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New Inequalities of Hardy-Hilbert Type
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Abstract. In this paper, we establish a new inequality of Hardy-Hilbert type. As
applications, some particular results and an equivalent form are derived. The integral
analogues of the main results are also given.

Mathematics subject classification: 26D15.
Keywords and phrases: Hardy-Hilbert’s inequality; Holder’s inequality; S-function.

1 Introduction

1 1

If p>1,-4+- =1, anb, > 0 satisfy 0 < Z;L’Ozlaﬁ < oo and
p q

0<>, b, < oo, then

sz—l—n s1n7T/p {Zap} {Z:lbgl} (1)

m=1n=1

and an equivalent form is

Z<Zm+n>p< {ﬁ]i 2)

n=1

where the constant factors 7/sin(m/p) and [r/sin(7/p)]P are the best possible.
Inequality (1) is called Hardy-Hilbert’s inequality (see [1]) and is important in ana-
lysis and its applications (cf. Mitrinovic et al. [5]). Recently many generalization
and refinements of these inequalities have been also obtained, see [4,12] and the
references cited therein.

Hardy et al. [1] gave an inequality, under the same condition of (1), similar to
(1) as :

szax{m ! <pq{2a”}%{§:b%}% (3)

m=1n=1

and an equivalent form is

Z (Z WM) < [PQ]pZafm (4)
n=1
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where the constant factors pg and (pq)P are the best possible. The integral analogue
of the inequality is:

1 1
If p > 1,5—1—5 = 1,f,g > 0 satisfy 0 < [7°fP(z)dz < oo and
O<f0 g9(z)dx < oo, then

// max{a: y}dxdy<pq</ frla d$>;</ooogq(:v)d:r>é (5)

and an equivalent form is given by

/ (/ max{a: y}dm> dy < (pg) / frla (6)

where the constant factor pg and (pq)? are the best possible. Recently some genera-
lizations of these Hilbert type inequalities were obtained. For details see [9,13-15].

In the recent years, many new inequalities similar to (1) have been established,
see [7,8]. Recently Das and Sahoo [11] have given a new inequality similar to Hardy—
Hilbert inequality (1) as follows:

1 1
Let p>1, —+-=1,0<A<4,0<r,s< XA if A<2, 0<r,s<2 if
P q
A>2, r+8=X\ anby, >0, Ay =D F_jak, By=> b 0 <Y 2 ah < o0
and 0 < > _>° ; b, < oo, then the following two inequalities holds:

r—i-1 s-1_1
q

sz i )\p A By, < pgB(r,s) (ZQI’)p(Zb?L)q; (7)
n=1

(m+mn)

0 0 7’—%—1 s—% p

Z <Z %AW) (¢B(r,s) Za (8)

n=1 \m=1 (m + ’I’L)

where the constant factors pgB(r, s) and (¢B(r,s))? are the best possible.
Sulaiman [10, Theorem 1] derived a new integral inequality similar to (5) as

follows:

Let f, g > 0, F(z) = [; f(t)dt, = [y 9dt, p > 1,
p:/\—a—1>1,q:/\—ﬁ—1>1,oz,ﬁ>—1.Then

/ / ma;{qu;:yA}F(w)G(y)dxdy

S(a+1)5(ﬁ+1)%(pp—l_1;)(;_—_1 AR dw}{/ (“)dx};'

In that paper Sulaiman does not prove whether the constant factor is best possible
or not.

In this paper we obtain a generalization of the inequality (9), given by Sulaiman
[10, Theorem 1] and the constant factor obtained is the best possible. First we prove

9)

Q=
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the discrete version of the inequality and some particular results. Then we prove
the integral analogue of the inequality.

We need the following two inequalities, which are well-known as Hardy’s inequ-
alities (cf. Hardy et al. [1]).

Lemma 1. Ifp>1, a, >0 and A, = a1 + as + ... + a,, then
o0 (o]
v <Gh)
S () < () S 10
n=1 < n p= 1 n=1
unless all the a,, = 0. The constant is the best possible.

Lemma 2. Ifp>1, f >0 and F(x) = [} f(t)dt, then

/0°° <F(x$)> dz < (}%) /OOO P (x)de, a1

unless f = 0. The constant is the best possible.

2 Main Results
In this section we prove our main result and derive some particular cases.

1 1
Theorem 1. Let p > 1, —+—:1 0<rs <1 r+s=2A anb, >0,
p

A, =3 r_iak, By = 7_; bk IfO <Y ah < oo and 0 < Y07 bl < oo, then
the following two inequalities holds:

Sy < (Sa) (Su) o
m=1n=1 n=1

oo 00 mr—%—lns—% p A\ P 0

Z <§_:1 max {mA,n)‘}Am) < <z_s> @ (13)

A AP
where the constant factors PI% ind <q > are the best possible.
rs rs

Proof. By Holder’s inequality with weight (cf. Kuang [3]), we have

oo 00 r—1_1 _,_1

IN
—— 3
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[]¢

=
jav
2 s
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> =
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>
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3‘1
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For a =1r,s,as 0 < a < 1, we have

st na—l e n ta—l

nzz:l max {m*, n*} < nzz:l n—1 ax {m)‘,t)‘}dt (14)

[ee)
= ———dt = —
/0 max {m*, t*} s

m=1n=1

Then by Hardy inequality (1), (12) is valid.
Again by Holder’s inequality and (14), we get

Hence, again applying (14), we obtain

_l_lns_% p A B oo [ ns—1 .
Z<ZWA> <(#) lemlm e

m=1

<GS

m=1

then by Hardy inequality (1), (13) is valid.
1 1 _
For 0 < e < min<gs,——,—— 7, take a, = n
p—1qg—1
Then

Since A; = d; =1 and for n > 1,

~ m~ m— k+1 14e mog. q 1.
=20 ,;/ ! pd””:/l o e = s (e - 1))

k=1
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Hence ) )
Am > ﬁ <m5_5 —1>, formz 1.
Similarly
~ D 1_e
Bas 2 (1), a1
>1—€(p—1) ne orn >
. pq .
Tak = h 1 = d fi
aking ¢(e) DMl —elg =1} we have ai)r(r)l+¢(a) pq and for
m,n > 1,
P l_e 1_¢ 1_e 1_e
A, B, > gb(g—:) <mq pmP 4 —npP 4 —Md p) .
Then

-1, —1—1

Z Z max {m AL AnBy >

m=1n=1
slps—i1 r—i-1 s—£_1 r—£-1 s—1_1
q -m 9 na m p n’p
m§:1n§:1 < max {m)‘ nt} max {m*,n*}  max {m* n } > B

66 (X, -3, 32,) Gan),

Since
oo sl ps—s-1
2 ] it -
A e TN

DI RN ()]

so, we have

A o) 1 o)
Z e-1 Z —s—=-1
>(r+£>(8_£) m _g) m >
q q m=1 q m=1

£
_s—£_1 .
where Y>> _ m™°"r " < co. Again

[ s6 s——l A R

> et <, - ") (o)

=1
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S0, we obtain

sl A o
2 mzz e < (r+2) (S_z)mz:lm Lo
Similarly, we get Z < o0. Hence
reiel sl A\
leZl i A B > 00§ - ErymnaCl] (16)

A
If the constant factor 22 in (12) is not the best possible, then there exists a positive

A PaA
constant K such that K < ]ﬂ and (12) still remains valid if P42 5 replaced by K
rs

In particular by (15) and (16) we have

—1 s—1-1

o(e) (T+%>)\< E) ext! <EZZ max{m/\ ) A,B, <

3_5 m=1n=1

1 1
00 P 00 P
<eK (Zdﬁ) (Zbﬁ) <K(e+1).
n=1 n=1
pq)\

A
Then —— < K as € — 01. This contradiction shows that the constant factor pga
rs

in (12) 1s the best possible.

by p
If the constant factor (q_) in (13) is not the best possible, then there exists
rs

. . P
a positive constant K such that K < £ and (13) still remains valid if <@> is
rs rs

replaced by K?. Then by Holder’s inequality, (13) and Hardy inequality (1), we

obtain
s—f— 00 mr—é—lns—% B
By = ) () <
mzzlnzzl max{mA nA} " 11221 mZ::1 max {m*,nA} " n
0 0 r—i_1 -1 p % 00 B q %
m a n° p n
< Ty Dn
{3 (S o) [ (%)) <
n=1 \m=1 n=1
1 1
(o p [ o 7
<o {3l {50}
n=1 n=1
A
which gives that the constant factor PaA 4 (12) is not the best possible. This
rs
pY p
contradiction shows that the constant factor <q_> in (13) is the best possible.
rs

This proves the theorem. O
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1
Now we discuss some particular cases of (12) and (13). Taking \ = 3 1,2, in

Theorem 1, we get the following results, respectively.

1 1 1
Corollary 1. Let p > 1, —+—:1, r,s > 0, 7‘+3—§, Gnyby > 0,
p

Ap = Y10k, By = Y5 by IfO < > ah < oo and 0 < 307 b < oo,
then the following two inequalities holds:

r———l s———l ﬂ 00 ) %
szax{\/— f} mBn <27‘8 <Za”>

m=1n=1 n=1 n=1
00 00 mr—%—lns—% P g \P 00
An | < (—) P 18
S (3 ] < () S ()

P
where the constant factors 2])_(] and <2i> are the best possible. In particular
rs rs

1 1
@) for r= % and s = o5 we obtain the following two inequalities:
q p

A B < 2(pg)? (Z a )
L1 L+ n
m=1n=1 m24 7121’ max{\/ \/_} n=1

00 0o Am p
27<n;m%“max{mﬁ}> (g’ Za )

1
(i) for r=s= 1 and p=q =2, we obtain the following two inequalities:

3=

(f: b%) E > (19)
n=1

N <32 by o 21
mEz:InE::l minimax {y/m,/n} {Z Z } (21)

n=1
m 2
> — - <256 ) ap. (22)
n=1 \/ﬁ <m:l m4 maX{\/m7\/ﬁ}> n=1
1 1
Corollary2.Letp>1,—+—:1,rs>0 r+s =1, an,b, > 0,
p

An = Y1k Bo = 35 by IfO < Xnlian < 0o and 0 < 30%, b < oo,
then the following two inequalities holds:

S < (S (Sn)
n=1

m=1n=1
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1

> (3 eyt < (S o

where the constant factors e and ( 4
rs

p
) are the best possible. In particular
rs

1 1
(i) for r= - and s = =, we obtain the following two inequalities:
p

Z Z mn H?;Z(B;:n n} < (pa)® (Z aﬁ) p <Z bgz) q ; (25)
’ n=1 n=1

m=1n=1
o0 o0 A P oo
S 2\P p
nzz:l (mZ::l m max {m7n}> < (pq ) nzz:lanv (26)

(i) for r=s= 3 and p=q =2, we obtain the following two inequalities:

1
[e <BNe e} AmBn [ee} [ee} 2
sznmax{m7n}<16{§ai§bi} ; (27)

m=1n=1
2
00 e’} Am e’}

Taking A =2, r =s =1 in Theorem 1, we get the following result.

1 1
Corollary 3. Let p > 1, — —|— —=1, an,b, >0, Ay => 7 _jar, By = p_1bk. If
0< Y ah <ooand0< ZOO bi, < 0o, then the following two inequalities holds:

Y — Bn < 2pq <Z aﬁ) p <Z b%) " (29)
n=1 n=1

m—1n=1 mqnl’ max{m2 n?}

> (Z 1 n Am> < (29)") _ab, (30)
n=1

n=1 \m=1 md max {m?,n?}

where the constant factors 2pq and (2q)" are the best possible. In particular for
p=q =2, we obtain the following two inequalities:

2.2 i () 8{2?} (1)

m=1n=1

2 o
Z <Z \/_max{mz n2}> < 162_:1‘131' (32)
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3 Integral Analogues

In this section we present integral analogues of the inequalities given in
Theorem 1, which in fact are similar to the integral analogues of the Hilbert’s in-
equality.

1 1
Theorem 2. Letp>1 ——1———1 Ars >0, r+s=X\ f,g>0and F(x) =

fo t)dt, G(z fo dt If0<f0 fP(z dx<ooand0<f0 gl(z)dx < oo
then the followmg two mequalztzes holds:

/OOO/OOO %F(ZE)G(y)dﬂcdy < pri:\{/Ooofp(:n)d:p}%{/Ooogqu)dx}%; (33)
/0"" ( 000 %F(w)dwydy < (%)p/ow () da, (34)

A A\
where the constant factors par and <q_> are the best possible.
rs rs

Proof. Using Holder’s inequality, Hardy inequality (11) and proceeding as in the
proof of Theorem 1, we get (33) and (34) are valid. For the best constant factor, let
1 1

0<e<minygs
o 1 =1

0 if x € (0,1),
x v ifzell o).

() = 0 if y € (0,1),
W)= y_l%s if y € [1,00).
Then ) )
o0 P o0 q 1
P(2)d 9 2)d i
([ ) ([ aara)" =2 (35)
and
Fo) 0 if x € (0,1),
e\&l) = q 1_e .
m(l’q p—1> lf.Z'E[l,OO)
0 if y € (0,1),
G:(y) = p

Y (v -1) itzel,oo)

Pq
1—e(p-1))1-elg-1)

1_e 1_¢ 1_ ¢ 1_ ¢

F.(2)Ge(y) > ¢(c) (xa—;y;—a _ypTi = ;,;rz) ,

Denote ¢(e) =
z,y>1

Then ¢(g) — pgq, as € — 01 and for
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Then
Ll s——_1
/ / maX{ﬂj)‘,yA} Fe(2)Ge(y)dady >
> e / / < o xr_%_lys_é_l B xr_;_lys_;_l> dxdy =
max {g;A Yy} max {2, Y}

max {x, y*}
= @(6) (Il — IQ — 13) (say).

Integrating, we get

I.:/w/‘”wdm: T
B T N D I O DI G)
12_/ / ﬁdmd@/— 2 - : .
max {2}, y*} (1+¢) (T + > ( %) <S+ %) (S N %)’
o0 r—5—1 5‘%_1 A !
A A ey Y e B o v

Hence

1 51
P A
— o oy Le(@)Ge(y)dady > ¢(e) —0O) . (36)
/0 /0 max {zA, y*} : 5(7«4_2)( _3)
If the constant factor paA in (33) is not the best possible, then there exists a
rs

A PGA
positive constant K such that K < ]i and (33) still remains valid if P92 5 replaced

s
by K. In particular by (35) and (36), we have

A

—e0O1), <
I
< E/ / max{wA,yA} F.(2)G:(y)dzdy <

<5K</ P dm) (/0 ()dm)l:K.

A
Then&SKass—>0+

¢(e)

A
. This contradiction shows that the constant factor par
TS
in (33) is the best possible.

Proceeding as in the proof for the best constant factor in (13), we prove the

b\ p
constant factor <q_> in (34) is the best possible. This proves the theorem. [
rs
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B+1 a+1

Remark 1. Takingr = ——+1, s = + 1, in Theorem 2, we get the following
q

b

generalization of (9).

1 1
Let p > 1, EJF_ 1,)\>0,a>—(p+1),ﬂ>—(q+l),%-l-g:
A=3, f,g=0and F(z) = [} f(t)dt, G(z) = [y g(t)dt. If 0 < [;° fP(x)dx < oo
and 0 < fo 94(z)dr < o0, then the followmg 1nequahty holds:
< F(x
/ / m yp{ /\)G)\(})dxdy<
max {z*,y (37)

where the constant factors

S latp +p1)q<2;+ ¢t {/000 fp(x)dx}% {/000 gq(x)dx}%

P
(a+p+1)(B+q+1)

is the best possible.

Remark 2. Taking the different values of the parameters A\, r, s, as following the
Theorem 1, we get the particular inequalities of (33) and (34).
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