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Numerical modeling of multidimensional problems

of gravitational gas dynamics

with high resolution schemes
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Abstract. The aim of this paper is to implement and analyze a nonoscillatory high-
resolution scheme for multudimensional hyperbolic conservation laws. Using methods
of Nessyahu and Tadmor for solving three–dimensional equations of gravitational gas
dynamics we provide a central two-step (predictor and corrector) scheme.
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1 Introduction

High resolution numerical schemes are used to solve multidimensional problems
of gravitational gas dynamics. Most of modern cosmological models assume exis-
tence of two matter types in the Universe – baryonic matter and another one known
as a dark matter. The first may be straight examined and includes atoms of any
sort. The second one is undetectable by its emitted radiation, but its presence
can be inferred from gravitational effects on visible matter. Gaseous nebula is con-
sidered to be a formation of gas, dust and other materials that ”clump” together
to form larger masses, which attract further matter, and eventually become big
enough to form stars. The remaining materials are then believed to form planets,
and other planetary system objects [1, 2]. For a sufficiently accurate description
of these problems we need to apply high-resolution difference schemes which use
high-order schemes. A stable calculation in presence of shock waves requires a cer-
tain amount of numerical dissipation, in order to avoid the formation of unphysical
numerical oscillations [3].

A three–dimensional difference scheme of the type TVD and some other related
results are presented in the paper [4].

2 Governing Equations

The equations of a self-gravitational ideal hydrodynamics may be expressed in a
conservative form with a source term:
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∂U

∂t
+
∂Fx

∂x
+
∂Fy

∂y
+
∂Fz

∂z
= 0, (1)

together with Poissons equation

∇2Φ = 4πGρ, (2)

here U is a vector of conservative variables; Fx, Fy and Fz are numerical fluxes.
In equation (2) Φ, G and ρ denote respectively the gravitational potential, the
gravitational constant and the density.

Equation (1) for ideal gas with self-gravity U is expressed in terms of

U = (ρ, ρvx, ρvy, ρvz, ρE)T, (3)

Fx =















ρvx
ρv2x + p+ ρgx
ρvxvy
ρvxvz

ρE + p+ ρg















, (4)

here v = (vx, vy, vz)
T are the speed components, g = (gx, gy, gz)

T = −∇Φ is the

gravity, E = |v|2

2 + p
(γ−1)ρ is the total energy, and p is the pressure. Components

Fy and Fz are obtained similarly [1]. The pressure is presented by barotropic and
isothermal equations of state with γ = 5/3.

3 Discretization

Many modern high-resolution numerical schemes for gasdynamics conservation
laws use the Godunov approach. These methods are also called finite volume me-
thods. They, as a rule, use two-step-by-step methods of type predictor-corrector.
Many of them use a uniform grid: cubic or parallelepiped. These schemes utilize
the sliding average of the solution u(x, y, z, t) in x direction:

u(x, t) ≡
1

|Ix|

∫

Ix
u(s, t)ds, Ix ≡ {s : |s− x| ≤

∆x

2
}

so that the integration of the conservation laws (1) over the rectangle Ix× [t, t+ ∆t]
gives the equivalent formulation:

u(x, t+ ∆t) = u(x, t)−
1

∆x

[

∫ t+∆x

Ix
f(u(x+

∆x

2
, τ))dτ− (5)

−

∫ t+∆x

Ix
f(u(x−

∆x

2
, τ))dτ

]

.



94 BORIS RYBAKIN, NATALIA SHIDER

Central schemes of the type Lax-Wendroff denote a class of difference methods
for solving hyperbolic partial differential equations. The original one involves a
strong viscosity and low resolution. Nessyahu and Tadmor [5] proposed a second
order accurate scheme with a piecewise constant approximation replaced by linear
interpolation. Thus the resolution of Nessyahu and Tadmor scheme is better than
the resolution of upwind schemes, and are much more easier to implement than the
schemes that use Riemann invariants.

The average value wnj may be calculated at a time tn in the mesh cell Ij ≡
{x : xj−1/2 ≤ x ≤ xj+1/2}. It is necessary to form a piecewise linear interpolation
polynomial with respect to mean values wnj at a time tn in order to calculate the
mean value in the cell Ij+ 1

2
≡ {x : xj ≤ x ≤ xj+1} at the time level tn+1 .

A 1-D piece-wise linear approximation may be written as follows

w(x, tn) =
∑

[

wnj + wj
′(x− xj

∆x

)]

χj(x).

Here χp(x) is a characteristic cell function, but wj
′ is a first order limiter built

on mean values of neighbourhood cells {wnj }. If {wnj , t ≥ t
n} is a conservation laws

exact solution wt + f(w)x = 0, then a central difference scheme is obtained versus
Godunov’s upwind scheme. Let wnj+1/2(t) = 1

∆x

∫

Ij+1/2
w(ξ, t)dξ be a mean value

shifted to the cell center. Then the control value (5) integrating gives:

wnj+1/2(tn+1) = wnj+1/2(tn)− (6)

−λ
[ 1

∆t

∫ tn+1

tn
f(wj+1(τ))dτ −

1

∆t

∫ tn+1

tn
f(wj(τ))dτ

]

.

Here λ = ∆t
∆x is a common restriction to the time step

Piece-wise linear mean values constructed at time-step t = tn give wnj+1/2(tn+1) =

1/2(wnj+1 + wnj ) + 1/8(w′j − w
′
j−1). It follows easily that 1

∆t

∫ tn+1

tn f(wj(τ))dτ ∼

f(wj(t
n+1/2)). The values

w
n+ 1

2
j = wnj −

λ

2
(f(wj))

′ (7)

are calculated in the end of the predictor step.
The expression

wn+1
j+ 1

2

=
1

2
(wnj + wnj+1) +

1

8
(w′j + w′j+1)− λ

[

f(w
n+ 1

2
j+1 )− f(w

n+ 1
2

j )
]

(8)

gives a possibility to obtain the values on the corrector step. Here w′j and f(wj)
′ are

the spatial discrete slopes for the corresponding mesh functions described in [4, 9].
Let the piecewise linear scheme (8) be modified in order to avoid the shift by 1/2

wn+1
j =

1

4
(wnj−1 + 2wnj + wnj+1)−

1

16
((wx)j+1 − (wx)j−1)− (9)
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−
λ

2

[

f(w
n+ 1

2
j+1 )− f(w

n+ 1
2

j−1 )
]

−
1

8
((wx)j+ 1

2
− (wx)j− 1

2
).

Consider (9) so that (wx)j and (wx)j+ 1
2

are the discrete time derivatives for the

tn and tn+1 time steps. The value w
n+ 1

2
j is defined on the predictor step by (7). The

Courant-Friedrichs-Levi condition must be fulfilled for the given central difference
scheme.

Consider a two-dimensional case, then a piecewise linear approximation wni,j is
obtained for the mean values corresponding to the cell center Cij :

Cij =

{

(ξ, η) : |ξ − xi| ≤
∆x

2
, |η − yj | ≤

∆y

2

}

For the predictor step we have the following:

w(x, y, tn) =
∑

[

wnij + w′ij(
x− xi

∆x
) + ẁij(

y − yj
∆y

)

]

χij(x, y) (10)

here w′ij and ẁij are the limiters along x and y axes.

4 Numerical Experiments for High Resolution Schemes. Numerical

tests in 2D

Implementing any differrence scheme includes a quite important stage – testing.
Our code was tested using three test problems in a two-dimensional setting thus
the accuracy and robustness could be examined. The first test to implement was a
Sedov-Taylor problem. It is a well known and rather severe spherically symmetric
shock wave propagation problem. We complicated it by considering an interaction
of two spherically symmetric shock waves propagating from two explosion sources
of equal power. Thus the oscillationns beyond shocks and steep gradients common
to this difference scheme may be analyzed.

Figure 1. Sedov-Teylor test for interacting shock waves. On the left figure t=2.2631,
on the right t=4.6978

The second test is a shock wave and gas buble interacting problem. The buble is
considered to be filled in with the gas of low density [6]. And the last test problem,
considered in this paper, was taken from [7].
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Figure 2. 3D figures for Sedov-Teylor test. Time t=4.6978

4.1 Sedov-Taylor test

Consider a rectangular 400 x 400 cell computational domain. Two power sources
are situated on its diagonal and equally distanted from the center. Spacial steps are
dx=0.05 and dy=0.05, specific heat ratio is γ = 1.4. The initial values of density and
pressure are 1.0 in the whole domain, velocity components are equal to 0. Notice that
rectangular grids are noninvariant with respect to rotation. So the difference scheme
”quality” can be estimated by obtaining a spherically symmetric shock waves.

Figure 3. Shock waves interacting
with gas bubble at time t=0.12

Figure 4. Shock waves interacting with
gas bubble at time t=2.335

Figure 5. Shock waves interacting
with gas bubble at time t=6.586

Figure 6. Shock waves interacting with
gas bubble at time t=10.0
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Figure 7. Shock waves in-
teracting with gas bubble at
time t=14.058

Figure 8. Shock waves interacting with
gas bubble at time t=18.988

4.2 Bubble test

We simulate the interaction of a low density gas bubble of radius r = 0.2, centered
at (0.5, 0) with a shock wave. The shock is initially at x = 0.2, and the initial condi-
tions to the right of the shock and outside the bubble are (ρ, u, v, p)T = (1, 0, 0, 1)T ,
inside the bubble the pressure and density are p = 1 and ρ = 0.1, and to the left of
the shock, they are determined by the Rankine-Hugoniot conditions [3].

We consider the 2-D Euler equation of gas dynamics in the strip R:(-0.5, 0.5)
with the solid wall boundary conditions prescribed at y = ±0.5. The initial data
correspond to a vertical left-moving shock, initially located at x = 0.75, and a circular
bubble with radius 0.25, initially located at the origin. Notice that as the problem
was considered for the rectangular grid, then the low density gas domain should
be defined for the corresponding rectangular domain. See on the right-hand side
in figure 3. These results demonstrate the robustness and stability of the proposed
central scheme to evolve the solution of hyperbolic conservation laws. In (3) – (8)
the interaction of gas cloud and shock wave at various times is presented.

Figure 9. 2D shock tube
t=0.4564

Figure 10. 2D shock tube t=0.90947

4.3 Two-dimension shock tube test

Consider (1) 2-D shock tube problem [7, 10]. Computational domain is a
square R:{0:1 x 0:1}, divided into four quadrants by lines x = 1/2, y = 1/2.
Spatial steps are dx=0.0025 and dy=0.0025, specific heat ratio is γ = 1.4. We
denote the quadrants [7]: left lower – 1.1, right lower – 1.2, left top – 2.1,
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right top – 2.2 and set a Riemann problem initial data in these quadrants as
follows: (ρ, u, v, p)T = (2.0, 0.75, 0.5, 1.0)T ; (ρ, u, v, p)T = (1.0, 0.75,−0.5, 1.0)T ;
(ρ, u, v, p)T = (1.0,−0.75, 0.5, 1.0)T ; (ρ, u, v, p)T = (3.0,−0.75,−0.5, 1.0)T .

In Figures (11) – (12) ρ is the density, u and v are the velocity components,

E = ρe+
ρ(u2 + v2)

2

is the total energy per unit volume and e is the internal energy. Ideal gas law
p = ρe(γ − 1) is used to solve the system of equations that is under consideration.

Figure 11. t=1.3686 Figure 12. t=1.9106

Figures 9 - 12 present the disttribution graphs of the density in the different
time steps. Here the number of Courant-Friedrichs-Levi is CFL=0.45. The results
almoust coincide with the data obtained in [7]. One may observe that shock fronts
are enough sharp and there are not any considerable oscillations beyond them.

4.4 Conclusions

We have presented a difference scheme for solving multidimensional gas-dynamics
equations. In particular it has been shown that the scheme and code are able to
model the processes goverened by conservation laws robustly and accurately. The
main purpose of this article was to develop high resolution schemes and to illustrate
their potential. Our numerical experiments suggest that these schemes have a good
resolution and may be applied for solving various astrophysical problems.

This article has been written under the support of the grant RFFI - Moldova
(IKI RAS - IMI ASM) 08.820.06.40 RF.
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