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Abstract. The article deals with one class of Hammerstein nonlinear integral equa-
tions with kernel depending on the sum and the difference of arguments. In the
particular case of basic nonlinear equation the existence of one parameter family of
solutions is proved. Using special solution of this family the solution of basic nonlinear
equation is constructed and asymptotic behavior at infinity is investigated. At the
end of the work some of examples are given.
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1 Introduction

We consider the following Hammerstein nonlinear integral equation:
Flz) = p(x) / (K (2 — 1)+ K + pt)QUt, F(£)dt, x>0 (1)
0

with respect to unknown function F(z), where € > 0, p > 0 are parameters. Here
w(x) is a defined on [0, +00) measurable function, satisfying the following conditions:

e u(z)1 inz on [0,+00), (2)
o 0<egg<ypu(x)<l, ze€l0,+00), (3)
o (1—p(x)al € L1(0,+00), j=0,1. (4)

The kernels K and K are defined on the sets (—00,400) and (0,+00) respectively,
and have the following properties:

b
o 0<K(z)= / e 13do(s), x e (—o00,400), (5)
a>0
where ,
e o7ab), 0<a<b<+oo, Q/das(s)zl, (6)
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¢ K20, rerx), m= [o K@) <+ j=012 (7
0

The function Q(¢,z) is a real and measurable function, which is defined on the set
(0, +00) X (—o0,+00) and satisfies conditions below:

e there exists a number § > Osuch that (8)
—w(t,2) <Qt,2) <z, (t2) €[0,+00) x [, +00)

where w(t,z) is a real function on (0,+00) x (—00,+00) possessing the following
properties:

o w(t,z)>0, (tz) €[0,400) X [J,+00) =y, 9)
e w(t,z) | in z on [§,+00) for each ¢t > 0, (10)
e w(t,z) € Carat(Qs) (11)

i.e. w(t,z) satisfies Caratheodory condition on the set 5 [1].

The last condition means that the function w(t, z) for each fixed z € [d, +00) is
measurable in ¢ > 0, and for almost all ¢ > 0 the function w(t, z) is continuous by z
in [, +00)

e there exists a measurable function

wo € L1(0,4+00) N Cpl0,+00), my(wp) = /xwo(az)da: < 400,
0
0 <wp(x) | in x on [d,+00), such that
w(t, z) < w(t+ 2) (12)

e (Q(t,z) 1 in z on [0y, +o0) for each t > 0and for some &y > 0,
Q(t, z) € Carat (Qs)

The equation (1) with conditions (2)—(13) is not only of pure mathematical interest,
but it also has application in radiative transfer theory [2].

In the particular case when Q(t,z) = z — w(t, z) and p(z) = 1, the equation (1)
was studied by Kh. A. Khachatryan [3].

In the present work the existence of solution of nonlinear equation (1) is proved,
as well as the asymptotic property of solution is investigated. At the end of the
work some of examples are given.

(13)

2 Corresponding linear equation

Step. I. First we consider the following linear homogeneous Wiener-Hopf equa-
tion

/K:E—tS* t)dt, x>0 (14)
0
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with respect to unknown function S*(x), where the kernel K (z) is given by (5).
We rewrite the equation (14) in the operator form

(I-K)S*=0 (15)

where [ is the unit operator, and X is the Winer-Hopf integral operator with the
kernel K (z). Let E be one of the following Banach spaces: Ly(0,+00), p > 1,
M(0,+00), Cp(0,400), Cy(0,400). It is known that the operator I — K permits
the following factorization [4]:

I-K={I-V_)I—-H)(I-Vy) (16)

where -
x) = ﬂ/e‘ﬁ(t_x)f(t)dt, z € (0,+00), (17)
(Vif)(z 5/ —Bla=t) ¢ z € (0, 400), (18)

feE, [(>0isa parameter and
(Hf)(z) = /h(a: —t)f(t)dt, x>0, (19)

0

b 52
h(z) = / (1 _ ?> e300 (s), @ € (o0, +00). (20)

a

Using factorization (16) we rewrite the equation (15) in the following form
(I — Vo) — HY(I - Vy)8* =0. (21)

The solution of equation (21) is equivalent to the solution of the following coupled
equations:

(I-V_)S: =0. (22)
(I —H)Sy =S, (23)
(I-V,)S* =S (24)

From (17) it follows that the function S = ¢ = const > 0 satisfies the equation
(22). Substituting S§ in (23) we get the following integral equation

c—l—/h:zt—tSl x> 0. (25)
0
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From (20) it follows that for 8 € (0,a] the kernel h(z) > 0. Therefore from (19) we
obtain

+00 b
1l = / h@)de = p* = 1— 252/ dols) . (26)

g3

On the other hand in each space of E for the norm of Wiener-Hopf operator the
following estimation takes place

[H|z < (A, (27)

Taking into account (26) from (27) we conclude that the operator H in each space
of E is contractive with coefficient p*. Therefore the equation (25) in the space of
bounded functions has a unique solution which satisfies the double inequalities:

¢ < S <apl—p) (28)

Solving equations (24) we obtain
S*(x) = S7(x) + ﬁ/Sf(t)dt. (29)
0
Step. II. The following more general linear equation is considered
O*(x) = p(x) /K(az —t)®*(t)dt, x> 0. (30)
0

Arabadjyan [5] proved that equation (30) by conditions (3), (4) has nonnegative
and nontrivial solution with asymptotic ®*(z) = O(x), = — 4o00. Moreover the
solution is represented in the form of

0<% (z) =5"(x) —p*(x), >0 (31)

where ¢*(x) > 0 is the solution of the equation

¢ (2) = (1 — p(2))S* (2) + p(x) /K(!E —t)p*(t)dt, >0 (32)
0
and has the following asymptotic behavior (see [6])

/gp*(T)dT =o(z), = — +oo. (33)
0

Consider the following iteration

() () = ,u(x)/K(a: — o™ @ydt, O (z)=95%x)>0 (34)
0

n=0,1,2,..., x¢€(0,+00).
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Using (2)—(4), (31), by induction it is easy to check the truth of the following facts

o ®MW(z)| inn, (35)
o dM(z)>d*(x), n=0,1,2 (36)
e ™ (z)1 inz, n=0,1,2 (37)

Therefore the sequence of functions {®) (x)}$° has the limit

lim &™) (z) = &(z) (38)

n—oo

and the function ®(x) satisfies the equation (30), moreover

O*(z) < ®(z) < S*(x), x>0. (39)
From (37) it follows that
®(z) 7 in z, (40)
Now we show that
a=infess®(z) > 0. (41)
x>0

As ®(z) > 0 and ®(x) # 0, then even if one point xy > 0 there exists such that
®(zp) > 0. From (30) we have

—x0

>€0/Ka:—t t)dt > eo®(xo) /K )dr > 0.

Therefore the statement (41) is true.

Step. III. Now we consider the following linear integral equation with the
kernel depending on the sum and difference of arguments:

S@%i/Km—ﬂ+6%®+pm&ﬂﬁ,w>0. (42)
0

We rewrite the equation (42) in the operator form
(I-K—cK)S=

where IOC is the Hankell integral operator

/ (x+pt)f(t)dt, feFE (43)
0

with kernel IO((a;)
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By €y we denote the class of Hankel integral operators: T 0 € Qg if

Tof /Tox—l—pt tydt, fekE, p>0, (44)
0
0<Ty ELl(O —|-OO).

Let I+ Ry be resolvent operators for Volterra-type operators I — V4 (see formulae
(17) and (18)).
It is easy to check that

_ ﬂ/f(t)dt, >0 2>0, (45)

(R f)(x ﬁ/f dt, B>0,2>0, feLy(0,+oo). (46)

Using (45) and (46) and taking into account (16) we have
[—-K—eK=(I—-V)I-H)YI-V))—eK=
— (I -V —H—e(I+R)KI+ R - Vy) =
= (I -V_)(I—H—eTy)I - Vy).
From (7), (45), (46) and Fubin’s theorem it follows that the kernel of the operator
To=(I+R)KI+Ry) €

has the form of
To(z) = Ko(z) + / K(r)dr + g / K(r)dr + = / / Wdudy.  (47)
T T Ty

Finally we come to the following factorization
[-K—eK=(I-V)I-T)I-Vs) (48)
where T = H + 5?0. Thus the Lemma holds

Lemma 1. Let the condition
; 1
0 < e < 48%p*(B%mg + (2p + 2)Bmy + 2mgp) / s—3da(s)

a

be fulfilled. Then the equation (42) has a positive solution with asymptotic S(x) =
O(z) as x — +o00. Moreover S(x) > S*(x), where S*(x) is given by (29).
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Proof. From (47) and (20) it follows that

T(z,7) 20, (2,7) € (0,+00) x (0, +00),

moreover
o . .
/T(l‘,T)dT < / h(z)dz + ]59 /TO(T)dT _
" - ‘ b (49)
=gy S0 P e S ey o / Ldo(s) =1,
P P P 2p J s
oo . . 2
/T(:E’T)d‘r = /h($)d$+5/TO(T)dTZp*+6mo+eﬁm1+gﬁml+gﬁ2ﬂ < 400
0 “c0 0 P
(50)

The factorization (48) reduces the solution of equation (42) to the solution of the
following coupled equations:

(I-V_.)Sy=0, (51)
(I-T)S, = So, (52)
(I-Vy)8=85,. (53)

Note that an arbitrary constant satisfies the equation (51). As Sy we take
Sol) = es(1 - p) 7. (54)

Inserting (54) in (52) and using (50) we come to the conclusion that equation (52)
has a unique, positive and bounded solution Si(x), and moreover

*

Gl—p) ' <Si)<—D 55
where -
o=p"+ 2—]92(5%2 + (2p +2)Bmy + 2pmy) < 1. (56)
Solving equation (53) we obtain
S(z) = S1(z) + 8 / Sy (t)dt (57)

S(z) =0(z), = — 0.
To finalize the proof of Lemma it is necessary to show that

S(z) > S*(z). (58)
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Really we have

T

S(x) > (1 — p*) 11+ Bz) > Si(x) + ﬂ/Sf(t)dt = S*(x). 0

0

Step. IV. Finally we consider the linear equation corresponding to nonlinear
equation (1)

/ (@ — ) +2 e(z+ pB)dL, € (0, +00) (59)
0

and the following iteration process.

B (g / (m—l—pt)]B( (tydt, BO(z)=S(zx), n=0,1,2.
0
(60)
By induction it is easy to check that
e B™(z)| inn (61)
o BMW(z)29(z), n=0,12 (62)

where ®(z) satisfies the equation (30) and possesses properties (39)—(41).
Therefore there exists
lim B™(z) = B(x). (63)

n—oo

Note that B(x) satisfies the equation (59) and the double inequalities hold

®(z) < B(z) < S(z), z>0. (64)
From (64) we have
infess B(z) =y > a > 0. (65)
x>0

The (65) inequality will be of essential use in future.
Thus the following lemma is true:

Lemma 2. Let the conditions of lemma 1 be fulfilled. Then the equation (59) has the
nontrivial solution with asymptotic B(x) = O(x), x — oo. Moreover the estimation
holds
Bo = infess B(z) > 0.
>0
Step. V. Consider the following nonhomogeneous equations with the sum-
difference kernel:

flz)=2w (x+50 + u(x / (x —1t) (x—l—pt)]f( )dt, =€ (0,+00), (66)
0
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f(z) =2w(z + &) +/ (x — 1) +e Kz +pH)lf)dt, € (0,+00),
0

75

(67)

with respect to unknown functions f(z) and f(z). Using factorization (48) the solu-
tion of equation (67) may be reduced to solutions of the following coupled equations

(I-V_)fo=g,
(I-T)f = fo.
(I-V)f=h

where
g9(z) = 2w(z + do).

From (68) by direct checking we obtain

%u»=mm+ﬁ/ﬁ@w

Fo € Ly(0, +00) N Co[0, +00).

It is obvious that

Now pass to equation (69). We introduce the following simple iterations:

0

FO) = folx), n=01,2,...

Note that
fl(")(x) in n.

On the other hand, if

oguwﬁﬁjgwdwﬂmru%+mmﬁ+mmm*,j:Lz

then from (49), (50) it follows that
F™ () € L1(0, 400) N M(0,+00), n=0,1,2...

Moreover ~
supess fo(x)
7(n) x>0
r) < ——
A < 50—

)

(68)
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ffo
/f1 R 1~ (79)
0
where .
4 =p* + =—¢e(B°ma + (2p + 2)Bm1 + 2mep), j=1,2. (80)

2pi

Taking into consideration B.Levi’s theorem (see [7]), from (75), (78), (79) we
conclude that:
i) there exists

Tim_ f"(2) = fi(2) € L1(0,+00) N M (0, +00), (81)
i) the function fi(z) satisfies equation (69).
Finally solving equation (70) we obtain

fa) = Fiw) + 8 / Fa(t)dt € M(0, +00), (82)
0

because fi(z) € L1(0,400) N M (0, +00).
We consider the following iteration

FO () = 2w(z + ) + p( / (x —t)+e Kz +pt)f™@)dt,  (83)
0

fO) =2w(x+6), n=01,2,..., z€(0,+00). (84)

By induction we obtain

» M@ 1 byn,

° f ( )<f( ), n=0,1,2,...
Therefore there exists

lim f"(z) = f(z) < f(x) (85)

n—oo

which satisfies the equation (66).
From (85) and (82) it follows that f € M(0,+o0).

Step. VI. Let A(z) be a defined in (0, +00) measurable function of the form

wo( + By (x))

Mo =1 By(x)

(86)

where
B,(2) = vB(x), (87)
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yeN= W, +oo> is an arbitrary number. Here g € [dp, +00) is the first
0
root when wo(vp) < 7o takes place and & = supess f(z).

>0
We have B, > vy > max(ae,v9) > Yo > 0o, therefore

0<1—M§A(x)g1, z € (0, +00), (88)
0
~wo(z+ By(x) 1
1-— )\(%) = T(l’; < %wo(l' + (50) S Ll(O, —|-OO),
(1= @)z < T2 00 (@ + 6) € L1(0, +00),
70
- (1= Aa))a? € Li(0,400), j=0,1, (89)

1 1
11— A(@)] < —wo(z + By(z)) < —wop(x +dp) — 0
o Y0

when z — oo.
It is easy also to check that A\(z) T in . Now we consider the following nonho-
mogeneous integral equation

() = 20(x + B, (1)) / (@—1t) +ei(z+p)lo)dt  (90)
0

with respect to the function ¢(x).
Introduce the following simple iteration

e (z) = 2w(z + B,(z) / (@ —t) +e K (o + pt)™ (t)dt,
n=0,1,2,. 00 (z) :2&(%3())
(91)
The following statements are valid:
e o™ (z)inn, (92)
o oM(@)>2w(x+ B,(x), n=0,1,2,... (93)
o o"M(@)<fx), n=0,12,... (94)

The last inequality follows from (88) and from the following obvious inequality

w(x + By (x)) <w(x+ &), x>0. (95)
Therefore there exists the limit of sequences of function {p(™ (z)}5°

lim ¢ = p(z) < f(2)

n—oo
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and ¢(x) satisfies the equation (90).

Step. VIL. Notice that the function E(z) = 2B, (z) —¢(x) satisfies the following
homogeneous integral equation

B(x) / (2 — )+ e Ie(z + pO)|E()dt, x> 0. (96)
0
Really we have

Nota) [ 1K (=) + Ko+ p1)(2B, (2) — o(t))dt =
0

K(x—1t) (x + pt)| By (t)dt+

+2w(z + By (2)) — p(x) = 2\@) By (z) + 2w(w + B, (x)) — p(z) = 2B, (2) — ().
Now we consider the following iteration

[e.9]

B (2) = Az)u(z) /[K(az — )+ e Kz + pt) E™ (t)dt,

(97)
EO(z) = %B,Y(x), n=0,1,2,...
By induction we check that
o EM(z)| inn, (98)
o EM(z)>E(), n=0,1,2,... (99)

Therefore there exists the solution E(z) of equation (96), moreover the double in-
equalities hold

2\(2)B,(z) > E(x) > E(x). (100)

As By(z) = 78 = max(ae,7) = & > f(z) = ¢(z), then
E(z) > B,(x), therefore (101)
2\(z)B, (z) > E(z) > E(z), z>0. (102)

It is obvious that if E(z) satisfies equation (86) and the chain of inequalities
(102), then the function

E(x)

A)

Y(z) =
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will satisfy the equation

/ (2 — 1) e l(z+p)ANOY (), >0,  (103)
0
and the inequalities
B, (z) < E(z) < E(z) < Y(x) < 2B, (x), x>0, (104)

The next steps the chain of inequalities (104) will be of essential use in future.

3 One parameter family of solutions

Step. VIII. At this stage we construct one parameter family of solutions for
the following class Hammerstein type nonlinear integral equation:

/ (@ — 1) + 2w+ p(N() — w(t, N@®)dt, =>0  (105)
0

with respect to unknown functions N(z).
We consider the following iteration

N () = () /[K(:p — )+ Kz + pt)| (NP (1) — wit, NP(1)))dt, (106)

0
NO(@z)=2B,(z), p=0,1,2,...

First we prove that
N®(z)>Y(z), p=0,1,2,... (107)

In the case when p = 0, the inequality (107) immediately follows from (104). We
suppose that (107) is true for some p € N and prove the assertion when p+ 1. Using
(10), (12) and obvious inequalities

Y(xz) > By(z) > dp, x € (0,+00)

from (106) we have

NP (g / (—t) + e K(z+pt)|(Y(t) — w(t, Y (t))dt >
0

/ (2 — ) + 2 e (w+ ph](Y (£) — wolt + Y (1))t >
0
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Kz + pt)](Y (£) — wo(t + By (1)))dt =

K(z+pD)(Y (1) — (1= A(#) By ()t >

)
/ (x —1t)
0

)
/ (x —1t)
0

> u(x) /[K(m —t) + €K(ZE +pt)|(Y(t) — (1 = A@)Y (t))dt =Y (z).
0

Now we prove that
NP(z) | inp. (108)
We have

NO(g / (¢ — 1) + = Kz + p]NO (1)t = 2B, (),
0

because w(t, NO(¢)) = w(t,2B,(t)) > 0, since 2B.(x) > 2v8y > 25 > do.
Assuming N®)(z) < N?=1(z), from (106), taking into account (10) we obtain

NP () < N®)(g),
Thus the sequences of functions {N®) ()} have the pointwise limit

lim N®)(z) = N(z) > Y (),

p—00

moreover the following chain inequalities are valid:
B, (x) < E(z) < E(z) < Y(z) < N(z) < 2B,(z), z>0. (109)

Using B.Levi’s theorem it is easy to check that N(x) = N,(x) satisfies the
equation (105).

Now we prove that to different parameters v € A different solution of equation
(105) correspond. Really we take arbitrary numbers 7, > 2 and consider the cor-
responding iterations

NP (@) = p(a) / (K (2 — 1) + £ K (2 + pH)] (VP (¢) — w(t, NP (6)))dt,
0

(110)
J = 1727 b= 07 1727 ’ N,s?)(t) - 2B’*{g ($)
By induction we prove that
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For p = 0 it is obvious. Let (111) take place for some p € N. Then from (111) taking
into account (10) we have

N (@) - NV (e) 2 o) [ (e = 1)+ 2 Ko+ p)2B,y (1) — 2B, ())de+
0

/ (@ — 1)+ K(z + pt)] (w(t, NP (1)) —w(t, NP (t)))dt =
0

2u(z) 1K@~ 1) + £ Ko+ pt) By (6~ Bra(t)]dt =
0
= 2B, (x)—2 / (z— t+aK(a;+pt)])(w(t,N§§>(t))—w(t,N§f>(t)))dt.
0

On the other hand

By, (z) — By, (z) = (1 —72)B(z) > (v1 —72)60 > 0.
Therefore

NP (z) = NED(2) > 2(B,, (z) — By (2)) > 2(71 — 72)Bo-

Passing to limit in (111) we obtain

N’Y1 (x) - N’Yz (x) 2 2(B'Y1 (x) - B’yz (x)) 2 2('71 - 72)50 >0,

h N (@) = Noy (o).

Thus the following theorem is valid.

Theorem 1. Let conditions (2)-(7), (9)-(11), (76) be fulfilled. Then equation (105)
possesses one parameter family of positive solutions {N(x)},en, moreover for each
function from the family the asymptotic equality holds: N, (x) = O(z) as x — +o0.

4 Solution of basic equation (1)

Step. IX. In this step by means of previous results we proof the existence of
solution of basic equation (1). We introduce special iterations:

F(n+1) (!E) — M(;E) /[K(ZE — t) + 5}%($ + pt)]Q(t, F(n) (t))dt7 (112)
0
x)
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Whence taking into consideration (8) and Theorem 1 we get

o F™(2)| inn, (113)
o FM(z)>N,(z), n=0,1,2 (114)
Therefore there exists
nh_)ngo F(z) = F(x) (115)
which satisfies equation (1). From (114) and (112) it follows that
N,(z) < F(z) < 2B, (x). (116)

Thus the following theorem holds.

Theorem 2. Let conditions (9)—(11), (76) be fulfilled. Then equation (1) has posi-
tive solutions with asymptotic F(x) = O(x), as x — oo.

Examples of function Q(t, z).

1) Q(t2) = (2% — w(t,2)2)2, (117)
2 Q(t,2) = ult,2Ju(z) + 2 gult,2), (118)
where u(z) is a defined on (—o0, +00), measurable function and
0<u(z) <1, wu(z)7 inzon [d,+0), ue C[dy,+00), (119)
~2(2% = 2w(t, 2))
3) Q(t7 Z) - 22 _ '[U(t, Z) I (120)
1 +ew(t,z)

4) Q(t,z) =z—w(t,z)+1n (121)

2
Step. X. Using Theorem 2 we get a more general result.

Theorem 3. Let all conditions of Theorem 2 be fulfilled. Assume R(x,T) is a
measurable function on (0,+00) X (—oo,+00) satisfying the following conditions:

o R(z,7) € Carat(y,), (122)
e R(x,7)7T in 7 on [dy,+o0) for each x > 0, (123)
o u(z) <R(z,7) <1, (z,7)€Qs,. (124)

Then the equation
(@) = Rz, x(z)) / (K(z— 1) + 2 K+ pblQUE x(B)dt, =>0,  (125)
0

possesses positive solution with asymptotic x(z) = O(z), = — oo. Moreover the
inequalities are valid
N, () < F(x) < x(2) < 2B, (). (126)
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Examples of function R(z, 7). Below we give two examples of function R:

1) R(z,71) = Lo pw) _5($)u(7') + Lt plz) +5(x)

2) R(z,7) = (1 — pu(x))P(x,7) + p(x), where

, where u satisfies conditions (119),

o 0<P(x,7)<1, (x,7)€Qys,,
e P17 on T on [d,+00),
e P(x,7) € Carat(Qs,).
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