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Abstract. Let G be a nilpotent group and (90, <) be the lattice of all group topolo-
gies or the lattice of all group topologies in each of which the group G possesses a
basis of neighborhood of unit consisting of subgroups. If 7 and 7’ are group topologies
from 9 such that 7 = 79 <o 71 <m ... <m Tn = T, then k < n for any chain
T=7)<7 <...<T7 =7 of topologies from M.
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1 Introduction

After the problem of the existence of non discrete Hausdorff topologies in infinite
Abelian groups and some infinite rings was solved (see for example, [1, p. 351-390)),
and the existence of a lange number of group topologies in infinite Abelian groups,
was proved it was an interesting to study the lattice of all group topologies and
lattices of all ring topologies and their sublattices.

So in work [7] it was proved that the lattice of all group topologies of an Abelian
group is modular.

As properties of finite unrefinable chains in any modular lattice were investi-
gated well (see, for example, Theorem 3.10), then for any Abelian groups in any
sublattice of the lattice of all group topologies the properties of unrefinable chains
are investigated well enough.

As the lattice of all group topologies is non modular even for nilpotent groups
(see [2]) it is natural to study properties of finite unrefinable chains of group
topologies.

The present work is devoted to the study of properties of finite unrefinable chains
of group topologies for nilpotent groups.

The basic results of work are Theorem 4.6 and Corollary 4.7 in which some
properties of a unrefenable chains of group topologies are proved. These results give
the positive answer to the question 14.5 (6) from [8].
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2 Notations

In this work if another will be not stipulated we shall use the following notations:

2.1. N is the set of all natural numbers.
2.2. G(-) or simply G is a group.

2.3. If G is a group, A and B C G then we shall put:
< A > is the subgroup of the group G which is generated by the set A and
[A,B]={a-b-a'-b7lla € Abec B}.

2.4. By induction, for any natural number k we shall define a normal subgroup
G of the group G as follows:

Put Gjp) = G and take as G[j4q) a subgroup generated by the set [G), G], i.e.
G[k-{-l} =< [G[k},G] >.

By induction on number ¢ it is easily checked that Gy is a normal subgroup of
the group G.

2.5. If 7 and 1y are topologies on a set X, then we shall consider, that 7 < 7o,
if 1 C 7.

2.6. If I is some normal subgroup of a group G it is easy to notice then the set
{I} satisfies conditions 3.6.1 - 3.6.5 (see below Remark 3.6) and hence it sets on the
group G some group topology for which this set is a basis of neighborhoods of unit.

We shall denote this topology by 7(I).

2.7. Let (G,T) be a topological group and I be some normal subgroup of the
group G. If Q2 is some basis of neighborhoods of unit in the topological group (G, 1),
then it is easy to notice that the set {V () I|V € Q} satisfies conditions 3.6.1 — 3.6.5
(see below Remark 3.6 ) and hence it sets on the group G some group topology for
which this set is a basis of neighborhoods of unit.

We shall denote this topology by 77.

2.8. Let (G,7) be a topological group and I is some normal subgroup of the
group G. If Q is some basis of neighborhoods of unit in the topological group (G, 7)
then it is easy to notice that the set {V - I|V € Q} satisfies conditions 3.6.1 — 3.6.5
(see below Remark 3.6 ) and hence it sets on the group G some group topology for
which this set is a basis of neighborhoods of unit.

This topology we shall designate by 7 - I.

2.9. If (X, <) is a partially ordered set, S C X and a,b € X, then:

- We consider that a = infx S if a < x for any element z € S and if d € X is an
element such that d < x for all z € S, then d < q;

- We consider that b = supx S if b > x for any element x € S and if d € X is an
element such that d > x for all x € S, then d > b.
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3 Definitions and auxiliary results

Results of this section have been received by the author of present article together
with I. V. Vdovichenko. As by the moment of preparation of present article they are
not published, then for completeness of the statement we adduce them.

3.1. Definition (see [3, 5, 6]). A partially ordered set (X, j) is called:
- A lattice if for any two elements a,b € X there exist infx{a,b} and supx{a,b};
- A full lattice if for any nonempty subset S C X there exist infxS and supx.S.

3.2. Remark. If (G,7) is a topological group, then from one definitions of
right and left uniform structures in (G, 7) (see [4, p. 224, Definition 1]) the following
statement easily follows:

In a topological group (G, 7) right and left uniform structures coincide if and
only if for any neighborhood Vj of unit there exists a neighborhood V; of unit such
that g-V; - g~ C 1} for any element g € G.

3.3. Definition (see [1, 4]). A topological group (G, 7) is called precompact
if for any neighborhood V' of unit in (G, 7) there exists a finite subset S C G such
that G=5-V.

3.4. Remark. As G =G~ !and (S-V)~! = V~1. 87! then a topological group
(G, 7) is precompact if and only if for any neighborhood V' of unit in (G, 7) there
exist a finite subset S C G such that G =V - 5.

3.5. Proposition. If the topological group (G, 7) is precompact then in (G, 7)
the right and left uniform structures coincide.

Proof. Let Vj be a neighborhood of unit in the topological group (G, 7) and V;
be a neighborhood of unit in topological group (G, ) such that V; - V; - V1_1 C .
There is a finite subset S in G such that V; - S = G and there exists a neighborhood
V4 of unit in (G, 7) such that Vo C V; and g-Va-g~' C Vj for any g € S.

If g € G then g = v - h for some v € V4 and h € S. Then

g-Vargt=(-h)Var(u-h)Th=we (b Vo b7 0T OV VL VT C

The proposition is completely proved.

3.6. Remark (see [4, p. 203, Proposition 1]). Let G be a group and €2 be a set
of subsets of the group G such that the following conditions are true:

3.6.1. e € V for any V € Q;

3.6.2. For any V and U from () there exists such W € Q that W C VU,
3.6.3. For any V €  there exists such U € Q that U~! C V;

3.6.4. For any V € () there exists such U € Q that U - U C V;

3.6.5. For any V € Q and any element g € G there exists such U € () that
g-U-gtCV.
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Then on the group G there exists the unique group topology 7 such that € is a
basis of neighborhoods of unit in the topological group (G, 7).

3.7. Proposition. For any group G the following statements are true:

3.7.1. The set M of all group topologies on the group G with order which was
defined in 2.5, is a full lattice;

3.7.2. The set & of all group topologies on the group G in each of which the
topological group possesses a basis of neighborhoods of unit consisting of subgroups
with order which has been defined in 2.5, is a full lattice;

3.7.3. The set 91 of all group topologies on the group G in each of which the
topological group possesses a basis of neighborhoods of unit consisting of normal
subgroups with order which has been defined in 2.5, is a full lattice;

3.7.4. The set © of all group topologies on the group G in each of which right
and left uniform structures coincide with order which is defined in 2.5, is a full
lattice;

3.7.5. The set € of all group topologies on the group G in each of which the
topological group is a precompact group with order which is defined in 2.5, is a full
lattice.

Proof.
3.7.1. In the beginning we shall show that there exists supsnS for any nonempty
subset S C 9.
For each group topology 7 € S we shall choose some basis §2, of neighborhoods of

unit in the topological group (G, 7) and also we shall consider the set Q@ = |J Q.. If
TES

() is the set of all finite subsets of the set ), then for every A € Q take /WA =N V.
VeA

Show that the set © = {WMA € Q) satisfies conditions 3.6.1 — 3.6.5 of Remark 3.6.
As e eV for any V € Q then e € Wa for any A € Q, i.e. the condition 3.6.1 is
executed.

Let Aj € Qand Ay € Q. If A = A |JAg, then A € SNI, and WA = WAl HWAZ,
i.e. the condition 3.6.2 is executed.

Let A ={Vi,...,Vs} € Q. As (G, 7) is a topological group for any 7 € 9 then for
any 1 < i < s there exists U; € € such that UZ-_1 CV;. Then A" ={Uy,...,Us} € Q,

and
S S

Wil =((U) e (Ut C ﬂ Vi = Wa,
=1 i=1 =1

i.e. the condition 3.6.3 is executed.

Let A ={Vi,...,Vs} € Q. As (G, ) is a topological group for any 7 € 9 then for
any 1 <14 < s there exists U; € Q such that U;-U; C V;. Then A’ = {Uy,...,Us} € Q,
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and
S S S

War- War = ((\U)- (YU) € (Wi U;) S Vi = Wa,
i=1 i=1 i=1 i=1
i.e. the condition 3.6.4 is executed.

Let A = {V,...,Vs} € Q and g € G. As (G, 1) is a topological group then for
any 7 € 9 for any 1 < < s there exists U; € € such that g - U; - ¢~' C V;. Then
={U1,...,Us} € Q, and

9-Wa g =g-(U)-g7' S( g Ui-g7) S Vi=Wa,
=1 =1 i=1

i.e. the condition 3.6.5 is executed.

According to Remark 3.6, on the group G' there exists a group topology 7+ € M
in which the set © = {Wa|A € Q} is a basis of neighborhoods of unit.

As 2, C O for any topology 7 € S then 7 < 7% for any topology 7 € S.

Let now 7 € 9 be a group topology on group G such that 7 < 7/ for any
topology T € S.

Then any subset V € Qis aneighborhood of unit in the topological group (G, 7).
If WA € O, then WA is the intersection of finite number of sets from 2, and hence,
it is a neighborhood of unit in the topological group (G, 7).

Hence 7% < 7/.

So, we have proved that 7% = suponS.

Now show that in 991 there exists in forS for any nonempty subsets S C 91.

Consider the set &' = {7/ € M|7’ < 7 for all 7 € S}. As the set S’ contains the
anti-discrete topology then 8’ # (). Then, as it was proved above, in 91 there exists
T = supgnS’.

Show that 7 = in forS.

If 7 €S, then 7/ < 7 for all 7/ € &' Then (see 2.9) T = supgynS’ < 7 for
all 7 € S.

Moreover, if 7”7 < 7 for all 7 € 8, then 7”7 € &', and hence, 77 < supg;S’ = 7.
Then 7 = infonS.

The statement 3.7.1 is proved.

3.7.2. Let 0 # 8 C & and 7+ = suponS (see 3.7.1).

In the proof of the statement 3.7.1 it has been shown that the set © is a basis of
neighborhoods of unit in the topological group (G, 7*). As the intersection of any
number of subgroups of the group G is a subgroup, then any of subsets WA is a
subgroup, and hence, 7% € &.

As & C M, then 7 = supsS.

So, we have proved that there exists supgS

Now show that in & there exists in fgS for any nonempty subset S C &.
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If 8" ={7" € 8|7’ <7 for all 7 € S} then as in the proof of the statement 3.7.1
is proved that supsS’ = infeS.
The statement 3.7.2 is proved.

The proof of the statement 3.7.3 is analogues to proofs of the statement 3.7.2.

3.74. Let 0 #S C & and 7« = supgyS (see 3.7.1). We shall show that 7+ € &.
In the proof of the statement 3.7.1 it has been proved that the set © = {WMA € Q)
is a basis of neighborhoods of unit in the topological group (G, 7).

Let A ={Vp,...,Vs} € Q. As for any topology 7 € & in topological group (G, 1)
left and right uniform structures coincide, then (see Remark 3.2) for any number
1 < i < s there exists U; € Q such that g - U; - g_l C V; for all g € G. Then
A ={Uy,...,U} € Q, and

g-War-g 7 =g- () g S Vg-Ti-g ") [ Vi=Wa
i=1 i=1 i=1
for any g € G, i.e. % € 6.
As G C I, then 7% = supsS.
So, we have proved that there exists supsS.

Now show that in & there exists infsS for any nonempty subsets S C &.

If S’ = {7 € &|7' < 7 for all 7 € S} then, as in the proof of the statement 3.7.1,
is proved that supsS’ = infsS.

The statement 3.7.4 is proved.

3.7.5. Let ) #S C € and 7« = supgnS (see 3.7.1).

It is easy to notice that in the proof of Proposition 4.4.11 in [1] the require-
ment of commutative of the group is not essential, and hence, this proof with little
modification can be applied for proofs of that the topological group (G, 7%) is a
pre-compact, i.e. that 7 € €,

As € C 90T, then 7% = supeS.

Now show that in € there exists in feS for any nonempty subsets S C €.

Consider the set &' = {7’ € €|’ < 7 forall 7 € §}. As in the proof of the
statement 3.7.1, it is proved that supeS’ = infeS.

The statement 3.7.5 is proved, and hence, the theorem is completely proved.

3.8. Definition. Let A be any lattice and a,b € A. If a < b and between
elements a and b there exist no other elements in the lattice 2 then we shall say
that the element b covers the element a in the lattice 2 (see [3], p. 15), also we shall
write a <g b.

Notice, that if 2 is a sublattice of a lattice (B, <) and a,b € 2, then a <g b does
not follows that a < b, but from that a < b follows that a <y b.

3.9. Definition. As it is usual (see [3], [6]), a lattice 2 | is called a modular
lattice! if in it the following condition is true:

1Such lattices sometimes are called Dedekind.
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If a,b,c € A and a < ¢, then supg{a,info{b, c}} = infy{supy{a, b}, c}.

It is easy to notice that any sublattice of a modular lattice is a modular lattice.

3.10. Theorem. Let 2 be a modular lattice and a,b € 2. Then the following
statements are true:

3.10.1. If a = a1 <9 ag <g ... <9 ap = b (i.e. this chain is a unrefinable chain
of the lattice ) and a = by < by < ... < ap =b, then k < n, and k = n if and only
if a =0by <9 by <g(... <9 ar = b (see [6], pp. 191 and 192);

3.10.2. If a,b,c € A and a <y b, then supgy{a, ¢} =g supg{b, ¢} and
infaf{a, ¢} =g info{b, c} (see [5], p. 213, theorem 4).

3.11. Proposition. Let G be a group, 7 and 75 be group topologies on the
group G, €21 and 25 be some basis of neighborhoods of unit in topological groups
(G,m1) and (G, 12), accordingly. Then the following statements are equivalent:

3.11.1. For any neighborhoods of unit V; € €y and U; € s there exist V5 €
and Us € Qg such that Vo - Uy C Uy - V7

3.11.2. For any neighborhoods of unit V; € 1 and Uy € €5 there exist V5 € 0y
and Us € Q9 such that Uy - Vo C V7 - Uy

3.11.3. The set Q3 = {U - V|V € Q;, U € Qa} is a basis of neighborhoods of
unit in the topological group (G, 73), where 73 = infop{m1, 72} in the lattice I of
all group topologies on the group G.

Proof. In the beginning, we shall prove , that 2.11.1 = 3.11.2

Let V € Q1 and Uy € Qy. There exist V7 € Q1 and Uy € 5 such that Vl_1 CW
and U 1 c Up. As the statement 3.11.1 is executed then there exist V5 € )7 and
Us; € Q9 such that V, - Uy C Uy - V7 and also there exist V3 € €7 and Uz € Q9 such
that V' C Vo and U3 C U,

As (a-b)"t=b"1.a! for any a,b € G then

Us-Va=((Us)™) 7 - (Vg )™ = (Vs - (Ush) ™ ¢
C(Va-Un) ' C(Uy- W)=Vt U C V- U,
i.e. the statement 3.11.2 is executed.

The further proof of the theorem can be found in ([7], the proof of the
Theorem 3.2).

3.12. Proposition. Let G be a group, 71 and 72 be group topologies on G,
Qy and €y be some basis of neighborhoods of unit in topological groups (G, 1)
and (G, 12), accordingly. If for any neighborhood of unit V; € € there exist such
Vo € Q and Uy € Qg that g-Vo-g~F C V4, for any g € Uy, then for group topologies
71 and 79 the statement 3.11.2 is true, and hence, each of statements 3.11.1 — 3.11.3
is true.
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Proof. Let V7 € Q1 and Uy € Q9. There exist V5 € )7 and Uy € Q9 such that
Vo CVi,U; CUpand g-Va-g~! C Vi forany g € Us. Then g-Va = g-Va-g1-g C Vig
for any g € Us, and hence, Uy - Vo C V; - Uy C V7 - Uq, i.e. the statement 3.11.2 is
true, and hence each of statements 3.11.1 — 3.11.3 is true.

The proposition is completely proved.

3.13. Corollary. Let G be a group and 71 be a group topology such that in the
topological group (G, 7;) the right and left uniform structures coincide. Then for
any group topology 7o the pair of topologies 7 and 7o satisfies each of statements
3.11.1 - 3.11.3.

Really, for any topology 79 the set U = G is a neighborhood of unit in the
topological group (G, 72), and according to Remark 3.2, for any neighborhood V; of
unit in the topological group (G, 71) there exists a neighborhood V5 in the topological
group (G, 1) such that g-Vo-g~! C V; for any ¢ € G. Then, from the previous
proposition, the truths the corollary follows.

3.14. Proposition. For any group G the following statements are true:

3.14.1. The lattice D of all group topologies on the group G in each of which
the topological group possesses a basis of neighborhood of unit consisting of normal
subgroups is a sublattice of the lattice 9 of all group topologies on the group G;

3.14.2. The lattice & of all group topologies on the group G in each of which
right and left uniform structures coincide is a sublattice of the lattice 91 of all group
topologies on the group G

3.14.3. The lattice € of all group topologies on the group G in each of which
topological group is a precompact group is a sublattice of the lattice 9t of all group
topologies on the group G.

Proof.

3.14.1. Let 7 and 75 € 91, Q1 and 29 be some basis of neighborhoods of
unit in topological groups (G, 1) and (G, 72), accordingly, consisting from normal
subgroups.

As the intersection of any number of normal subgroups is a normal sub-
group then from the proof of the statement 3.7.1 follows, that topological group
(G, supon{T1,72}) possesses of basis of neighborhoods of unit, which will consist
from normal subgroups, i.e. supon{r1, 72} € M.

Moreover, according to the statement 3.11.3, the set {U -V |U € Q1, V € Qy}
is a basis of neighborhoods of unit in the topological group (G, infop{7i,72}). As
product of two normal subgroups is a normal subgroup, then in fop{m, 72} € N.

The statement 3.14.1 is proved.

3.14.2. Let 7, 5 € © and ; and 29 be some basis of neighborhoods of
unit in topological groups (G, 71) and (G, 2), accordingly. Then (see 3.7.1) the set
Q3 ={UNV |U € Q1, V € Qy} is a basis of neighborhoods of unit in the topological
group (G, supon{T1,T2})-
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If UNV € Qs, then there exist such U; € Qy and V; € Qp that g- Uy -g~t C U
and g-V;-g 1 CV for any g € G. Then U (V7 € Q3 and

g- (V)¢ ' Clg-Ui-gH(Ng-Vi-g7 ) cUNV

for any g € G, i.e. supgp{m, 2} € &.

Moreover, from Corollary 3.13 and the statement 3.11.3, it follows that the set
Q={U-V |U €, V e} is abasis of neighborhoods of unit in the topological
group (G, in fon{11,2}).

If U-V € Qy then there exist such U; € Q and V; € Qy that g-U; - g7 C U
and g-V;-¢g ' CV for any g € G. Then U; - V5 € Q4 and

g- (- V) gt =(@-U-g7Y) - (gVi-gHCU-V

for any g € G, i.e. infop{m, 72} € &.
The statement 3.14.2 is proved.

3.14.3. If ; and 7 € € then in the proof of the statement 3.7.5, it has been
proved that supgp{r, 72} € €.

Moreover, from Definition 3.3 it follows that every group topology which
is weaker than some precompact topology itself is a precompact topology then
infon{m1, 2} is a precompact topology, i.e. infop{7, 72} € €.

The proposition 3.14 is completely proved.

4  The basic results

4.1. Proposition. Let:

— (G be a group;

— 9 be the lattice of all group topologies on the group Gj;

— 7 and 72 be such group topologies that topological groups (G, 71) and (G, 72)
possess basis of neighborhoods of unit consisting of subgroups.

If for any neighborhood Vj of unit in the topological group (G, ;) there exist
neighborhoods V; and U; of units in topological groups (G,7) and (G, T2), ac-
cordingly, such that g -V; - ¢g~! C Vj for any g € Uy, then the topological group
(G,infon{71, T2 }) possesses a basis of neighborhoods of unit, consisting of subgroups.

Proof. Let 2 and 5 be basis of neighborhoods of units in topological groups
(G,7) and (G, 12), accordingly, consisting of subgroups.

From Proposition 3.12 and the statement 3.11.3 it follows that the set
Q3 ={V-U |V e€Q,U € Qy} is a basis of neighborhoods of unit in the topological
group (G, info{r1,72}).

For any V € Q; and U € Q3 we shall consider the subgroup W(V,U) which is
generated by the set V - U, i.e. W(V,U) =<V -U >, and let



12 V.I.ARNAUTOV

Q={WW,U) |V e€Q,UcQ}. AsV -U C W(V,U), then any set W(V,U) is
a neighborhood of unit in the topological group (G, in fon{m1,72}), i.e. Q) consists of
neighborhoods of unit of the topological group (G, in fon{71,72}).

If now Vi-Up € Q3 then there exist such V; € Q; and U; € Q9, that g-Vi-¢g7' C Vp
for any g € Uj.

As Q3 is a basis of neighborhoods of unit in the topological group (G, in fon{71, 72})
then there exist such V4, € Qi and Uy € 9y that Vo C Vi, Uy C U; and
(Va-Us)~t CVy - Uy

Show that < Vo - Uy >C Vp - V.

Assume the contrary, i.e. that < V5 - Us >g Vo - Vo. Then there exist such
integers kq,...,k, from the set {1,—1} and elements by, bs, ..., b, from V5 - Us that
b=0N bbbk ¢ V- U,

As Va-Uy CVi-Uy and (Vo -Up)~! C Vi - Uy, then bfi eVi-Upforany 1 <i<mn,
and hence, bfi = v; - u;, where v; € Vi and u; € Uy for all 1 < ¢ < n. Then
b= (vl-ul)-...-(vn-un).

For every 1 < s <mn — 1 by induction we shall define element g5, we put g1 = u1
and gs4+1 = g - ugr1. As Up is a subgroup, then g, € U; for any 1 < s <n—1. Then

Gs - Vsy1- g5t € V1 CVp, and as Vj is a subgroup, then b = (v -u1) ... (vn - up) =
vr1(ur -2 g7 ) (g1 uzv3 g3 ) e (G2 Una1  Un—1 G ty) Gt Un =
v1(-g1-v2 97 ) (9270395 ) oo (G-t - Vn—1 - 9pt1) - 9n € Vo - Up.

We have obtained a contradiction with the choice of element b. Hence, < V5 -Uy >C

Vo - Uy and hence, in the topological group (G,infop{7i,72}) the set {< V - U >|

V e Q,U € Oy} is a basis of neighborhoods of unit consisting from subgroups.
The proposition is completely proved.

4.2. Proposition. If G is a group and 2 is a sublattice of the lattice 9 of all
group topologies on the group G such that for any two group topologies from 2 one
of statements 3.11.1 — 3.11.4 is true, then the lattice 2 is modular.

Proof. Let 7, o, 73 € 2 be such group topologies that 7 < 73 and 21, Q5,3
be basis of neighborhoods of unit in topological groups (G, 1), (G, 72) and (G, 73),
accordingly. Then, from the proof of the statement 3.11.3 it follows that sets:

Q4= {W : V’V ey, W e Qg};

Qs = {UﬂV’U ey, Ve Qg};

Qg = {Uﬂ(W : V)‘U e, VeQy, We Qg};

Qr={W- - (VNU)I|IU € Y, VeQ, WeQs}

are basis of neighborhoods of unit, accordingly, in topological groups:

(G,infon{Ts, m2});

(G, supon{T1, 2});

(G, supon{T1, infom{rs, 72} });

(G, in fon{Ts, supon{T1,m2}})-
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IfUNW - V) € Qg, then there exists such Uy € Qq that Uy - Uy C U, and as
71 < 73 then there exists such Wy € Qg that Wy C Uy (\W. Then W1-(V N U;) € Q7
and

Wi (VU € (W -Un) (YW1 - V) C (U - U) (YW - V) CU[(W-V),

and hence, supon{T1,infon{7s, 2}} < infon{rs, supsm{m,m}}.

Let now W - (VU) € Q7. There exists such Uy € Q; that Uy - U; C U, and
as 71 < 73 then there exists such Wi € Qg3 that W7 C W and I/Vl_1 C U;. Then
UNW1-V) € Qs. Ifu e Uy (\(Wy-V) then u = w - v, where w € W; and
veV. Thenv=w'luec W U CU -U CU, and hence, v € VU, ie.
u=w-veWw- - (VNU).

From the arbitrariness of the element w it follows that Uy (\(W;-V) C W-(V N U),
and hence, in fop{7s, supsn{m1, 72} } < supsn{7i,infon{rs, 2} }.

Then in fon{7s, supam{71, 72} = supsn{71,infom{7s, 72} }.

As 2 is a sublattice of the lattice 9, then

info{Ts, supa{7i, T2} } = infon{Ts, supop{mi, 72} } =

= supop{1,infop{ms, 72} } = supa{mi, infa{ms, ™}},

i.e. the lattice % is a modular lattice.
The theorem is completely proved.

4.3. Corollary. For any group G the following lattices are modular:

- The lattice 9t of all group topologies on the group G in which the topological
group possesses a basis of neighborhoods of unit consisting of normal subgroups;

- The lattice & of all group topologies on the group G in which right and left
uniform structures coincide;

- The lattice € of all group topologies on the group G in which the topological
group is precompact.

4.4. Theorem. Let G be a group and 2 be a sublattice of the lattice 9t of all
group topologies on G or it be a sublattice of the lattices & of all group topologies
on GG in which G possesses a basis of neighborhoods of unit consisting of subgroups.
If 7(Gp;)) € ™A (them definition of 7(Gy;) see 2.4 and 2.6) for any i € N and 79 and 7
are such group topologies from 2 that 79 <g 71 (the definition of < see in 3.8) and
(70)Gy = (T1)ay, (see 2.7) for some natural number k, then the following statements
are true:

4.4.1. If n= min{k\(m)g[k] = (Tl)G[k]} then 79 = infg[{Tl, (TO)G[nil] };

4.4.2. For any neighborhood V' of unit in the topological group (G, 1) there
exist such neighborhoods Vi and W7 in topological groups (G, 71) and (G, (70)gpn—-1))
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(definition of number n see in the formulation of the statement 4.4.1), accordingly,
that g-V; - ¢g~! C V for any element g € Wy;

4.4.3. If 7 is a group topology from 2 such that 79 < 7, then for any neighbor-
hood V of unit in the topological group (G, 1) there exist such neighborhoods V; and
U; of unit in topological groups (G, 71) and (G, 7), accordingly, that g-Vi-g~! CV
for any element g € Uy;

4.4.4. If 7 is a group topology from A such that 9 < 7, then 7 =g supg{7, 11};

4.4.5. If 7 is a group topology from 2 then supg{r, 70} <o supa{7r, 71}

Proof.
4.4.1. In the beginning we shall show that (T)Gm e
From 2.6 and proofs of statements 3.7.1 and 3.7.2 it follows that

TGy = supop{T, 7(G[))} = supa{T, 7(G}y)} € A
If % is a sublattice of the lattice 9 of all group topologies on G, then
TG = SupamT, T(G[z])} = SupAT, T(GM)} €2l

If 2 is a sublattice of the lattice & of all group topologies on G in which group
G possesses a basis of neighborhoods of unit consisting of subgroups, then

TG = supsiT, T(Gp))} = supa{T, 7(Gy))} € A

So, we have proved that in both cases TGy € 2 for any 7 € 2 and ¢ € N.

As V(N Gpp—q) € V for any neighborhood V' of unit of the topological group
(G, 1) then 79 < (70)c,_,;» and hence, 7o < infa{71, (T0)c,_y }-

From definition of the number n it follows that (TO)GM?H < (Tl)(;[nil].

Then
(infa{1: (70) G Dy < (10)G_y < (T1)Gp_ys

and hence, in fo{, (TO)G[WH} < 7.
So, we have received that 79 < in fo{r1, (TO)G[WH} < T1.
As 19 <g 71, then 79 = infof{r, (TO)G[WH }.
The statement 4.4.1 is proved.

4.4.2. Let V be a neighborhood of unit in the topological group (G, 71) and Vj
be such neighborhood of unit in the topological group (G, ) that V-V C V. From
definition of the numbers n it follows, that there exists such neighborhood U of unit
in topological group (G, 70) that U ()G, € Vo.

There exist such neighborhoods U; of unit in the topological group (G, ) and
Vo in the topological group (G, 7;) that Ul_1 Uy - Uq - Ul_1 CUand V7 C Vo Us.
Then W7 = Uy ﬂG[n_l} will be a neighborhood of unit in the topological group
(G7 (TO)G[nfu)'
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Asgta-g-a=t €[G,1,G] C G, and g la-g-ale Ul_l-Ul-Ul-Ul_1 cU
for any elements g € V4 and a € Wy, then

a-g-at=g-(g a-g-a)eVi- (UGp) CVo- VW CV

for any elements g € V; and a € W1, i.e. a- Vi -a~! CV for any element a € Wj.
The statement 4.4.2 is proved.

4.4.3. Let V be a neighborhood of unit in the topological group (G, 1) and Vj
be such neighborhood of unit in the topological group (G, ;) that V- Vp - VO_1 cV.
According to the statement 4.4.2 there exist such neighborhoods V; and Wy of unit
in topological groups (G,71) and (G, (T())G[n_l]), accordingly, that V3 C V4 and
g-Vi-g ' CV for any element g € W;.

If 2 is a sublattice of the lattice 9 of all group topologies on G, then from
Proposition 3.12 and statement 3.11.3 it follows that the set U = V; - W7 is a
neighborhood of unit in the topological group (G,infgn{ﬁ,(m)g[n_l]}), and as
infon{m1, (To)G[n_l]} = infyl{r, (To)G[n_l]} then U = Vi - W7 is a neighborhood
of unit in the topological group (G, in fa{71, (70)Gn-1)}) in this case.

If 2 is a sublattice of the lattice & of all group topologies on G in which G pos-
sesses a basis of neighborhoods of unit consisting of subgroups, then from Corollary
4.3 and Proposition 4.1 it follows that the topological group (G, in fop{71, (70)Gpn—1) 9
possesses a basis of neighborhoods of unit consisting of subgroups, and
hence, infop{r1, (T())G[n_l]} € & As 8 C M, then infon{n, (TO)G[n_H} =
infe{ri, (70)gn-1)}, and as A is a sublattice of the lattice &, then

infor{T1, (10)gn-1} = infe{m, (0)pn-1} = infodm, (T0)Gn-11}-

and hence also in this case U = V; - W7 is a neighborhood of unit in the topological
group (G, infa{m, (70)cn-11})-

So, we have proved that in both cases the set U = V; - Wy is a neighborhood of
unit in the topological group (G, infoy{r, (TO)G[H_H}).

As (see definition of number n) (71)gn-1) # (70)Gn—1) then

(T)Gm—11 > (10)Gpm-1] = (10)Gpn-1))6n-1] = (infaf7, (T0) -1 n-1))cm-1)-

Then 71 > infa{71, (T0)Gm-1} = 70. As 7o <o 71 then info{ri, (T0)Gpn-11} = 70,
and hence, U = V; - W is a neighborhood of unit in the topological group (G, ).

As 79 < 7 then U = V; - W7 is a neighborhood of unit in the topological group
(G, 1) too.

If now b € U = V; - W7 then there exist such elements v € V; and w € W7 that
b=v-w. Then

b-a-b_lzv'w-a-w_l-v_lGVl-(w'Vl'w_l)-Vl_lQVO-VO'VO_IQV.

The statement 4.4.3 is proved.
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4.4.4. Assume the contrary, i.e. that supg{r,71} < 7 < 7 for some group
topology 7’ € 2.

Consider the set A = {19, 71,7, 7, supg{r,71}}. We shall check that 2 is a
sublattice of the lattice 2.

Let 79,73 € 2.

The following two cases are possible:

- These topology are comparable among themselves;

- These topology are not comparable among themselves.

Let topologies 7 and 73 be comparable among themselves, and let 75 < 73. Then
info{7m, 73} =1 € A and supy{re, 3} =13 € A'.

Let now topologies 7 and 73 be not comparable among themselves. As 79 < 7 <
supg{r, 71} and 19 < 7 < 7’ < supg{7, 71}, then either » = 7y and 73 € {7,7'}, or
T3 =71 and 7 € {7,7'}.

We assume, for definiteness, that 7 = 71, and 3 € {7, 7'}

As supg{r, 71} < 7’ < 7, then supg{r, 71} < supg{7’, 71} < supy{7,71}. Then
supg{7’, 71} = supy{7, 71}, and hence, supg{ma, 73} = supg{7T, 71} € A’.

Moreover, as 7o and 73 are not comparable, then 79 < info{re, 73} < 120 = 7,
and as 79 <g 71 then info{m, 73} =19 € A.

So, we have proved that 2 is a sublattice of the lattice 2, and hence, 2’ is a
sublattice of the lattice M for the case when 2 is a sublattice of the lattice 91.

Now show that 2’ is a sublattice of the lattice 9t also for the case when 2 is a
sublattice of the lattice &.

In the proof of the statement 3.7.2 it has been proved that supgy S = supg S, for
any subset S C &, and as 2 is a sublattice of the lattice & then

supgy {72, 73} = supy{72, 73} = supg{m2, 3} = supgp{me, 13}.

Moreover:

If topologies 79 and 73 are comparable among themselves and 7 < 73, then
ian({TQ,Tg} = T9 = infgﬁ{TQ,Tg}.

If topologies 7 and 73 are not comparable among themselves as it was been
proved above, 7o = 71, and 73 € {7,7'}. As 79 < 73, then from the statement 4.4.3
and Proposition 4.1 it follows that infop{7s, 73} € &, and hence, infop{m, 3} =
inf@{TQ, ’7'3} == infg(/{Tg, ’7'3}.

So, we have proved that 2l is a sublattice of the lattice 9t in both cases.

Now show that (20, <) is a modular lattice.

For this purpose, as it agrees with Proposition 4.2 we need to check that for any
two topologies 79,73 € A’ the statement 3.11.1 is true.

So, let 75,73 € A

If these topologies are comparable among themselves and 7o < 73, then for any
neighborhoods Uy and V; of unit in topological groups (G, 72) and (G, 13), accord-
ingly, there exist such neighborhoods U; and V; in topological groups (G, 72) and
(G, 73), accordingly, that Uy - Uy C Uy and V3 C U;y. Then V3 -U; C Uy - Uy C Uy C
Uy - Vp, i.e. in this case the statement 3.11.1 is true.
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If topologies ™ and 73 are not comparable between themselves, then one of them
is equal to 71, and the second belongs to the set {7, 7'}.

We admit, for definiteness, that 79 = 7y and 73 € {7,7'}. Then 73 > 79, and for
the pair of topologies 7 and 73 applying both the statement 4.4.3 and Proposition
3.12, we shall receive, that in this case for topologies 7 and 73 the statement 3.11.1
is true.

So, we have received that for any pair topologies from 2I’ the statement 3.11.1 is
true, and, according to Proposition 4.2, the lattice 2" is modular. Then

7' = info {supw {1, 7}, 7'} = supg{r,inf{r,7'}} = supg{r,70} = 7.

We have obtained the contradiction with the choice of the topology 7’.
The statement 4.4.4 is proved.

4.4.5. Let 7 be a group topology from 2.
As 19 < sup{r, 79}, then taking into account the statement 4.4.4, we receive that

supa{ T, 71} = supa{supa{T, 10}, 71} St supa{supa{, 7o}, 70} = supa{7, 70}
The theorem is completely proved.

4.5. Corollary. Let GG be a nilpotent group, 2 be a sublattice of the lattice 901
of all group topologies, or it be a sublattice of the lattice & of all group topologies
in each of which the group G possesses a basis of neighborhoods of unit consisting
of subgroups. If 7(G;)) € A for any i € N, 79 and 7 are such group topologies from
2, that 79 <g 7 then the following statements are true:

4.5.1. If n = min{k| (10)cy, = (T1)cy, > then 7o = infa{1, (70)c(,_y 13

4.5.2. If 7 is a group topology on the group G such that 7p < 7, then for
any neighborhood V' of unit in topological group (G, 1) there exist neighborhoods
Vi and U; of unit in topological groups (G, 71) and (G, 7), accordingly, such that
g-Vi-g ' CV for any element g € Uy;

4.5.3. If 7 is a group topology from 2 such that 79 < 7 then supg{r, 71} <9 7;

4.5.4. If 7 is a group topology from 2, then supg{7, 71} <o supaf{7, 70}

Really, as G is a nilpotent group, then G, = {e} for some natural number k.
Then (10)c,, = {e} = (71)c,- Then from Theorem 4.4 the truth of the present
corollary follows.

4.6. Theorem. Let:

— (G be a group;

— 2 be a sublattice of the lattice 9t of all group topologies, or it be a sublattice
of the lattice & of all group topologies, in each of which the group G possesses a

basis of neighborhoods of unit consisting of subgroups;
~7(G)) € ™A for all i € N;
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—To <9 T1 <9 - .. <9t T, (1.e. this chain is a unrefinable chain of group topologies
in 2);

— 7y <71 < ...<T), is a chain of group topologies from 2 such that 7y = 7
and 7}, = Tp.
If (r0)ay, = (Tw)ay, for some k € N, then m < n, and m = n if only if

T(/) —<Q[T{ '<Q[...‘<m7'7/n.

Proof. In the beginning we shall prove that n < m.

Assume the contrary, i.e. that m > n, and let n be least of the natural numbers
for which there exist such chains of topologies.

As 19 <9 71 then n > 1, and hence, m > 2.

Then 71 £ 7{, for otherwise the chain 7 <y T2 <g( ... <g 7, has length n — 1,
and the chain 7 < 7] < 7{ < ... <7, = T, has length not less than m —1 >n —1,
and it contradicts the choice of number n.

Moreover, as 79 <g 71 and 79 = 7) < 77 then 7{ £ 71, and hence, topologies 7
and 7{ are not comparable.

For each integer 0 < j < n by induction we shall define a topology T],-/ € A as
follows:

Put 7 = 71 and 7, | = supa{Tit1,7] }.

As 7, < 7/ < 7, for any 0 < ¢ < n then 7}/ = 7,,. Then, according to the
statement 4.4.5, 7/, = supa{riy1,7]'} 2 supa{ri, 7'} = 7] forany 0 <i<n-—1.

If 7/ = 7]/ | for some integer 0 < s < n — 1 then the chain
7'{ :7'6' <9 jgm'g jQ(T;/_i_Z =<9 jng:Tn:T;n
has length which does not surpass number n — 1, and the chain 7{ < ... < 7/, has
length m — 1.

This contradicts the choice of number n.
If s=n—1, then 77/_; =7, = 7}, and hence the chain

/ U Z " " /
TI=T) 3+ ATy SATgr0 DA+ AT 1 = Tp = Ty

has length which does not surpass number n — 1, and the chain 7/ < ... < 7/, has
length m — 1.

This contradicts the choice of number n in this case, too.

Hence, 7/ # 7/ forany 0 < j <n — 1.

As topologies 71 and 7] are not comparable, then 71 < 71, and hence, we have
received the chain 7 <g 7 <9 ... <9 7, which has length n — 1 and the chain
71 < 7] <9 ... <y 7, which has length n.

This contradicts the choice of number n. Hence, m < n.

Let now m = n and assume that 77 Ag TII_H for some number 0 <[ <m — 1.

Then there is such topology 7" € 2 that 7/ < 7" < 17, ,.

Then the chain of topologies 75 < ... <7/ < 7" < 7/, < ... <7/, has length
m-4+1>n.

We have received the contradiction with earlier proved.



of t

PROPERTIES OF FINAL UNREFINABLE CHAINS OF GROUPS TOPOLOGIES 19

The theorem is completely proved.

4.7. Corollary. Let:

— (G be a nilpotent group;

— 2 be a sublattice of the lattice 991 of all group topologies or it be a sublattice
he lattice & of all group topologies in each of which the group G possesses basis

of neighborhoods of unit consisting of subgroups;

~7(G)) € ™A for all i € N;

To <9 T1 <9 - .. <9 T is unrefinable chain of group topologies in :

TH < 71 < ...< 7], is some chain of topologies from 2.

If o =7 and 7}, = 7, then m <n, and m =n if and only if

T(/) -<Q[T{ '<Q[...‘<m7'7ln.

Really, as G is a nilpotent group, then G, = {e} for some natural number k,

and hence, (7o), = e} = (71)G,- Then from Theorem 4.6 the truth fidelity of the
present corollary follows.
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