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On isotopy, parastrophy and orthogonality

of quasigroups

K.K. Shchukin

Abstract. This paper contains new results on conditions of an isotopy of two
quasigroups and their orthogonality to parastrophes. The structure of parastrophe
group of a quasigroup is defined. The results of this paper complement investigations
of V.D.Belousov in [1,2] and continue studies from [3].
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1 Main results

1. Every quasigroup (Q, ·) defines three permutations on the set Q. These are
left La(y) = ay and right Ra(y) = ya translations for all a, y ∈ Q. A middle one Ja
and its inversion J−1

a are defined by xJa(x) = a, J−1
a (x)x = a, x, a ∈ Q respectively.

A quasigroup (Q, ∗) is conjugate to a quasigroup (Q, ·) if x ∗ y = yx is true for
all x, y ∈ Q. It is evident that L∗

a(y) = Ra(y) for all a, y ∈ Q, so L∗

a = Ra and
La = L∗∗

a = R∗

a.

Theorem 1 (see [3]). Let (Q, ·) and (Q, ◦) be quasigroups and (ϕ,ψ, χ) be an
ordered triple of permutations on the set Q.

(i) The formula χ(xy) = ϕ(x)◦ψ(y), for all x, y ∈ Q, defines an isotopy of (Q, ·)
and (Q, ◦) if and only if

ψJaϕ
−1(ϕ(x)) = J◦

χ(a)(ϕ(x))

for all x, y ∈ Q, xy = a.

The equalities ϕ = ψ = χ define an isomorphism of these quasigroups:

χJaχ
−1(χ(x)) = J◦

χ(a)(χ(x))

for all x, y ∈ Q, xy = a.

(ii) the formula χ(xy) = ψ(y) ◦ ϕ(x), for all x, y ∈ Q, defines an anti-isotopy of
(Q, ·) and (Q, ◦) if and only if

ψJaϕ
−1(ϕ(x)) = (J◦

χ(a))
−1(ϕ(x))
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for all x, y ∈ Q, xy = a.

The equalities ϕ = ψ = χ define an anti-isomorphism of (Q, ·) and (Q, ◦) if and
only if

χJaχ
−1(χ(x)) = (J◦

χ(a))
−1(χ(x))

for all x, y ∈ Q, xy = a.

(iii) There are equivalences of an isotopy (ϕ,ψ, χ) of the quasigroups (Q, ·) and
(Q, ◦) for all x, y ∈ Q: χ(xy) = ϕ(x) ◦ ψ(y) ⇐⇒ χLxψ

−1(y) = L◦

ϕ(x)(y) ⇐⇒

χRyϕ
−1(x) = R◦

ψ(y)(x).

Proof. The statement (i) is established by the following chain of equivalences:
χ(xy) = ϕ(x) ◦ ψ(y) ⇔ χ(a) = ϕ(x) ◦ J◦

χ(a)ϕ(x) ⇔ J◦

χ(a)ϕ(x) = ψ(y) =

ψJaϕ
−1(ϕ(x)) ⇔ J◦

χ(a)ϕ(x) = ψJaϕ
−1(ϕx) for all x, y ∈ Q, putting xy = a,

where a depends on x, y. The case ϕ = ψ = χ reduces to three equivalent con-
ditions of isomorphism of (Q, ·) and (Q, ◦).

The statement (ii) is verified like (i): χ(xy) = ψ(y) ◦ ϕ(x) ⇔ χ(a) = ψ(y) ◦
J◦

χ(a)(ψ(y)) ⇔ J◦

χ(a)ψ(y) = ϕ(x) = ϕJ−1
a ψ−1(y) ⇔ (J◦

χ(a))
−1ϕ(x) = ψJaϕ

−1(ϕ(x))
for all x, y ∈ Q,xy = a. Three equivalent conditions of anti-isomorphism of the
quasigroups (Q, ·) and (Q, ◦) follow by ϕ = ψ = χ.

We consider the signature (Q, ·) of a finite quasigroup (Q, ·) of order n as an
ordered triple of signs:

signature (Q, ·) = (sign QL, sign QR, sign QJ),

where QL = L1 . . . Ln, QR = R1 . . . Rn, QJ = J1 . . . Jn are the products of transla-
tions of (Q, ·).

As it is known, a complete associated group of a quasigroup is generated by all
left, right and middle translations of this quasigroup [1].

From Theorem 1 we easy obtain

Corollary 1. a) Isomorphic or anti-isomorphic quasigroups have isomorphic or
anti-isomorphic complete associated groups, respectively.

b) Let (Q, ◦) be an isotope or an anti-isotope of a finite quasigroup (Q, ·) of order
n. There are the following formulas (cf.(iii)):

Signature (Q, ◦) = (sign(χψ)nsignQL, sign(χϕ)nsignQR, sign(ϕψ)nsignQJ)
by an isotopy χ(x, y) = ϕ(x) ◦ ψ(y)

To get the formula of signature (Q, ◦) of an anti-isotope it is sufficient only to
exchange the first and the second components of the formula for isotopy (i).

There is the equality signature (Q, ◦) = signature (Q, ·) in both cases (i) and
(ii) for n = 2m or ϕ = ψ = χ.

2. We preserve here the notation of the paper [3] (see also [4, p. 13–14]). If
α = (⊙) is a quasigroup operation, then α, β = ∗ = α∗, γ = α−1, δ = −1α,
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ε = −1(α−1) = γ∗, η = (−1α)
−1

= δ∗ will denote the inverse operations of the
quasigroup (Q,⊙) = Q(α) and

∏

= {α, β, γ, δ, ε, η}.
Let the composition θ

′′

◦ θ
′

mean the application of θ
′′

to the inverse operation
defined θ′, then θ

′′

◦ θ
′

= θ ∈
∏

for all θ
′

, θ
′′

∈
∏

(cf. [4, p. 14]).
In general a non-commutative quasigroup can have six pairwise different inverse

operations. It is easy to check in general case α ◦ θ = θ = θ ◦ α for all θ ∈
∏

and
α = α ◦ α = β ◦ β = γ ◦ γ = δ ◦ δ, ε ◦ ε = η, η ◦ η = ε, ε ◦ (ε ◦ ε) = α = (ε ◦ ε) ◦ ε,
ε−1 = η, δ ◦ ε = β = γ ◦ η, etc [4].

We can now construct the multiplication table of (
∏

, ◦), using the received for-
mulas and an algorithm of [4]. This is Table 1 for a non-commutative quasigroup
with six pairwise distinct parastrophes, and otherwise (

∏

, ◦) is isomorphic to a
subgroup of the symmetric group S3.

Each θ ∈
∏

defines the parastrophe (Q, θ) = Q(θ) of a quasigroup (Q,⊙) = Q(α)

and the parastrophy (Q,⊙) = Q(α)
θ

−→ Q(θ) as a mapping. An (ordered) sixtuple
∏

(Q(α)) = (Q(α), Q(β), Q(γ), Q(δ), Q(ε), Q(η)) is called a parastrophe system of
the quasigroup (Q,⊙) = Q(α). The diagram

(Q,⊙) = Q(α) Q(θ
′

)

Q(θ
′′

◦ θ
′

)

-
θ
′

H
H

H
Hj

θ �
�

�
���

θ
′′

of the action of parastrophies on the system
∏

(Q(α)) is commutative andQ(θ
′′

◦θ
′

) =
Q(θ). So all parastrophs of the quasigroup (Q,⊙) = Q(α) form a group (

∏

, ·)
relative to the action on the system

∏

(Q(α)). It is isomorphic to the group (
∏

, ◦).

Theorem 2. The group (
∏

, ·) of parastrophies acting on
∏

(Q(α)) is isomorphic
to the group (

∏

, ◦) relative to the composition of taking of inverse operations of the
quasigroup (Q,⊙) = Q(α). Both these group are isomorphic to some subgroup of
the symmetric group S3. Table 1 serves as the multiplication table for a quasigroup
with pairwise distinct parastrophes.

· α β γ δ ε η

α α β γ δ ε η

β β α ε η γ δ

γ γ η α ε δ β

δ δ ε η α β γ

ε ε δ β γ η α

η η γ δ β α ε

Table 1

Remark 1. We will denote the conjugation as βθ instead of θ∗ using the second row
βθ = θ∗, θ ∈ Π, of the multiplication table.
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In the paper [3] it is proved:
The action of an isotopy (ϕ,ψ, λ) on a quasigroup (Q, ·) = Q(α) induces identi-

cally an isotopy θ(ϕ,ψ, λ) on each Q(θ) ∈ Π(Q(α)).

The results of this action are presented by the following table:

Q(α) Q(β) Q(γ) Q(δ) Q(ε) Q(η)

(ϕ,ψ, χ) (ψ,ϕ, χ) (ϕ,χ, ψ) (χ,ψ, ϕ) (χ,ϕ, ψ) (ψ,χ, ϕ)

Table 2

We use the second table and also the natural commutative diagram for θ ∈ Π:

Q(α)
θ

−−−−→ Q(θ)

(ϕ,ψ,χ)





y





y

(λ,µ,ν)

Q(α(◦))
θ

−−−−→ Q(θ(◦))

(where (Q, ·) = Q(α) and λ, µ, ν depend on θ) to derive six conditions of the per-
mutability of the isotopy and parastrophy:

α(ϕ,ψ, χ) = (ϕ,ψ, χ)α δ(ϕ,ψ, χ) = (χ,ψ, ϕ)δ
β(ϕ,ψ, χ) = (ψ,ϕ, χ)β ε(ϕ,ψ, χ) = (χ,ϕ, ψ)ε
γ(ϕ,ψ, χ) = (ϕ,χ, ψ)γ η(ϕ,ψ, χ) = (ψ,χ, ϕ)η

Table 3

The full multiplication table of the parastrophies and the isotopies of a quasi-
group is the following:

· (ϕ, ψ, χ) (ψ, ϕ, χ) (ϕ, χ, ψ) (χ, ψ, ϕ) (χ, ϕ, ψ) (ψ, χ, ϕ)
α (ϕ, ψ, χ)α (ψ, ϕ, χ)α (ϕ, χ, ψ)α (χ, ψ, ϕ)α (χ, ϕ, ψ)α (ψ, χ, ϕ)α
β (ψ, ϕ, χ)β (ϕ, ψ, χ)α (χ, ϕ, ψ)ε (ψ, χ, ϕ)η (ϕ, χ, ψ)γ (χ, ψ, ϕ)δ
γ (ϕ, χ, ψ)γ (ψ, χ, ϕ)η (ϕ, ψ, χ)α (χ, ϕ, ψ)ε (χ, ψ, ϕ)δ (ψ, ϕ, χ)β
δ (χ, ψ, ϕ)δ (χ, ϕ, ψ)ε (ψ, χ, ϕ)η (ϕ, ψ, χ)α (ψ, ϕ, χ)β (ϕ, χ, ψ)γ
ε (χ, ϕ, ψ)ε (χ, ψ, ϕ)δ (ψ, ϕ, χ)β (ϕ, χ, ψ)γ (ψ, χ, ϕ)η (ϕ, ψ, χ)α
η (ψ, χ, ϕ)η (ϕ, χ, ψ)γ (χ, ψ, ϕ)δ (ψ, ϕ, χ)β (ϕ, ψ, χ)α (χ, ϕ, ψ)ε

Table 4

Recall that each of the products of a parastrophy with an isotopy and of an
isotopy with a parastrophy is called an isostrophy (see [2, p. 28]).

Corollary 2. of the mappings. This group G is semi-direct SP by SΠ i.e. G is
isomorphic to the holomorph HolS3 = S3 · AutS3. Each quasigroup (Q,⊙) = Q(α)
has no more than 36 pairwise different isostrophies. The number of these isostrophies
depends on order of the group (Π, ·).

It follows from Theorem 2 and Table 4.

3. According to [2] two quasigroups (Q, ·) and (Q, ◦) are mutually orthogonal
if and only if the system of the equations xy = a, x ◦ y = b is identically resolved for
all a, b ∈ Q. In this case it is denoted (Q, ·) ⊥ (Q, ◦) or (Q, ◦) ⊥ (Q, ·).
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In [2] V.D. Belousov investigated he question on orthogonality of a quasigroup to
its parastrophes. In order to continue this idea we use another equivalent definition
of orthogonality of quasigroups.

Proposition 1. (Q, ·) ⊥ (Q, ◦) is true if and only if at least one of two equations

L◦

xL
−1
x (a) = b, (L)

R◦

yR
−1
y (a) = b (R)

is identically resolved for all a, b ∈ Q.

Theorem 3. Let Π(Q(α)) = (Q(α), Q(β), Q(γ), Q(δ), Q(ε), Q(η)) be the parastrophe
system of a quasigroup (Q, ·) = Q(α). The following statements are valid:

(i) Q(α) ⊥ Q(γ) ⇔ Q(β) ⊥ Q(ε) ⇔ the equation L2
x(b) = a is identically resolved

for all a, b ∈ Q,

(ii) Q(α) ⊥ Q(δ) ⇔ Q(β) ⊥ Q(η) ⇔ the equation R2
y(b) = a is identically

resolved for all a, b ∈ Q,

(iii) Q(α) ⊥ Q(β) ⇔ the equation LxR
−1
x (b) = a is identically resolved for all

a, b ∈ Q.

Proof. We use Proposition 1 and representation of parastrophes of a quasigroup
(Q, ·) = Q(α) (see [1]).

(i) The equation (L) is fulfilled by L◦

x = L
γ
x = L−1

x . It is also evident that Q(α) ⊥
Q(γ) ⇔ Q(β) ⊥ Q(ε) since the the equalities Q(βα) = Q(β) and Q(βγ) = Q(ε) are
true (see Table 1).

(ii) The equation (R) will be realized by R◦

y = Rδy = R−1
y . It is also evident that

Q(α) ⊥ Q(δ) ⇔ Q(β) ⊥ Q(η) since the equalities Q(βα) = Q(β) and Q(βδ) = Q(η)
are true (see Table 1).

(iii) The equation (L) will be fulfilled by L0
x = L

β
x = Rx.

Corollary 3. Let (Q, ·) be a finite quasigroup. At least one from the conditions
(i), (ii), (iii) of Theorem 3 is broken if some permutation from L2

x, R
2
y, LxR

−1
x con-

tains a transposition (a, b), a, b ∈ Q.

Example 1. The left translations L1 = (1), L2 = (12)(345), L3 = (13524),
L4 = (14325), L5 = (15423) define a loop (Q, ·) of order five. (Q, ·) = Q(α) is
non-orthogonal to Q(γ), Q(δ) and Q(β) since L2 = R2 = (12)(345).

There are some addifional conditions for a quasigroup by which it is orthogo-
nal to some its parastrophes. Such identities are investigated in [2] where seven
minimal identities are determined. We use below some of these identities to prove
Theorem 3:
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Conditions Supplimentary Reorganized conditions
of Theorem 3 identities of Theorem 3

(i) L2
x(b) = a (x · xy)x = y R−1

x (b) = a

x(x · xy) = y L−1
x (b) = a

(ii) R2
y(b) = a (xy · y)y = x R−1

y (b) = a

y(xy · y) = x L−1
y (b) = a

(iii) LxR
−1
x (b) = a x · xy = yx L−1

x (b) = a

Table 5
It should be noted that there exist quasigroups which are orthogonal to some

their parastrophes and non-parastrophes.

Example 2. A finite cyclic group (Q, ·) = Q(α) has only two parastrophes Q(γ)
and Q(δ). By Theorem 3 Q(α) ⊥ Q(γ) and Q(α) ⊥ Q(δ) if CardQ > 2 is an odd
number.

Moreover a quasigroup may exist a non-parastrophe (Q, ◦) of which is orthogonal
to the group Q(α). This situation is demonstrated by the following 3 × 3-Latin
squares:

[α] =





1 2 3
2 3 1
3 1 2



, [γ] =





1 2 3
3 1 2
2 3 1



, [δ] =





1 3 2
2 1 3
3 2 1



,

[◦] =





2 3 1
1 2 3
3 1 2



, [α, ◦] =





12 23 31
21 32 13
33 11 22



,

Table 6
where [α] ⊥ [γ], [α] ⊥ [δ] and [α] ⊥ [◦].
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