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A REPUBLICII MOLDOVA. MATEMATICA
Number 2(63), 2010, Pages 121–124
ISSN 1024–7696

On the Diophantine equation x
x

· y
y

k(y)

= z
z

p
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Abstract. In this paper the existence and the ways of finding some positive integer

solutions x, y, z for the equation xx · yyk(y)

= zzp

are studied.
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It is known that in 1940 the Chinese mathematician Chao-Ko proved that the
equation

xx · yy = zz (1)

has infinitely many solutions in positive integers x, y, z.
The above equation was generalized in several forms as can be seen in the

papers [4–9].
Let us have the equation

xx · yyk(y)
= zzp

(2)

where p > 1 is a natural number, k(y) is a certain function and x, y, z are unknowns.
First we tackle equation (2) for k(y) = m, a natural number such that m + p > 2.

Thus, for x = uzp, y = v
1
m · z

p

m , the given equation becomes

z = u
u

1−pu−
p
m v · v

v
m

1−pu−
p
m v (3)

Denoting
u

1 − pu − p

m
v

= −n1 ,

v
m

1 − pu − p

m
v

= −n2 ,

it results
u =

n1

n1p + n2p − 1
, v =

n2m

n1p + n2p − 1
, (4)

whence


















































x =

(

n1p + n2p − 1

n1

)n1p−1

·
(

n1p + n2p − 1

n2m

)n2p

,

y =

(

n1p + n2p − 1

n1

)n1·
p

m

·
(

n1p + n2p − 1

n2m

)

n2p

m
−

1
m

,

z =

(

n1p + n2p − 1

n1

)n1

·
(

n1p + n2p − 1

n2m

)n2

.

(5)
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The numbers n1, n2 can be chosen such that solutions (5) be natural numbers.
Now we prove the following

Theorem 1. The equation xx · yyk(y)
= zzp

, with m + p ≥ 2, m and p positive

integers, has infinitely many solutions x, y, z in positive integers.

Proof. For m + p = 2, that is m = p = 1, Theorem 1 is obviously proved according

to the Chao-Ko result. Let m + p > 2. Taking n2 =
1

p
and n1 = m · pp−2 · np in (5),

where n is an arbitrary natural number, the following solutions are obtained:










xn = np · pm·pp−1
·np+p−1,

yn = ppp−1
·np

,

zn = n · pm·pp−2
·np+1.

(6)

For example, the equation xx · yy2
= zz2

is a particular case of the equation
discussed above in the case m = p = 2, hence it has as solutions

xn = n2 · 24n2+1, yn = 22n2
, zn = n · 22n2+1, n ∈ N

∗.

Now, returning to equation (2), we can choose functions k(y) such that the given
equation have infinitely many natural solutions x, y, z. Thus, for example, k(y) = ys,
s ∈ N

∗, k(y) = r
√

ys, r, s ∈ N
∗, k(y) = y, yy, yyy

, . . . , and also linear combinations
of such functions k(y) = a1k1(y) + a2k2(y) + · · · + atkt(y), where a1, a2, . . . , at are
natural numbers.

Theorem 2. There are infinitely many functions k(y) for which equation (2) has

infinitely many solutions in positive integers x, y, z.

Proof. The assertion of Theorem 2 follows from the fact that for a given function

k(y) as like as mentioned above, we put in (6) m = k
(

ppp−1
·np

)

and n will be chosen

such that m ∈ N
∗.

Now, we will consider some applications:

Example 1. Consider the equation from [8]

xx · yyy

= zz2
. (7)

Using formulas (6), the following solution results:

xn = n2 · 2n2
·22n2+1+1, yn = 22n2

, zn = n · 2n2
·22n2

+1, n ∈ N
∗. (8)

For n = 3, the solution

x = 32 · 232
·219+1, y = 218, z = 3 · 232

·218+1

is obtained.
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Example 2. Consider the equation

xx · yyy2

= zz2
. (9)

For this equation p = 2 and k(y) = y2. Then

m = k
(

ppp−1
·np

)

= p2pp−1
·np

= 24n2
,

whence by (6) it results that

xn = n2 · 224n2+1
·n2+1 , yn = 22n2

, zn = n · 224n2
·n2+1 , n ∈ N

∗. (10)

Example 3. Consider the equation

xx · yy
3√y

= zz2
. (11)

In this case p = 2 and k(y) = 3
√

y. Then

m = k
(

ppp−1
·np

)

= p
1
3
pp−1

·np

.

Since p does not divide by 3, we take n = 3r, r ∈ N
∗, and get m = 26r2

. Then by
(6) we obtain the following solutions:











xr = 9r2 · 226r2+1
·9r2+1,

yr = 218r2
,

zr = 3r · 226r2
·9r2+1.

r ∈ N
∗. (12)

Remark. For k(y) = s
√

y we choose n = r · s, r ∈ N
∗, in order to obtain the solutions

of equation (2) given by (6).
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