1=0,1,2,... t—1

Proof. 1t is easy to see that the probabilities P,(y,0 < T'(z) < 7+ 1) at the general
step of the algorithm are calculated on the basis of formula (2) which takes into
account condition (3). This calculation procedure is equivalent with the calculation
of the probabilities P,(y,0 < T(x) < 7 4+ 1) with the condition that the state y is
an absorbing state. So, the algorithm is correct. O

If in Algorithm 1 we use the notation 7}(7) = P, (y,0 < T(y) < 7), m, (1) =
P,(y,0 < T(y) < 7) then we obtain the following description of the algorithm in a
matrix form:

Algorithm 2: Calculation of the state probabilities of the system in
the matrix form (stationary case)

Preliminary step (Step 0): Fix the vector 7/(0) = (7} (0), 74(0), ..., 7, (0)), where
7;(0) = 0 for i # iy and 7; (0) = 1.

General step (Step T+ 1,7 > 0): For given 7 calculate

7' (r+1) = Pr'(7)

and then put
7r£y (t+1)=1.

If 7 <t —1 then go to next step; otherwise STOP.

Note that the condition 7T£y (T+1) =1 in the algorithm allows us to preserve the
value W;y (t) = 1 at every moment of time ¢ in the calculation process. This condition
reflects the property that the system remains in the state y at every time-step t if
the state y is reached. We can modify this algorithm for determining the probability
P,(y,0 < T(y) <0) in a more general case if we assume that the system will remain
at every time step ¢ in the state y with the probability 7; (¢) = ¢(y), where q(y)
may differ from 1, i.e, ¢(y) < 1. In the following we can see that this modification
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is very important for determining the matrix of limit probabilities in finite Markov
processes. So, ¢(y) < 1, and we can use the following algorithm:

Algorithm 3: Calculation of the state probabilities of the system with
a given probability of its remaining in the final state (stationary case)

Preliminary step (Step 0): Fix the vector #'(0) = (7{(0), 75(0), ..., 7,(0)),
where m;(0) = 0 for i # iy and 7 (0) = q(y).

Genrral step (Step T+ 1,7 > 0): For given 7 calculate

7' (r+1) = Pr'(7)
and then put

™, (T +1) = a(y).
If 7 <t —1 then go to next step; otherwise STOP.

Remark 1. All results and algorithms described above are also valid for the stochastic

processes in the case when ) p, . =1r(z) <1 for z € X.
zeX

2.2 Polynomial time algorithms for determining the limit state
matrix in Markov chains

Denote by S = (s;;) the limit matrix of probabilities for the Markov chain
induced by stochastic matrix P = (p,,). We denote the vector columns of the
matrix S by

S1,5
SI = : , 7=0,1,2,... n,
8”7‘7
and the row vectors of the matrix S we denote by S; = (si1,8i2,...,5in), & =
1,2,...,n. To describe the algorithms for finding the limit matrix S for non-ergodic

Markov process we need to analyze the structure of the graph of transition proba-
bilities and to study the behavior of the algorithms from the previous subsection in
the case t — oco. First of all we note that for the ergodic Markov chain the graph
GR is strongly connected and all vector rows .S;, i =1,2,...,n, are the same. In
this case the limit state probabilities can be found by solving the system of linear
equations

n
T =7P, ij =1,
J=1

ie. S; =m ¢ =1,2,...,n. In general, such an approach can be used for an
arbitrary ergodic Markov process if the limit state probabilities exist.

In the multichain Markov processes the graph GR = (X, ER) consists of several
strongly connected components G! = (X!, EY), G? = (X?,E?), ..., G* = (X*, EF)

k: .
where |J X* = X. Additionally, among these components, there are such strongly
i=1
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connected components G = (X% E'%) p = 1,2,...,q, which do not contain a
leaving directed edge e = (x,7) where z € X% and y € X \ X%». We call such
components G deadlock components in GR. A characterization of the ergodic
classes (recurrence classes) in the Markov process can be made in terms of a graph
of transition probabilities using the deadlock components.

Lemma 3. If G = (X% E') is a strongly connected deadlock component in GR
then X is an ergodic class (recurrence chain) of the Markov process; if v € X \

qu X% then x is a transient state of the system in the Markov process.
p=1

Lemma [3] reflects the well known properties of the Markov chains from [3-5,10]
in the terms of graphs of transition probabilities. The proof of the lemma follows
from [3-5,10].

Below we give some auxiliary results which can be obtained from the algorithmic
procedure from the previous subsection in the case t — oco. Let a Markov process
with a finite set of states X be given. For an arbitrary state x; € X we denote by
X the subset of states x;, € X for which in GR there exists at least a directed path
from zj, to ;. Additionally, we denote N = {1,2,...,n}, I(X;)= {klzy € X;}.

Lemma 4. Let a Markov process with o finite set of states X be given and assume
that x; is an absorbing state. Let 7 be a solution of the following system of linear
equations

™ =Prl; m;=1; m;=0 for i€ N\IX;), (4)
where
)
= 2
Tn,j
Then m = 87, i.e. Tij = Sij, 1=1,2,...,n. If x; is a unique absorbing state of

the Markov process and if x; in GR is attainable from every z; € X (i.e. I(X;) =
N) thenmj=s;;=1, i=1,2,...,n.

Proof. We apply Algorithm 2 with respect to a given absorbing state x; (y; = x;)
when ¢ — oco. Then 7(t)’ — 7/ and therefore we obtain 7/ = Pr/ where 7;; = 1
and m;; = 0 for i € N\ I(Y;r). The correctness of the second part of the lemma
corresponds to the case when I(X;) = N and therefore we obtain that the vector
7J with the components my = 1, 1= 1,2,...,n is the solution of the system
7l = Pni,mj; = 1. So, Lemma 4 holds. O

Remark 2. If x; is not an absorbing state then Lemma 4 may fail to hold.

Remark 3. Lemma 4 can be extended for the case when ) p,, = r(z;) <1 for
yeX
some states x; € X. The solution of the system (4) in this case also coincides

with the vector of limit probabilities S7 if such a vector of limit probabilities exists.
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However, if N = I(X;) then some components 7; ; of the solution 7;; may be less
than 1.

Let us show that the result formulated above allows us to find the vector of limit
probabilities S7 of the matrix S if the diagonal element s;; of S is known. We
consider the subset of the states Y = {z;|s;; > 0}. It is easy to observe that

q .
Y+ = |J X% ; we denote the corresponding set of indexes of this set by I(Y ™). For
p=1
each j € I(Y™) we define the set X in the same way as we introduced it above.

Lemma 5. If a non-zero diagonal element s;; of the limit matriz S in the non-
ergodic Markov process is known, i.e. sj;j = q(xj), then the corresponding vector S’
of the matriz S can be found by solving the following systems of linear equations:

ST =P8I s;j=q(x;); sij=0 for i€ N\I(X;)

Proof. We apply Algorithm 3 with respect to the fixed final state y; = x; € X with
q(y;) = sjj when t — oco. Then for a given y; = x we have 7(t)’ — S’ and therefore
we obtain S = PS7 where q(y;) = s;; and s;; = 0 for i € N \ I(X;). So, Lemma
5 holds. O

Basing on this lemma and Algorithm 3 we can prove the following result.

Theorem 2. The limit state matriz S for aperiodic Markov chains can be found by
using the following algorithm.:
1) For each ergodic class X% solve the system of linear equations

ﬂ_ip _ ﬂ_ippip’ § : ﬂ.;p =1,
JEI(X'P)

where 7' is the row vector with components ﬂ;p for j € I(X%) and P% is the

submatriz of P induced by the class X*». Then for every j € I(X%) put 855 = 7r;-p;
qa
for each j € I(X \ |J X') set sj; =0;
p=1
q .
2) For every j € I(YT), Y+t = |J X% solve the system of linear equations
p=1

ST =P sjj=mg sy =0 for i€ N\I(X;)

and determine the vector S7. For every j € I(X \ Y1) set S/ = 0, where 0 is the
vector row with zero components.
The algorithm finds the matriz S using O(n*) elementary operations.

Proof. Let us show that the algorithm finds correctly the limit matrix S. Item 1) of
the algorithm finds the limit probabilities s; ;. This item is based on Lemma 3 and
on the conditions which each ergodic class X’ and each transient state zc¢X \ Y
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should satisfy. So, item 1) correctly finds the limit probabilities s; ; for j € N.
Item 2) of the algorithm is based on Lemma 5 and therefore determines correctly
the vectors S7 of the matrix S when the diagonal elements s;; are known. So, the
algorithm finds correctly the limit matrix S of the non-ergodic Markov processes
if such a limit matrix exists. The computational complexity of the algorithm is
determined by the computational complexity of solving ¢ < n equations for each
ergodic class X (item 1) and the computational complexity of solving not more
than n systems of linear equations for determining the vectors S/ (item 2). So, the
running time of the algorithm is O(n?). O

Basing on this theorem we can find the limit matrix S using algorithm from
Theorem 2. In the worst case the running time of the algorithm is O(n?*) however
intuitively it is clear that the upper bound of this estimation couldn’t be reached.
Practically this algorithm efficiently finds the limit matrix S. In the following we
show that for determining the limit matrix in aperiodoc Markov chains there exists
an algorithm with computational complexity O(n?).

2.3 An algorithm for the calculation of the limit matrix in aperiodic
Markov chains with running time O(n?®)

We describe another algorithm for finding the limit matrix for aperiodic Marcov
chains which in the most part takes into account the structure properties of the
random graph of the Markov process. We can see that such an approach allows us
to ground an algorithm with computational complexity O(n?).

Algorithm 4: Determining the limit state matrix for non-ergodic
Markov processes

The algorithm consists of two parts: The first part determines the limit proba-

q )
bilities s, for x € |J X* and y € X. The second procedure calculates the limit
p=1

q .
probabilities s, for x € X\ |J X" and y € X.
p=1
Procedure 1:

1. For each ergodic class X% we solve the system of linear equations:
' = ' P'r, E ) =1,
yeXip

where P is the matrix of probability transitions corresponding to the ergodic
class X', i.e. Pir is a submatrix of P, and 7' is a row vector with the com-
ponents 7, for y € X%. If 7, are known then s, , for z € X% and y € X can
be calculated as follows:

Set Sx,y:W;p if r,ye X% and s,, =0 if x€ X, ye X\ X%.
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Procedure 2:

1. We construct an auxiliary acyclic directed graph GA = (X A, EA) which is ob-
tained from the graph GR = (X, ER) by using the following transformations:

We contract each set of vertices X’ into one vertex z% where X% is a set
of vertices of a strongly connected deadlock component G = (X%, E%) in
GR. If the obtained graph contains parallel directed edges e! = (z,2), €2 =
(,2), ..., € = (x,z) with the corresponding probabilities pglw, pg,z, ey Dhs
then we change them by one directed edge e = (z,z) with the probability

r

Prz= . p;Z; after this transformation of each vertex zf, we put equivalently
i=1

1=

a directed edge of the form e = (2, 27) with the probability pl, ,» = 1.

2. We fix the directed graph GA = (X A, EA) obtained by the construction prin-
q .
ciple from step 1 where XA = (X \ (U XZP)) UZzpr, 7P = (24,22,...,29).
p=1
Additionally, we fix the new probability matrix P’ = (p;’y) which corresponds
to this random graph GA.

3. For each * € XA and every 2! € ZP we find the probability 7 (2%) of the
system transaction from the state x to the state zP. The probabilities 7/ (2*)
can be found by solving the following p systems of linear equations:

P,W,(Zl) = W'(zl), ng(zl) =1, ﬂ';z(Zl) =0, ..., ﬂ;q(zl) =0;
P/7T/(2’2) = 71'/(22), 7TZ1(Z2) =0, W/Zg(z2) =1, , F;q(2’2) =0;
P'r'(29) = 7' (29), 71'21 (z7) =0, 7T;2(Zq) =0, ..., mqe(29) =1,

where 7/(z%), i =1,2...,p are the column vectors with components 7’ (z*)
for x € X A. So, each vector 7/ (z") defines probabilities of system transitions
from states x € X A to the ergodic class X".

a A
4. We put s;, = 0 for every z,y € X \ J X% and s,, = m,(2P)my for every
p=1
q . . ) . .
reX\ JUX?andye X, X» C X. Ifz € X and y € X \ X" then we
p=1
fix s, = 0.

Theorem 3. The algorithm correctly finds the limit state matriz S and the running
time of the algorithm is O(|X|3).
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Proof. The correctness of Procedure 1 of the algorithm follows from the definition of
the ergodic Markov class (recurrence chain). So, Procedure 1 finds the probabilities

q
Szy for x € |J X and y € X. Let us show that Procedure 2 correctly finds
p=1

a
the rest elements s, , of the matrix S. Indeed, each vertex x € X \ |J X" in
p=1
G A corresponds to a transient state of the Markov chain and therefore we have

q .
Sgy = 0 for every x,y € X\ |J X". If x € X" then the system couldn’t reach
p=1
a state y € X \ X and therefore for arbitrary two states x,y we have Szy = 0.
Finally, we show that the algorithm correctly determines the limit probability s

ifz e X\ fj X% and y € X%. In this case the limit probability s,, is equal to
p=1
the limit probability of the system to reach the ergodic class X% multiplied by the
limit probability of the system to remain in the state y € X, i.e. sz, = 74 (2P)my .
Here 7,7 is the probability of the system to remain in the state y € X% and 7, (2%)
is the limit probability of the system to reach the absorbing state z;, in GA. The
value 7,(2"7) according to the construction of auxiliary graph GA coincides with
the limit probability of the system to reach the ergodic class X%. The correctness
of this fact can easily be obtained from Lemma 3 and Theorem 2. According to

q )
Lemma 3 the probabilities 7, (2P) for z € X \ |J X" can be found by solving the
p=1
following system of linear equations

P'r'(2P) =7'(2P), wi(2P) =0, w.(zP)=0, ..., mu(2P)=1,

which determined them correctly. So, the algorithm correctly finds the limit state
matrix S.

Now let us show that the running time of the algorithm is O(n3). We obtain this
estimation in the item 4 solving ¢ < n systems of linear equations. Each of these
systems contains no more than n variables. All these systems have the same left part
and therefore they can be solved simultaneously applying Gaussian method. The
simultaneous solution of these ¢ systems with the same left part by using Gaussian
method uses O(n?) elementary operations. O

3 Determining the State Probabilities of the Dynamical System
in Non-Stationary Markov Processes

In the case when the probabilities of system’s transitions from one state to an-
other depend on time we have a non-stationary process defined by a dynamic matrix
P(t) = (pay(t)) which describes this process. If this matrix is stochastic for every
moment of time ¢ = 1,2,..., then the state probabilities Pﬂ;i0 (z,t) can be defined
and calculated by using a similar formula obtained from Section 1 changing p, . by



ALGORITHMS FOR DETERMINING THE STATE-TIME PROBABILITIES ... 79

Pay(T), i€

Py, (z,7+1) = Z Py, (y:T)py(r), 7=0,1,2,...,t -1
yeX

where Py, (2i,,0) =1 and Py, (z,0) =0 for z € X \ {z;,}. In the matrix form this
formula can be represented as follows
m(r+1)=n(r)P, 7=0,1,2,...,t—1

where w(7) = (m1(7),7(7),...,m(7)) is the vector with the components m;(7) =
Py, (zi,7). At the starting moment of time 7 = 0 the vector m(7) is given in the
same way as for the stationary process, i.e. m;,(0) = 1 and m;(0) = 0 for arbitrary
i # ip. If for a given starting vector 7(0) and 7 = 0,1,2,...,¢ — 1 we apply this
formula then we obtain

7(t) =7w(0)P(0)P(1)P(2)... P(t —1).
So, an arbitrary element g, .. (t) of the matrix
Q) =PO)P(1)P(2)...P(t—1)

expresses the probability of system L to reach the state x; from z; by using ¢ units
of times.

Now let us show how to calculate the probability Py, (y,71 < T(y) < T3) in
the case of non-stationary Markov processes. In the same way as for the stationary
case we consider the non-stationary Markov process with given absorbing state y €
X. So, we assume that the dynamic matrix P(t¢) is given which is stochastic for
every t =0,1,2,... and p,,(t) = 1 for arbitrary ¢ is given. Then the probabilities
P,(y,0 <T(y) <t)for x € X can be determined if we tabulate the values P, (y, t —
T<T(y)<t), 7=0,1,2... ¢t using the following recursive formula:

Poly, t =7 —=1<T(y) <t) =poo(t —7 = 1)P:(y, t =7 < T(y) < t)
where for 7 = 0 we fix
Po(y, t <T(y)<t)=0ifz#yand Py, t <T(y) <t)=1.
This recursive formula can be represented in the following matrix form
't—7-1)=Pt—-7-1)r"(r), t=0,1,2,...t—1.

At the starting moment of time ¢t = 0 the vector 7”(0) is given: All components are
equal to zero except the component corresponding to the absorbing vertex which is
equal to one, i.e.
2/(0) _ { 0, %f T # Y
1, ifz;, =y.
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If we apply this formula for 7 =0,1,2,...,¢ — 1 then we obtain
7' (t) = P(O)P(1)P(2)--- P(t — 1)7"(0), t=1,2,....

So, if we consider the matrix Q = P(0)P(1)P(2)...P(t — 1) then an arbitrary
element g; j, of the column j, in the matrix () expresses the probability of the
system L to reach the state y from x; by using not more than ¢ units of time, i.e.
Gigy = Poy, 0 < T(z) < t).

Here the matrix P(t) is stochastic matrix for t = 0,1,2,... where p, ,(t) = 1 for
every t and

i(r)
!
7' (1) = 7r2.(7') , 7=0,1,2,...

()

is the column vector, where an arbitrary component «/(7) expresses the probability
of the dynamical system to reach the state y from x; by using not more than 7 unites
of times when the system start transitions in the sate x at the moment of time ¢ — T,
ie. m/(t) = Pp,(y,t —7 < T(y) < t). This means that in the case when y is an
absorbing state the probability P, (y, T1 < T'(y) < T») can be found in the following
way:

a) find the matrices

Q! = PO)P(1)P(2)- -+ P(Ty — 1) and Q* = P(O)P(1)P(2)- - P(Ty — 1);

b) calculate
Poly, i = T(y) < Tp) =

=Py, 0<T(y) STo) — Po(y, 0ST(y) < Ty —1) =g}, — a7,

The results described above allows to develop algorithms for calculation the
probabilities P, (y, 0 < T'(y) < t) for an arbitrary non-stationary Markov process.
Such algorithms can be obtained if in the general steps of the algorithms we change
the matrix P by the matrix P(t — 7 — 1) and 7/(7) by «" (7).

Below we describe these algorithms which can be grounded in an analogues way
as the algorithms in Section 2.

Calculation of the state probabilities of the system in the matrix form
(non-stationary case)

Preliminary step (Step 0): Fix the vector n”(0) = (7} (0), #5(0), ..., 7 (0)),
where m/(0) = 0 for i # iy and 77 (0) = 1.

General step (Step 7+ 1, 7 > 0): For given 7 calculate

'(r+1)=Pt—7-1)7"(1)
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and then put
7'(';; (t+1)=1.

If 7 <t —1 then go to next step; otherwise STOP.

Calculation of the state probabilities of the system with given proba-
bility of its remaining in the final state (non-stationary case)

Preliminary step (Step 0): Fix the vector 7”(0) = (#{(0), #5(0), ..., 71 (0)),
where m/(0) = 0 for i # iy and 77 (0) = 1.
General step (Step T+ 1, 7 > 0): For given 7 calculate

a'(r+1)=Pt—7—-1)7"(1)

and then put
m (T +1) = q(y).
If 7 <t —1 then go to next step; otherwise STOP.

Note that the algorithm finds the probabilities P,(y, 0 < T'(y) < t) when the
value ¢(y) is given. We treat this value as the probability of the system to remain
in the state y; for the case ¢(y) = 1 this algorithm coincides with previous one.

4 Conclusion

A new approach for studying finite Marcov processes and determining the limit
matrix of probability transitions in Markov chains is proposed. The proposed ap-
proach allows us to develop new algorithms for determining the states probability
in the considered Markov processes. Polynomial time algorithms for finding the
limit matrix of probability transitions of the system in Markov chains are elabo-
rated. These algorithms can be used for determining the average cost per trans-
action of dynamical system in decision Markov processes (Markov processes with
rewards) [3,5,9] and and stochastic discrete optimal control problems [2,6-8].
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