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Abstract. For a class of cubic differential systems with a bundle of two invariant
straight lines and one invariant conic it is proved that a weak focus is a center if and
only if the first four Liapunov quantities L, j = 1,4 vanish.
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1 Introduction

In this paper we consider the cubic system of differential equations

=y +ax? +cxy + fy? + ka® + maly + pry? + ry® = P(a,y),
§=—(z+g2® +doy + by® + s2® + gy + nay® + ly*) = Q(x,y),

(1)

in which all variables and coefficients are assumed to be real. The origin O(0,0) is
a singular point of a center or a focus type for (1), i.e. a weak focus. The purpose
of this paper is to find verifiable conditions for O(0,0) to be a center.

It is known that the origin is a center for system (1) if and only if it has in some
neighborhood of O(0,0) a holomorphic integrating factor of the form

p=143 p;(x,y).

There exists a formal power series F'(z,y) = > Fj(x,y) such that the rate of
change of F(z,y) along trajectories of (1) is a linear combination of polynomials
{(z® +y?) P

[e.e]
Cﬁz_]; = Ez Lja(a? +y%).
The quantities L, j = 1,00, are polynomials in the coefficients of system (1) called
Liapunov quantities. The order of the weak focus O(0,0) is r if L; = Ly =
L.—1=0but L, #0.

The origin is a center for (1) if and only if L; = 0, j = 1,00. By the
Hilbert’s basis theorem there exists a natural number N such that the infinite system
L; =0, j =1,00, is equivalent with a finite system L; =0, j = 1, N. The number
N is known only for quadratic systems N = 3 [11] and for cubic systems with only
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homogeneous cubic nonlinearities N = 5 [16,20]. If the cubic system (1) contains
both quadratic and cubic nonlinearities, the problem of the center was solved only
in some particular cases (see for instance [1,2,4,6-10,13,14,17,18]).

In this paper we solve the problem of the center for cubic differential system (1)
assuming that (1) has two invariant straight lines and one invariant conic passing
through one singular point, i.e. forming a bundle. The paper is organized as follows.
Results concerning the relation between integrability, invariant algebraic curves and
Liapunov quantities are presented in Section 2. In Section 3 we find eight sufficient
series of conditions for the existence of a bundle of two invariant straight lines and
one invariant conic. In Section 4 we obtain sufficient conditions for the existence of
a center and finally we give the proof of the main result: a weak focus O(0,0) is a
center for a class of cubic systems (1) with a bundle of two invariant straight lines
and one invariant conic if and only if the first four Liapunov quantities vanish.

2 Invariant algebraic curves, Liapunov quantities, center

An algebraic curve ®(z,y) = 0 (real or complex) is said to be an invariant curve
of system (1) if there exists a polynomial K(z,y) such that

0P 0P
— — =OK.
ox +e dy
The polynomial K is called the cofactor of the invariant algebraic curve ® = 0. We
shall consider only algebraic curves ® = 0 with ® irreducible.
If the cubic system (1) has sufficiently many invariant algebraic curves

®;(x,y) =0, j =1,...,q, then in most cases an integrating factor can be con-
structed in the Darboux form

P

h= PG B, @)
A function (2), with o; € C not all zero, is an integrating factor for (1) if and
only if

q

oP 0Q
Y oK)= - -
= or Oy

System (1) is called Darboux integrable if the system has a first integral or an
integrating factor of the form (2).

The method of Darboux turns out to be very useful and elegant one to prove
integrability for some classes of systems depending on parameters. These last years,
interesting results which relate algebraic solutions, Liapunov quantities and Darboux
integrability have been published (see, for example, [3,5,6,9,10,15,19]). The cubic
systems (1) which are Darboux integrable have a center at O(0,0).

Definition 1. We shall say that (®;,j = 1,M; L = N) is ILC (I — invariant
algebraic curves, L — Liapunov quantities, C' — center) for (1), if the existence of M
algebraic curves ®;(z,y) = 0 and the vanishing of the focal values L,, v = 1, N,
implies the origin O(0,0) to be a center for (1).
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The works [6-9,17,18] are dedicated to investigation of the problem of the center
for cubic differential systems with invariant straight lines. In these papers, the
problem of the center was completely solved for cubic systems with at least three
invariant straight lines. The principal results of these works are gathered in the
following two theorems:

Theorem 1. (®;(z,y), ®;(0,0) #0, j =1,4; L=1) is ILC for system (1).

Theorem 2. (a;z+bjy+cj, j=1,4; L=2) and (a;z+bjy+cj, j=1,3; L=71)
are ILC for cubic system (1).

The problem of the center was solved for cubic systems (1) with two homogeneous
invariant straight lines and one invariant conic; for cubic systems (1) with two
parallel invariant straight lines and one invariant conic [10]:

Theorem 3. (x+iy, ®; L =2) and (l; = 1+ajx+bjy, j =1,2, Li||la, ®; L =3),
where ® = 0 is an irreducible invariant conic, are ILC' for system (1).

3 Conditions for the existence of a bundle of two invariant straight
lines and one invariant conic

Let the cubic system (1) have two invariant straight lines [y, [ intersecting at
a point (zg,yo). The intersection point (xg, o) is a singular point for (1) and has
real coordinates. By rotating the system of coordinates (x — xcosy — ysiny,
y — xsinp + ycos @) and rescaling the axes of coordinates (z — ax, y — ay), we
obtain {; Nly = (0,1). In this case the invariant straight lines can be written as

li=14+ajz—y, a; €C, j=1,2; Ajg =as —a; #0. (3)

The straight lines (3) are invariant for (1) if and only if the following coefficient
conditions are satisfied:

E=(a—1)(a1+a2)+g, l=-b, s=(1—-a)aas,
m:—a%—alag—a%—l—c(a1+a2)—a—l—d+2, r=—f—1,
n=aja(—f—2)—(d+1), p=(f+2)(a; +a2)+b—c,
q=(a1+az —c)arag —g, (a—1)>+(f+2)* #0.

(4)

If the conditions (4) are satisfied then the cubic system (1) looks:
it=y+ar+tcry+[d+2—a—a?— (a1 +a2)(ag —o)|zPy — (f + 1)y3+

fy? +[(a = 1)(ar + a2) + gla® + [(f +2)(a1 + a2) + b — Jay® = P(x,y),
y=—x— gz? —dxy — by? + (a — 1)arasz® + [g + araz(c — a1 — az)]x’y+

[(f +2)araz +d + 1zy® + by® = Q(a, y).
Next for cubic system (5) we find conditions for the existence of one invariant

conic passing through the same singular point (0, 1), i.e. forming a bundle. Let the
conic curve be given by the equation

O (z,y) = asor? + anzy + apy® + aor +any+1=0 (6)
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with (a0, a11,a02) # 0 and ago, a11, ao2, a10, a1 € R.
For every conic curve (6) the following quantities [12]:
Iy = agz + az, I = (4apazn — aiy)/4,
I3 = (dagrag — agyaz + agraparr — ap2aiy — afy)/4
are invariants with respect to the translation and rotation of axes. These invariants
will be taken into account classifying conics. A conic (6) is reducible into two straight
lines if and only if I3 = 0. If Is > 0, then (6) is an ellipse, if I5 < 0 — a hyperbola
and if I = 0 — a parabola.
In order the conic (6) pass through a singular point (0,1) and form a bundle
with the invariant straight lines (3), we shall assume ag; = —ag2 — 1. In this case

®(z,y) = agor® + anzy + arozr + (agey — 1)(y — 1) = 0. (7)

The conic (7) is an invariant conic for (5) if and only if there exist numbers
€20, €11, €02, €10, Co1 € R, where ¢19 = —ao1, co1 = aio, such that

oD oP
P(l',y)% + Q(x,y)a—y = ®(2,y)(c207” + c117y + cooy® + (ao2 + 1)z + a10y). (8)

Identifying the coefficients of z'y’ in (8), we reduce this identity to three systems
of equations {Fj; = 0} for the unknowns asg, a11, ag2, a0, 20, i1, o2 :

Fyo
F3

(CL — 1)(a1a2a11 + 2a1a99 + 2a2a20) + a20(2g — 620) =0,

(a —1)(2a1a2a02 + arai1 + azair) — (azain + 2asg)a’ —
— (a1a11 + 2az0)a3 + (cayy — 2az)aaz + (2cay + 2cag — 2a—
—c11 + 2d + 4)&20 + (29 — C20)a11 =0,

Fy = 2(6 —a; — ag)alagaog + (29 — ¢g0)ap2 + [ (a1 + ag) — a%— (9)
—a2 (f+ Dajag —a — 11 + 2d + 3laii+

+ [2(f + 2)(a1 + az2) + 2b — 2¢ — coz]az = 0,

F13 = (f + 2)[2&1@2&02 + (a1 + ag)all] (2 + 2d — 011)a02+
+ (2b —Cc— 602)(111 — 2(f + 1)&20 =0,
Fog = (2b — co2)ao2 — (f + 1)an =0,
F3 = (a — 1)[(a1 + a2)aig — araz(age + 1)] — gai1+
+(2a — 1 — ag2)azo + (g — c20)a10 = 0,
= [g — Cyo + carag — (CL1 + ag)alag](—aog — 1)+
+[c(a1 +ag) —a? —ajag — a3 —a+d+2— ci1]aro+ (10)
—I—( c— alo)CLQO + (a —d+1+ aog)an — 2gage = 0,
Fio = (f + 2)[(&1 + ag)alo — ajaz(agz + 1)] —(d+1—-ci1)(ape +1)—
(a02 + 2d + 1)&02 + (b —C— Cog)alo + (C —-b-— alo)an + 2fagy = 0,

Foz = (b — Cog)(dog + 1) + (a10 + 2b)a02 + (f + 1)(11() — fa11 =0,

Fy = (a — ap2 — 1)aio + g(ap2 + 1) — a1 — c20 =0,
Fi1 = (a2 +d + 1)agr + (aio — ¢)aig + 2ap2 — 2az + c11 =0, (11)
Foo = co2 — (a0 +b)(ape + 1) — farg — a1 = 0.
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Let us denote
g1 = (a1 +ag — c)age + (f + Va1, Jj2 = ageal + anray + ago,
j3 = ag2a3 + a1ras + aso, ja = dagaag — ai;.
We shall study the compatibility of the system of equations {(9), (10), (11)} when
f+2 # 0, Is # 0 and split the investigation into five subcases: {j; = 0},
{j1 # 0,52 =0}, {j1j2 #0, js =0}, {jjajs # 0, = 0}, {jrjasjsjs # 0}
Remark 1. If ape = 1, then the system {(9), (10), (11)} is not compatible.

Indeed, we express ¢z from Fyy = 0 of (9) and substituting in (11) we obtain
Foo = (a0 + an)(f +2) = 0.
If a11 + a19 = 0, then I3 = 0. Next we shall assume that ago — 1 # 0.

3.1 Casej; =0

3.1.1. apz = a11 = 0. In this case F» = 0 and the equation Fig = 0 yields f = —1.
We express cg2, 11 and cgg from (9), agp from Fi; = 0, g from Fyg = 0 and replace
in (10). Reduce the equations of (10) by b from Fpz = 0, then we get
F12 = (a1 — alo)(ag — alo) =0.
If a19 = ay or a9 = as, then we obtain the following series of conditions

1) a=1/2, f=—1, g = (4¢ — 3b)/6, a1 = (2¢)/3, as = (2¢ — 3b)/6

for the existence of an invariant parabola for system (5):
(9b? — 6bc — 4c® — 18d — 36)z% — 24cx + 36(y — 1) = 0.
3.1.2. ap2 =0, a1; # 0. In this case the equation j; = 0 yields f = —1 and Fyy = 0.
We express cg2, €11, 20 from (9) and obtain Fyg = f1fofs = 0, where
fi = ara11 + ag, fo = asain + az, f3 = (a1 +az — c)azy + (a — 1)aq;.

Let fi1 = 0 and reduce the equations of (10) and (11) by b from Fyy = 0, d from
Fi1 =0 and g from Fyy = 0, then we get Fia = (a1 + ayp — a2)ls = 0.

If a11 = a2 — a9, then we obtain the following series of conditions

2) a=0,d= (9" —2cg—2bg—8)/4, f=—1,a1=g/2, a=b+g

for the existence of an invariant conic for (5):
g(4b — 2¢ + 3g)x? + 2(2¢c — 4b — 3g)zy + 2(2b — 2c + g)x + 4y — 4 = 0.

The case fo = 0 can be reduced to f; = 0 if we replace a1 with as.

Assume now fi1fs # 0 and f3 = 0. We express a;; = a1 + a2 + b — ¢ from
Fys = Foz = 0 and reduce the equations of (10) by d from Fj; = 0 and g from
Fyy = 0, then we get

Fio = (a10+a1+b—c)(a10+a2—|—b—c) =0.

If aqqg=c—b—aj or a9 = ¢ — b — as, then we obtain
3)

c=(2b> —6a—3bp+p>+3)/(b—p), g=(ab®> — 2abp + ap® — 4a + 2)/(b — p),

d = (6ab? — 8a® — 10abp + 4ap?® + 8a — 5b% + 8bp — 3p® — 2) /(b — p)?,

f=-1,a1=(c—2b+p)/3, az = (2c = b+2p)/3.

The invariant conic is
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(a—1)pz® + (2 —da+ (b—p)*)z + (b—p)(1 —y + pry) = 0.

3.1.3. ago # 0. In this case we express ¢ from j; = 0, ¢go from Fyy = 0, ¢11 from
Fi3 =0, ¢y from Fhy = 0 and b, d, g from (11). Then we get Fia = ejea(f + 2),
where e; = ayage — a1 + a9 + a11, €2 = asape2 — as + aig + a11.
3.1.3.1. If e; = 0, then a3 = (a19 + a11)/(1 — ap2) and (9) becomes:

Fyo = hifago(2adya2 — 2ap2a10 — agearr — 2ag2a2 — a11) — agzaiiaz(aip + ai1)] = 0,

F3 = h1[2a20a02(a02 — 1) + 2a(2)2a10a2 + 0%20,11&2 + apg2a10a11 + apg2a11a2 + a%l] =0,
where hy = (a — 1)age — (f + 1)ag.

Let hy = 0 and reduce the equations of (10) by a from hy = 0. Express agg

from F39 = 0, ay; from Fy; = 0, age from h; = 0 and obtain the following series of
conditions

D o 1 m)w —aw)(w + 1]/(),
c=[(hv —h—v—1)ay + (2 — 2hv? + hv + 2h + 2v)az) /(hv),
d = [(h + 2v% + 3v + D)ajpaz — 2(hv + h + 2v% + 3v + 1)a3—
—h(hv +h+3v+1)]/(hv), h=2a+ ajgas —2fa3 — 4a3 — 2,
g = [a?yaz — 2(v + 2)a10a3 + haio + 4(v + 1)@ + 2has]/(2h),

a1 = [2hvas + (h + v + 1)(2a2 — a10)]/(hv), v=f+1

for the existence of an invariant conic (h + 1)[2vy? + (2a3 + 2va3 — asaip + h)x? +
2(a10 — 2vag — 2a2)zxy] + 2v[apr — (b + 2)y + 1] = 0.

Assume now hy # 0, then from F3; = 0 we find asg, and the equation Fyg = 0
becomes Fyy = (2ap2a2 + a11)I3 = 0.

If al] — —2&02(12, then F31 = (a02 — 1)2(132 75 0.

3.1.3.2. The case ex = 0 can be reduced to e; = 0, if we replace a; with ao.

3.2 Casej; #0,j2=0

In this case asg = —aq(a11 + ajap2), I2 < 0 and the conic is a hyperbola. If
ag2 = 0, then Fyy = j1 # 0. Next assuming ags # 0 we express cgo, €11, C20 from the
equations {Fpy = 0, Fi3 =0, Fay =0} of (9) and b, d, g from the equations of (11).
Then we get Fia = ejea(f + 2), where

€1 = a1ap2 — a1 + aip + aii, €2 = a2a02 — 4z + aio + ai.

3.2.1. Let ey = 0, then I3 = 0 and the conic is reducible.

3.2.2. Assume e; # 0 and e3 = 0. In this case we express as from es = 0 and ajg
from F21 =0. If ail = —20,02&1, then F30 = Ig 75 0.
Let 2agoa1 4+ a11 # 0, then express ¢ from F3y = 0 and
F40 = F31 = 2&&02@1 + aay] — a(2)2a1 — ap2a1 — ap2a11 = 0.
If ag2 = a, then Fyy = 0 yields a; = 0 and we obtain

d= _a_f_?’v b= [(f+2)(f-|—a+1)a11]/[a(1 —(1)],

g=0, c=[(af —2f —2)a3; + a*(a — 1)?]/[(a® — a)a11],
a1 =0, az=[(a+ f+Dan]/(a—da?).

5)
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The invariant hyperbola is (1 + f + ay)aj1z + alay — 1)(y — 1) = 0.
If ags # a, then express ai; from Fyy = 0 and obtain the following series of
conditions for the existence of a hyperbola

® = [(f 1+ ag)(F + Dar)/h, a2 = [an(h—a— f ~ D]/,
= [(af — 2f + 2a02 — 2a — 2)a? + h?]/(ha1), g = (f + 3)a,
d=[2a+ f24+5f+4)a? — (a2 + f +3)h]/h, h=ag — a.
The invariant hyperbola is aga?(a — 1)2? + agea1(h — a + 1)zy + a1(2a — fags —
3agy + f+ 1)z — h(agay — 1)(y — 1) = 0.

3.3 Case jl 'j2 % O, j3 =0

In this case we also obtain the series of conditions 5) and 6).

3.4 Caseji-j2-js#0, ja=0

If age = 0, then j4 = 0 yields a1; = 0 and j; = 0. Next assume agz # 0 and from
ja = 0 we find agg = a%l /(4ap2). In this case I = 0 and the conic is a parabola.
We express cg2, c11, c20 from the equations {Fyy = 0, Fi3 =0, Fyy = 0} of (9) and
b, d, g from the equations of (11), then we obtain Fjs = ejea(f + 2) = 0, where

e1 = apa1 — a1 + aio + ar1, €2 = apga2 — az + aip + ai1-
3.4.1. Assume e; = 0, i.e. ajg = a1 — agea; — a11. Reduce the equations
{F31 =0, F30 = 0} by f from F5 =0, the equation F3y = 0 by a from F3; =0 and
express ¢ from F3g = 0, then we obtain

Fy1 = arapz(ao2 — 1) + a1(ao2 + f + 1) +2(f + 2)azap2 = 0,
F3 = a11(2a — apy — 1) + 4(a — 1)&2&02 =0.
If f = —2a, then a # 1. Solving (12) for a; and as we get
b= [all(aog —2h — 1)]/&02, g = [a11(1 — 2&02 + 2h)]/(2a02),
d= [(4ha02 + ag2 — 4h? — 4h — 1)&%1 — 4ha(2)2(a02 —2h + 1)]/(4]1&(2)2),
f = —2&, Cc = [a%l(aog — 4h2 —4h — 1) + 8(1%2}12]/(4}1&11&02),
a] = 0, a9 = [au(aog —2h — 1)]/(4]1&02), h=a-—1.

(12)

7)

The invariant parabola is a?;2% + 4ag2(y — 1)(a117 + agzy — 1) = 0.

If f+4 2a # 0, then express ay; from F31 + Fo; = 0 and ag from Fo; = 0. We
obtain

B [a1(f +2)(ao2 + f + 1)]/v, a2 = [a1(2a — a2 — 1)]/(2v),
g = [a1(2aagy — 2a® +av—|—3a—a02v—2a02—1)]/v v=2a+ f,
c = [a3(4a? —2av—4a—a02+4v+1)—2v 1/ (2vay),
d=[a?(8(a — 1)%(ag2 + v — a) + (a — 1)(2ap2 — Svagy — 2v* + 6v — 2)+
+(2v — 1)(ag2 — 1)v) + 2v*(2a — v — agz — 3)]/(2v?).

The invariant parabola is (a — 1)ajapz[(a — 1)a1x — 2vylx + v(2aag2 — vagz — 2ap2 +
v)arz + v (agy — 1)(y — 1) = 0.
3.4.2. The case e; = 0 can be reduced to e; = 0, if we replace a; with as.
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3.5 Caseji-j2-jz-ja#0

We express cgo from Fyy = 0, ¢11 from Fi3 = 0, cop from Fhy = 0 and substitute
into the equations {Fy = 0, F3; = 0} of (9). Calculating the resultant of the
equations {Fyy = 0, F31 = 0} by a we obtain

Res(Fyo, F31,a) = j1j2j3ja-
In this case Res(Fyo, F31,a) # 0 and therefore the system of algebraic equations
{(9), (10), (11)} is not compatible.

Remark 2. For cubic differential system (1) we obtained 8 series of conditions for
the existence of two invariant straight lines and one invariant conic passing through
the same singular point (0, 1).

4 Sufficient conditions for the existence of a center

Lemma 1. The following ten series of conditions are sufficient conditions for the
origin to be a center for system (5):

i) a=1/2, f=-1, d=(-5)/2, g=(4c—3b)/6, a1 = (2¢)/3,
3b%c — 2bc? +9b+ 12¢ = 0, az = (2¢ — 3b)/6;
ii)
a:d:07 b:—g—2/g, 62(392_4)/(29)7 f:—l, alzg/zv a2:_2/g;
iii)
a=(fP+f+1)/A—=f), b=(f+2)ar, g=—far, c=(1—-2f)as,
d=2f2+3f+4)/(f 1), f(f-=1Da?+fP+3f+2=0, ay=0;
iv)
b=1[(f3+ (a+5)f2+ (Ta+5)f +4a® + 2a + 2)(f + 2)u]/[(f + 1)vay],
c=[((3-2a)f>-2(@®>+a—5)f%—(a®+a—14)f — a® + 4a + 5)u]/
[(f + Dv2%ag], d==2[f3+(a+5)f>+6(a+1)f+3a®+a+4]/v,
g=1[(>+(a+2)f* —5a+1)(a — D)u]/[(f + 1)v3aq],
ar = [(2a + fHul/[(f +vas], (f +1)v*a3 — (a —1)u* =0,
u=fr+(a+1)f+1—a, v=F2+(f+1)(a+3);
v)

a=(~h)/(f+3), d=—a—f~3, b=[(f +2)(f +a+ Danl/la(l - a)],
g=0, c=[2@f>+2f +3)(f +2hl/I(f +3)*(f + Danl, h=2f*+3f -3,
(fF+D(f+3)%ad, +4f(f+2)h* =0, a1 =0, ag = [(a+ f + Dan]/(a — a?);

vi)
a=—(f246f+3)/3, c=—(f*+14f%+60f2+87f +48)/[3(f + 5)ai],
b=—[(2f° + 152+ 27f + 6)(f + 2)a1]/[(f* +6f + 6)(f + 1)),
d= (3f3+23f2+42f +6)/[3(f +5)], 3(f+5)at+ (f +1)(f2+6f+6) =0,
9= (f+3)ar, az=—[(f>+3f—6)ar]/[(f +1)(f* + 6 + 6)];
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vii)

b=—[(a+at>+ f+1)(f +2)8)/(at), ag=[(at®> —a— f—1)5]/(at),
c = [0*t? + 20822 + B (af — 2f — 2)]/(aBt), g=(f +3)p,
d=1[2a+ f24+5f+4)3 — 2> — (a + f + 3)a]/a,
[(f +4)(f +1)+2a)(f +3)(f +2)*+ (af? + 10af + 15a + 33+
+18f2 +28f + 9)aB? + (af +3a +2f2 +3f — 3)a? =0,
2 =[1—a—2f — fHaB? - (Baf +5a+ 3+ 7f2+13f +7)5%/
[0 + (f +2)a26% — (f + 3)ap'];

viii)

a= (18t —t2 — 24)/[2t(t + 2)], b= [a11(3t* — 14t + 24)]/[t(3t — 10)],

c = (9% + 144¢5 — 2416t* 4 129123 — 33872t2 + 44352t — 23040)/
[8ai1t(5t3 + 1412 — 4t — 24)], g = [3a11 (4t — t2 — 4)]/[t(3t — 10)],

d = (93 — T4t% + 168t — 192)/[4¢(t + 2)], f = (t* — 18t + 24)/[t(t + 2)],

4(5t — 6)(t + 2)%a%, + (3t> — 14t + 24)(3t — 10)%(t — 2) = 0,

ay = 0, as = [all(t + 2)]/[2(10 - 3t)];

a=t3—3t—1)/[(t? — Dt], b=[(t>+t+3)(2t + Day]/[(t* + 3t — 1)(1 —t2)],
c=[—(t+6t2 +4t — 4)(2t + 1)(t +2)]/[(#* + 3t — 1)(t + 1)aqt],
f=0@2+2t—1)/(1—-1%), g=[(t3—t2+5t+4)a1]/[(t* + 3t — 1)(t* - 1)],
d= J,

= (5t* + 2383 + 212 + 16t + 7)/[(t2 + 3t — 1)(#2 - 1)
1

t
ta? + (2t + 1)(t+2) =0, az = [a1(t —2)]/(t> + 3t — 1);

f+2)(aoe + f+1)]/v, a2 = [a1(2a — apz — 1)]/(2v),

b= [ax(

g = la1(2aap2 — 2a® + av + 3a — agav — 2apz — 1)]/v,

c = [a?(4a® — 2av — 4a — agz + 4v + 1) — 2v%]/(2vay),

d = [a2(8(a — 1)*(agg + v — a) + (a — 1)(2ap2 — Svagz — 2v° + 6v — 2)

+(2v — 1)(ag2 — 1)v) + 20%(2a — v — apg — 3)]/(2v?),

(2a — f2—2f —2)(a — 1)(f +2)(f + 1)a$ — v(2a® % — 6a® — 2af3—

—28af? — 66af — 40a — f4 — 123 — 30f2 — 22f — 2)aj+

+v3(Baf +3a—5f —T)a? —v> =0, v=2a+ f,

ag2 = [(8a®f + 16a> + 2a% f3 + 2242 f2 + 42a% f + 10a? + 2af* + 16a.f3+
+30af? 4+ 10af — 3f3 — 102 — 8f — 2)at + (2a%f + 2a® + 2a — 2f3—
—6f2 —5f —2)%a? — 2v*(a + f + 1)]/[a?((2a% f + 2a® + 2a f3+
+ 1daf? + 26af + 16a + 2f* + 13f3 + 28f2 + 24f + 6)a3+
+ (2af + 2a + 2f? + 3f)v?)].

Proof. In each of the cases i)—x) the system (5) has two invariant straight lines
of the form (3) and one invariant conic ® = 0. The system (5) has a Darboux
integrating factor of the form

= 181152903,
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In the case i): ® = (27b% — 24bc? — 27b — 16¢® — 36¢)x? — 12(2cx — 3y + 3)(3b+4c)
and o = (3b+4¢)?/[2(8¢? — 9b% +3bc)], az = —4, az = (18b% +21bc+8c%)/[2(9b? —
3bc — 8c2)].

In the case ii): ® = (¢ + 1)(9z — 2y)r — g(y — 1 — 2gx) and oy = 3, az =
(2—g»/12(¢* + 1)), ag = (59> — 8)/[2(¢*> + 1)].

In the case iil): ® = (2f + 1)[f(f +2)2® +2f(f — Darzy — (f2—1)y?] = 2f(f —
D2a1z +2(f2 — Dy + (f — D? and a1 = [3(f + D]/(2f + 1), ag = =2, a3 =
—(8f+7)/[2(2F +1)].

In the case iv): ® = (a—1)[vwagz? — 2uwzy — 2(v+2a—2)uz]+ (f + 1) [vwazy® —
2(2a%+3af +a+ f2+ f+1)vagy +v2as] and ag = [(2a —2+v)(2a+2f +1)]/w, ap =
-2, ag = —(4a®f + 16a® + 8af? + 3laf + 1la+4f3 + 152 + 9f + 1) /(2w), where
w=4a®+5af +a+ f2—f—1.

In the case v): ® = (f + 3)hanzy — (f +3)2(f + Danz — h2y* + 2(f2 + f —
3)hy +h(f +3)and a1 =3, ag = —(f +3)2/h, az = (18 = 3f — 5f2)/h.

In the case vi): ® = (f2 4+ 6f + 6)(f + 1)ha? + 12harzy — 18(f +5)(f +4)(f +
Darz+3(f+1)hy® —6(f>+9f2+21f +3)(f+1)y—9(f +5)(f+1) and a1 = 3, az =
—(f+3)3/h, a3 = —(5f3+45f% +108f +36)/h, where h = 2f3 + 18f2 +45f + 21.

In the case vii): ® = (ay+at?y —1)(1 —y)at — z[(a — at? — 1)y — (a — 1) Btx](a +
at?)B+B(1—af —a—aft’?—3at’+ f)r and a; = 3, ag = [(f +3)a® — (a—1)(f +
30252 — ((f + )/ +1) +2)(f +3)(f + DB — (f +3)a+ 2/ + 2 + D)(f +
3)aB/[ac® + (af +a— f2 —2f + 1)a?B? — (4af +8a+ f3 + Tf2 + 13f + T)aBY,
az = [(8af +18a +2f3 +15f2 + fas + 36f + 3az +33)af* — (3a+ f + ag +6)a> +
(f?—3af —3a— fas— f—2a3—9)a?B% — (2af +6a+ f3+8f2+19f +12)5%]/[(a +
Dad + (af +a— f2— f+3)a?6% — (daf + 8a+ f3 4+ 7f2 + 14f + 10)a3Y].

In the case viii): ® = (3t — 14t 4 24)(3t — 10)x> + (5t — 6)[8(t + 2)a xy — 8(t +
2)ar1w —4(3t —10)(t —2)y? +4(3t* — 18t +16)y +8(t+2)] and «; = [6(t —2)?]/[t(3t —
10)], e = —4, a3 = (38t — 9t — 48) /[2t(3t — 10)].

In the case ix): ® = (t* —t — 3)(t + 1)[(2t + 1)2* + 2tarzy — t(t + 2)y?] —
212(t2 + 2)ayw + 2t(t* + 263 — 42 — 5t — 3)y — t2(t> + 3t — 1)(t — 1) and a1 =
(t+2)?2/B+t—12), ag = —4, ag = (32 + Tt +5)/[2(t> —t — 3)].

In the case x): ® = (a — 1)%agea?r? — 2v(a — 1)aggarzy + (v — (f +2)agz)varz +
v2(agey — 1)(y — 1) and oy = [a2(2a02f? — 4a® — 2af? — 10af — 4a + Tfagz + 6ags +
3f +2) —2(v + agas + agz + az — 1)v?]/(20?), az = —4, agz = [a}(2f2%ape — 4a® —
2af% —10af — 4a + Tfags + 6ag2 + 3f +2) — a?(8a® + 4aaps + 10af + 6 fags + Sage +
62+ 6f + 3)v — 203]/[4v(a + f + 1)agzad). O

Lemma 2. The following nine series of conditions are sufficient conditions for the
origin to be a center for system (5):

) a=1/2, ay=¢=0, d=(-3)/2, f=-1, ag=g=(-b)/2;

CLZO, b:_g_29_17 alzc:g/zu d:(92_2)/27 f:_17 a2:_2g_1;
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iii)
a=(2b*> —3bp+p*>+2)/4, d=[((b—p)*—2)(20—p)]/[2(b - p)],
c=(p—2b)/2, g= (203 —5b%p + 4bp? — 6b — p> + 2p) /4,
f=-1, a1 =-b+p/2, ag =p—b;
iv) a=1/2, c=3b, d=(-3)/2, f=—1, g=b, a1 =0, ay="b;
V)
b=(a—1)ay, c=(2a®>+a—1)/a1, d=4a—2a*> -3, f=—1,
g=(5a —2a%*—2)/a;, a?—2a+1=0, az =a(2a*+a—1);
vi)
b=[(3 —4a)az]/[4(a = 1)], c¢=[(2a —3)az]/[2(a —1)], d=2a -3,
f=1(-3)/2, g=(3a2)/2, a1 =a2/(2 - 2a);
vii)
a=—[(4f?4+10f + h% + 6)ag + (2f + 1)h]/(2Rh), h = aig—2(f + 2)as,
b= —[(4fay + 6ay + h)(f +2)]/(2f +3), c=az +2h(f +1)/(2f +3),
d=[(4f?+14f — k2 + 12)ag + 2h(f + 1)]/h, a1 = —h/(2f + 3),
g=[(4f? +18f — h? + 18)ag + h(2f + 3)]/[2(2f + 3)];
viii)
a=((f+2)a3—f)/2, b=[(f+2)(1—a3)(fa3 — a3+ [+ 1)]/(2za2),
c=1[2—=3f—=3f*a3+2(1 —3f — f2)a3 + f>+ 5[ + 4]/(2za2),
d=1[(f*=3)a3+2(1 —2f — f2)a3 = 3(f2 +4f +5)]/(22),
9 =12 +5f + Daz +2(f> + 5f + T)a3 + f +1]/(2zaz),
a = (3]"(1‘2l + 5(1‘2l —|—4fa% + 10a§ +f+1)/(2za2), z=(f+ 1)a% + f+3;
ix)

(f +2)at = £)/2, b=[((f +2)a] + f+1)(1 —af)(f +2)]/(war),
=3f% = 9f —4)ai — (2f> +3f + V)ai + (f + 1)*)/(war),

2f2 4+ 6f + 3)at — 2(2f% + 13f +19)a? — 3(2f2 + 8f + 7)]/(2w),
4f2 +19f + 23)a} + 2(2f2 + 7f +5)a? — f — 1]/ (2a1w),

(203 — 1)(f + 1) + (3f + 7)al]/(2a1w), w = (2f + 5)a} + 2f + 3.

—~

=~

QQ Qo 2
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I

Proof. In each of the cases i)—ix) the first Liapunov quantity vanishes L; = 0. The
system (5) along with invariant straight lines (3) has also one more invariant straight
line I3 = 0 and one invariant conic ® = 0.

In the case i): I3 = bz — 2, ® = (b? — 1)a? + 4y — 4.

In the case ii): I3 = (g% + 2)(2z + gy) + 29, ® = (¢° + 4)(gz? — 22y) + 2(9° +
2)z —2g(y — 1).

In the case iii): I3 = (b —p)(bx — 1) + by, ® = p(2b> — 3bp + p? — 2)z% +4(b —
p)l(pz — Dy — ba + 1].

In the case iv): I3 = 1 +bx, ® = 2% — 4bxy + Sbx — 4y + 4.
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In the case v): I3 = (1 —a)arz+ (2a— Dy +1, ® =a(a—1)aiz®— (2a—1)(ay +
Dz +ai(y —1).

In the case vi): I3 = agz+2(a—1)y+1, ® = (2a—1)[2(a—1)2%—y?|—aszr+2ay—1.

In the case vii): I3 = [(2f +3)y+hzlaio+h, ® = [(4f%as+10fas+h*as+6as+
2fh+ 3h):172 - 2h2:17y — 2h(f + 1)y2] (a10 - ag) + h2a10:17 + h(2fa10 +aio+ 2(12)3/ +h2.

In the case viii): I3 = ((f+3)a3+ f+1)(a3z —2a2y — ) —2za2, ® = (f+2)(ad—
Dagz®—((3f+5)a3—f—1)(a3+1)zy—22((f+3)a3+f+1)+2[(2—2)y* — (2 —4)y —2]az.

In the case ix): I3 = ((f +3)a? + f + 1)[(a} — 1)z — 2a1y] + 2a1w, ® = (a —
Dajagz[(a — a1z — 2vylz + v(2aa0z — vagy — 2a02 + v)arz + v*(agzy — 1)(y — 1),
where aga = —[(f + 2)%af + (2f% + 6f + 3)a? + (f + 1)?]/w, v =2a + f.

By Theorem 1 in each of these cases the origin is a center. O

Lemma 3. The following two series of conditions are sufficient conditions for the
origin to be a center for system (5):

i)
(—2/)/3, b= (f+2)as, c¢=[3(—22f —41)]/[az(13f + 24)], g =0,
(—f=9)/3, Of*+12f —=9ad+(f+3)>=0, f2-3f-9=0, a1 =0;

a

d

ii)

a=[-f(f2+Tf+9)]/v, b=[-f(f+3)(f+2)a]/u,

¢ =[(2f3 +13f? + 48 4 54)u]/[(f + 3)*a1v], g = (f + 3)a1,
d=[=2f*+17f 4 24)f*]/[v(f + 3)], v(f +3)%a] +u? =0,

as = [(f2—9f —18)a1])/u, u=f2—-3f—9, v=f2+12f +18.

Proof. In each of the cases i) and ii) the first Liapunov quantity vanishes L; = 0.
The system (5) along with invariant straight lines (3) has also two more invariant
straight lines I3 = 0, [ = 0 and one invariant conic ® = 0.

In the case i): 34 = a2b;(55f +102)x + (bjy + 1)(87 +47f — (8f + 15)b;), where
bj, j = 3,4 are the solutions of the equation 3(48f + 89)b7 — 3(185f + 343)b; +
521 +966 = 0 and ® = as(10fy — 18f + 18y — 33)z + (6fy + 2f + 12y + 3)(y — 1).

In the case ii): I3 = 3(f +3)%(f +2)aiz —u(3fy+ f+3y+3), la = (f +3)?(2f +
arr —u2fy + f + 3y +3) and ® = 2(2f + 3)%2u?2? + ayv[2f(2f + 3)3y — (f +
3)(7f + 12)v]x — uwv(y — 1)(8f%y + 24fy + 18y + v).

By Theorem 1 in each of these cases the origin is a center. O

Theorem 4. (l; =1+4ajx—y,j=1,2, ®; L =4), where f +2# 0 and ® =0 is
an invariant conic of the form (7), is ILC for system (1), i.e. the order of a weak
focus is at most four.

Proof. To prove the theorem, we compute the first four Liapunov quantities L;,
j = 1,4 in each series of conditions 1)—8) using the algorithm described in [19]. In
the expressions for L; we will neglect denominators and non-zero factors.

In the case 1) the first Liapunov quantity is L1 = 6(3b + 4c)d — (6b%c — 4bc® —
27b — 36¢). From L; = 0 we find d and replacing into the expression for Lo, we
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obtain Ly = fi fo, where f1 = ¢, fo = 3b%c — 2bc? + 9b+ 12¢. If f; = 0, then we are
in the conditions of Lemma 2, i), if fo = 0, then Lemma 1, i).

In the case 2) the vanishing of the first Liapunov quantity gives b = —g — 2/g.
Then Ly = f1 fo, where fi = 2c — g, fo = 2cg — 3¢g> + 4. If fi =0, then we are in
the conditions of Lemma 2, ii), if fo = 0, then Lemma 1, ii).

In the case 3) the first Liapunov quantity is L; = g1g2, where g1 = 4a — 2b% +
3bp —p? — 2, go =a?(b> —2bp+p? —4) +a(b® —bp+4) — b +bp— 1.

If g1 = 0, then Lemma 2, iii). Assume ¢; # 0 and calculate Ly. The resultant of
the polynomials g9 and Lo by b is

Res(ga, L2,b) = 144a°(2a — 1)1°(2a3 — a? — p?).

If a = 0, then go = 0 yields p = (b2 +1)/b and I3 = 0. If a = 1/2, then go = 0
yields p = —b and we are in the conditions of Lemma 2, iv). If p? = a?(2a — 1) and
g2 = 0, then Lemma 2, v).

In the case 4) the first Liapunov quantity is L; = g1g2, where g1 = 4(f +2)%a3 —
4(f +2)aroa3 — (daf +8a — 2 — a?y)as + (2a + 2f + L)aig, g2 = ai(—af? —2af +
a— f3—4f%—6f —5)+agao(af + f2+2f +2)+(af —a+ f2+ f+1)(a—1).

Assume g1 = 0. If ajo = 2(f + 2)ag and f = (—3)/2, then Lemma 2, vi). If
g1 =0 and ayg # 2(f + 2)az, then Lemma 2, vii).

Let g1 # 0 and go = 0. If ap = 0, then go = 0 yields a = (f2+ f +1)/(1 — f)
and Lo = (f — 1)a3q +4f(f + 1)(f +2). If Ly = 0, then Lemma 1, iii).

If ag # 0 and a = (—f? — 2f — 2)/f, then go = 0 yields f = (=2)/(a3 +1). In
this case Ly = fifo, where fi = (a3 + 1)aig — 6a3 + 2aa, fo = 2aj0az — 3a3 + 1. If
f1 =0, then Lemma 1, iv) and if fo = 0, then Lemma 2, viii) (f = (—2)/(a3 + 1)).

Assume ap # 0 and a # (—f2 —2f —2)/f. From g2 = 0 we find ajo and replace
into the expression for Ly. We obtain Ly = hjhg, where hy = 2a + f — (f + 2)a%,
ho = (f + D2+ (f+ 1(a+3)]%a% — (a — D[f>+ (a+ 1)f + 1 —a]>.

If hy =0, then Lemma 2, viii) and if hy = 0, then Lemma 1, iv).

In the case 5) the vanishing of the first Liapunov quantity gives a;; = [a?(a —
1)2]/(1—2f — f2—a). In this case Ly = fi fo, where f1 = (f4+3)a+2f%43f—3, fo =
3a +2f. If f{ =0, then Lemma 1, v). Let f; # 0 and fo = 0, then a = (—2f)/3.
We calculate Ls = hihg, where hy = 5f +6, hy = f2—3f —9. If hy = 0, then
L4 # 0 and if hy = 0, then Lemma 3, 1).

In the case 6) we denote a; = ft, aga = at? 4+ a and calculate L.

Let o = (3%, then L; = 0 yields a = (—f? — 6f — 3)/3. The second Liapunov
quantity is Ly = fi1f2, where fi = 3(f +5)3%t2 + (f2+6f +6)(f + 1), fo =
3(f +1)3%t2 — (32 +19f2 + 33f + 15).

If fi = 0, then Lemma 1, vi). Assume f; # 0 and let f, = 0, then we find
t? and replacing into the expression for Ls, we obtain Ls = hihg, where hy =
2492 +18f +9, hg = 5134+ 30f% + 54f + 24. If hy = 0, then Lemma 3, ii), if
hy = 0, then Ly # 0 and therefore the origin is a focus.

Let now o # 3% and o = —(f+3)2, then Ly = O yields a = (— f2—4f—5)/(f+1)
and Ly = 3(f+3)(f +1)3%t2+3f2+20f +27. We find t? from Ly = 0 and replacing
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into the expression for L3, we obtain L3 = ujuo, where uy = 8f + 15, uo = 7f + 12.
If u; = 0, then Lemma 3, ii); if ug = 0, then Ly # 0 and therefore O(0,0) is a focus.

Assume now (a + (f + 3)3%)(a — %) # 0. Then from L; = 0 we find ¢* and
replacing into the expression for Lo, we obtain Lo = fi fo, where f1 = [(f +4)(f +
1)+2a)(f+3)(f+2)8*+(af?+10af+15a+3f3+18f2+28 f +9)a 8%+ (af+3a+2f2+
3f—3)a?, fo= (f2+6f+3+6a)(f+2)3*—aB2Baf+6a+ f2+4f+3)—(3a+2f)a2.

If f{ =0, then Lemma 1, vii). Assume f; # 0, fo = 0 and calculate L3. The
resultant of fs and Lg by [ is

Res(f2, Lo, B) = v1v20304v5v,

where v1 = f+ 1, vo =3a+ f2+6f +3, v3=6a+ f2+6f+3, vy = (f+1a+
f2HA4f+5, vs=af?+12af +18a + f3 + 7%+ 9f, vg = T5(f + 2)a® + 150af? +
390af + 180a + 75f3 + 2402 + 209 + 54.

Let v1 = 0, then Ly = 0 yields a = [2(1 —3a)3%]/(3a —2) and L3 = wiws, where
w; = Ta — 3, wy = 15a% — 12a + 2. If w; = 0, then L; = 2843%t? + 25 # 0 and if
we = 0, then L4 # 0. Therefore the origin is a focus.

Assume vy # 0, v = 0, i.e. a = (—f?> —6f —3)/3. Then Ly = 0 yields
a = —[(f2+6f+3)(f+2B4/(f+3)(f+1)] and L3 = wyws, where wy =
f+6, wy =5f2+10f+3. If w; = 0, then Lemma 3, ii) and if wy = 0, then Ly # 0.

Let vivy # 0, v3 = 0, then a = (—f? — 6f — 3)/6. The vanishing of the second
Liapunov quantity gives a = —[f(f2+6f + 7)3%]/(f* + 2f + 3) and L3 = wyws,
where wy = f2 +6f 46, wy = 5f3 —9f + 6. If w; = 0, then Lemma 3, ii) and if
wy = 0, then Ly # 0.

Assume vivavg # 0, v4 = 0, then a = (—f2 — 4f — 5)/(f + 1). In this case from
Ly =0, we find @ = —[(f?+13f +18)5%]/(f*+10f +15) and L3 = 31f*+122f +121
has not real roots.

Let vivavgvg # 0, vs = 0, thena = [f(—f2—=7f—9)]/(f?+12f+18). We calculate
Lo = 2129, where 21 = (f2=3f =9 a+p2(f3+8f2+21f+18), 20 = (f2+6f+6)3%+
fa. If 2 = 0, then Lemma 3, ii); if 2o = 0, then L3 = 1073 + 4262 4 540f + 216.
Let L3 =0, then Ly # 0.

Assume vivovgvgvs # 0, vg = 0 and calculate Lg and L4. Solve the system of
equations {L3 = 0, Ly = 0} by « and a, then vg = 0 has not real solutions.

In the case 7) we calculate the first two Liapunov quantities and the resultant

of them by ay1, then we get

Res(L1, La,a11) = fifafsfa,
where f1 = 2a — 1, fo = 2aag2 + 2a — 3ag2 — 1, f3 = 4a® — 4aagy — 4a + 3agy + 1,
f1=4a%apy + 20a® + 2aa2, — 26aapy — 24a + a2y + 16ag + 7.

If f{ =0, then a = 1/2 and agy = a%l. In this case L1 = Lo = 0 and L3 # 0.

If fo =0, then ag2 = (1 — 2a)/(2a — 3) and L; = a(2a — 3)a3; + 2a% — 3a + 1.
Let Ly = 0, then a2, = (2a%2 — 3a+1)/[a(3 — 2a)]. In this case Ly # 0 and therefore
the origin is a focus.

If f3 = 0, then aga = (2a — 1)?/(4a — 3). The first Liapunov quantity is L =
32a* — 80a® + 32a2a?, + 72a® — 36aa?, — 28a + 9a3; + 4. Let L1 = 0 and express a3,
then Ly # 0.
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Assume f; = 0. This equation admits the parametrization a = (18t — 24 —
t2)/12t(t + 2)], ao2 = (16t — 20 — 3t2)/[2(t + 2)]. In this case L; looks Li = g1ga,
where g1 = 4(5t — 6)(t +2)2a?; + (3t% — 14t +24) (3t — 10)%(t — 2), go = 2(t +2)*(t —
4)(t — 6)a2; — (3t2 — 14t + 24)(3t — 10)%(t — 2). If g1 = 0, then Lemma 1, viii). Let
g1 # 0 and go = 0, then express a?; from go = 0 and calculate Ly. We obtain that
Lo # 0.

In the case 8) we calculate the first Liapunov quantity and denote w = (2a2f +
2a% +2af3+14af?+26af +16a+2f* +13f3 + 28 2 +24f +6)a? + (2af +2a+2f%+
3f)(2a + f)2. If w = 0, then Ly = f1fo, where fi = f+ 1, fo = (f + 1)a® — daf —
6a — f3—6f2—9f —3. If f =0, then Ly = 0 yields apy = (2a% — 3a +1)/(1 — 3a)
and Lemma 2, ix).

Assume f; # 0 and fo = 0. The equation fo = 0 admits the parametrization
a=t—=3t—1)/[t{t* - 1)], f = (1 —2t —2t%)/(t* —1). We calculate the second
Liapunov quantity Ly = [(t? 4+ 3t — 1)(t — D)tJagz — (t> —t — 3)(t + 2)(¢t + 1) and if
Ly =0, then Lemma 1, ix).

Let w # 0, then from L; = 0 we find age and substituting in Lo we get Lo =
919293, where g1 = 2a+ f — (f+2)ai, g2 = 2a+2f +1, g3 = (2a— f* —2f — 2)(a —
D(f +2)(f +1)as —v(2a® f2 — 6a® — 2af3 — 28a f? — 66af — 40a — f*— 123 —30f2 —
22f — 2)a] +v3(3af +3a —5f — T)a3 — v°.

If g1 = 0, then Lemma 2, ix). If g # 0, go = 0, then a = (—=2f — 1)/2 and
L3 # 0. Assume g192 # 0 and g3 = 0, then Lemma 1, x). O
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