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with general constraints
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Abstract. The method proposed in paper solves a convex minimax problem with
a set of general constraints. It is based on a schema elaborated previously, but with
constraints that can be projected on quite elementary. Such kind of problems are of-
ten encountered in technical, economical applied domains etc. It does not use penalty
functions or Lagrange function — common toolkit for solving above mentioned prob-
lems. Movement directions have a stochastic nature and are built using estimators
corresponding to target function and functions from constraints. At the same time ev-
ery iteration admits some tolerance limits regarding non-compliance with constraints
conditions.
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The following problem is considered:

F(z) = i
(z) ggff (z,y) — min

P (z) = <0 1
() max (x,y) < (1)
re X

where X represents a compact and convex set in Euclidian space E™, the sets Yy, Y,
are compact sets in E™! and E™2correspondingly. Suppose that the set of optimal
solutions X* # ().

Let us define:
V(z,e)={z€ E":|x—z| <e},
V (X, e) :wLEJX(:E,s),
Vx (X*,e) =V (X* )N X, (2)
Wx (z,7) = (V(z,r) N X)\V (X*,¢),r >0,
Wy (y,r) =V (y,r) Y, r > 0.

The functions f (z,ys) and ¢ (z,y,) are supposed to be convex on V (X, e*) for some
£* > 0 and continuous on V (X,e*) x Yy and V (X, e*) x Y,, correspondingly.
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Let’s admit that on the sets Yy, Y, probability repartitions Py (-), P, (-) are
defined that satisfy the conditions:

[ptan =1 [Py =1. 3)

Yy Y,

For Vr > 0 3y > 0:

[ Pr(dz)>~, if Y=Y; forevery yeYy,
Wy(y,T’)

| P,(dz)>~, if Y=Y, forevery y€cY,. (4)
Wy(y,T’)

1 Method description

0

Starting element z° € X is arbitrary taken. The sequence {:Ek} p>q 18 built.

Let’s admit that the approximate solution of order k — the element z* — is already
obtained. The approximation z**! is determined in the following way:

(A1) Two random variables { € Yy, ¥ € Y, are simulated in series my > 1, [, >
1 of independent probes with distribution laws P; and P, correspondingly.

More specifically, the sets My = {&1,&2,...,&m, ), L = {t1,¢2,... 1, } are
generated on each iteration k that contain independent realizations of random

vectors & (yf) = yr € Yy, ¥ (yp) = yp € Yo,

k _ . . k _ . .
Y ) — — ) - 9 = =
(A2) The elements yj (z) = & € My, 1 <1 < my, yg (x) = j € Ly, 1 < j <y are
indicated:

7 (s 0 ) =1 a8

vek (5)

o(F,yk (x)) = max (z*,y).

(A3) yljﬁ € {y];_l,ylj‘f (az)}, yfz € {yfz_l,yfz (z)} aredetermined where:

f <xk,y?> = max {f <xk,y?_1> , f <mk,y? (m))} , where y?c = y?c (x),
p(a*, yh) = max {p (", y57"), ¢ (2,95 ()}, whereyd =y (2).

Definition 1. f <xk,y’;>, © (xk,yz) are called estimators of the functions F' (z)

and ® (z), correspondingly, for z = 2*.
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(A4) The new element 2"+ is built using the relation:

Rl — HX <£k+1> L GRL— gk ik (7)

where [] (Z) represents the projection of the element £ € E™ on the set X, that
is [[x (&) represents the closest element from X regarding Z; pj is the step value
corresponding to iteration k.

(A5) The sequence of vectors {nk} is defined in the following way:

(A6) The vector ¢g* is built as follows:

o k f — .k if k k) <

ped ()] ) o=t g,
Op (a;,yf;) for = =k, if gp(xk,yf;) > Tk

Here 0f (m’ﬁy’}) denotes the subgradient of the function f (m,y’}) [2], and,

respectively, 0y (xk,yg) is the subgradient of the function ¢ (:L",yZ;) for z = z*.

The vector ¢° is considered to be an arbitrary, but bounded vector.

At the same time we consider that the numerical sequence {py} satisfies clas-
sical requirements that ensure the convergence of the methods with programmable
modification of the step:

o
k=0
Additionally, for any number 7 € (0,1) we require the existence of a sequence {&j}
with properties:
£r — 0, SLINNNS (11)
Pk

3 .
so that for Vr, € [7]‘3, Ek] occurs the convergence of the series:

D ) < s (12)
kk=0
where

0, if pp >r or k=0,

L (k,rg) = k k (13)
s, if > pr<rp and > o>k

l:k—sk l:k—sk—l
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In other words sj is the biggest integer number among all numbers 7 > 0 that
k

satisfies the relation > p; < rg.
I=k—j
We will show that such numerical sequences {p} and {&;} exist that conforms to
the requirements (10)—(13). Above mentioned are justified by the following lemma:

Lemma 1. The sequences of the form py = k‘ac—l— 7 ¢c>0,d>0, ac (0,1 and
€k P ,p>0,¢g>0, 8€ (0, a) satisfy the (10)-(13) requirements.

R
Proof. 1t is obvious that klim L(k,r) = klim sp = 0o. For consecutive values of
—00 —00

k=0,1,2,... the resulting values of L (k,r;) have the form:

O,...,O,1,...,1,...,sk,sk,...,sk, (14)

—_—— N—— —_——

0<Cp times 0<Cj times 0<C}; times

(Sk—l-1),...,(Sk—|-1),(Sk+2),...,(8k+2),... (15)
0<C41 times 0<C42 times

In other words L (k,ry) takes the value 0 for Cy times, the value 1 for C; times
etc., the value si for C; times, where i = s,. We find out that the sequence {C;},
i =0,1,..., is bounded. If we suppose the contrary, it means that exists a value
C; € {C;} that can be however big. This implies that starting from some k > k' all
L (k,ri) = sgr. As aresult, starting from £’ all the values p; from (13) contradict the
requirement (11). Thus, there exists a number C' < oo so that C; < C, Vi =0,1,...
So, we can conclude that the sequence {sj} can take values however big (s — 00).

Further we take an arbitrary, but fixed number 7 € (0,1). The numerical series:

RNy L VIR (T
N——_— —— ————

C times C' times
e [ T = (16)

C' times C' times

=Cr%+Crl+.. .+ O+ Crovtl 4 =

x C
:C(TO—I—Tl—I-...—I—TSk—I—T5k+1—|—...):CZTk:—l < 0.
k=0 -7

But, on the other hand:

Z rLlkre) < CZTk. (17)
k=0 k=0

That leads us to the satisfaction of the (12) requirement. Lemma is proved. O
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Now let’s get back to the method of computation of the sequence {:Ek} It is
the moment to remark that the iterative process can be modified, namely different
distribution laws are applied for definition and simulation of random variables &, ¢
for every new iteration. This can favor the increase of convergence speed in a certain
sense of the sequence {:Ek}

The idea of using the subgradients of target function F(z), in case that
d (mk) < 0, and subgradients of the function & (z), if ® (mk) > 0, for solving a
convex model, is launched for the first time by B.Polyak in paper [1].

The stochastic subgradient method for solving a convex problem is defined in
the following way:

yEYf

F (z) =maxf (z,y) — min
{ reX

is realized and argued in [5]. Paper [4] describes this method that is developed using
the operation of normalization of subgradients and the convergence is established in
the same probabilistic terms. The proof of the convergence is based on two principal
stages. We will use and develop the mathematical mechanism used in [4] for arguing
the method (A1)-(A6) when solving the problem (1). Thus, the following affirmation
takes place:

Theorem 1. Let’s suppose that along with conditions mentioned above following
take place:

oo
7 >0, 7 =0, ZPMZOO, ™ . (18)
=0 Pk

Then, for Ve > 0 fized, all elements of the random sequence {x obtained as a

“}

k>0
result of application of the described method (A1) -(A6) , are localized almost certain
(with probability 1) in vicinity V (X*,2¢), but excepting a finite number of elements.

Formally this can be represented in the following way:

:0}:1,

where z¥ = zF (90,91, e ,Hk_l), 0F € ©F = (M}, x Ly,).

P{lim min ||2f — 2*

k—ooz*eX*

Proof. If X C V (X*,2¢) then the statement is obvious. Let’s admit X\V (X*, 2¢) #
(). We mention here that on every iteration k for the initial model (1) is associated
the following problem:
F = i
(2) ggff (z,y) — min,
® (r) <, (19)
reX
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or, the group {f (mk, y']ﬁ) , P (mk, yé) S Th X} corresponds to the iteration k, in order

to determine the direction 7* that will lead to obtaining the next element—z*+1.

Two stages for proof development will be accentuated.

Stage 1. Firstly, the existence of a subsequence {azkl} C {xk}k>0 that
almost  certain is contained in Vx (X*,e) will be proved, i.e.
P{El{a:kl} C {xk}k>0 cahe Vy (X*,E)} = 1.

Let’s suppose the contrary. In this case for some ¢ € (0,1) a natural number
K, < oo can be indicated such that the following event is produced

A = {EIKq:Vk‘ZKq,‘

xk—x*HZa or:nkgéVx(X*,e),V:E*GX*} (20)

with probability P (A;) > q.
Let’s denote X, = X\V (X*,¢).

Since the functions F'(x), ® () and their estimators f (:E,y]]?), © (x,yg) are

convex, the following inequalities are valid [2]:

F(a%) = F (%) = (0F (%) 2% — %), f (a1, 05) = 7 (2, 0f) =
> (E?f (xkjylji) gl xk) 7
O (z*)— P (azk) > (8(13 (mk) ,T* — azk) , gp(a;kﬂ,yZZ) - (mk,yé) >

> (&p (xkjy!;) Lkl xk)

(21)

for Vo* € X*, Va¥ 2F ! e X.
Taking into consideration all properties enumerated above, two constants C >
0, Cy > 0 may be chosen, such that ||z’ — 2”|| < C1, V', 2" € X and ||OF (z)]| < Cs,

|0® (x)]| < Cq, Haf (w,y'}) H < Oy, |0 (m,yé)“ <Oy, Vo € X,Vyy € Yy, Vy, € Y,,.

Let’s consider the case ¢ (mk, yfj) < 7 and 2 € X.. Since the function F (z) is
convex, results that exists the number Arp = A (g) > 0 such that

L (F(0)— F (@) =2Ar (22)
or, on basis of (21):
(8F (mk> Lk~ x) > 2Ap, (23)

(8F (mk) Lk — :17*) - (OF (mk) - x*) 2A R
IOF (%) - [la* — a*[| — Cy-Cy ~ 00y
From (22) it follows that for VZ € X.:
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[y (7)) — F(27) = 2AF (24)

where y; (Z) is such an element from Y} that f (Z,y; (Z)) = F (%).

Taking into consideration the last inequality and the continuity of the function
[ (z,ys) regarding (x,ys) € X x Yy, we conclude that for VZ € X, a number ro (Z) >
0 corresponds, so that:

Flaoyy) > F(a%) + gAf (25)

as soon as x € Wx (Z,70 (%)) and yy € Wy, (y5 (%) ,70 (2)).
The set X, is compact. Therefore, there exists the number

ro = min {%Iel%?‘o (), E} > 0. (26)

Hence, the inequality (25) is satisfied for all Vi € X., x € Wx (Z,70), yy €
Wy, (yy (2) ,70).
Similarly, in case that ¢ (a:k , yfj) > 73, and ¥ € X,, it follows

O () — @ (27) = 27 (27)

or, on basis of inequality from (21):
<8<I> (xk) - x*) > 27, (28)

(0@ (mk) ak — z*) - (0@ (:Ek) ,ak —a) S 27
102 (@) - 2% — 2*|| Ca- O 00y
From (27) it follows that for Vi € X,:

0 (Z,y, (2)) — O (2) > 27y (29)

where y,, (Z) is such an element from Y, that ¢ (Z,y, (2)) = ® (2).

Taking into consideration the last inequality and the continuity of the function
¢ (x,y,) regarding (z,y,) € X x Y, we conclude that for V& € X. a number
o (Z) > 0 corresponds so that:

o (2,y,) = @ (") + gm (30)

as soon as x € Wx (Z,7o (7)) and y, € Wy, (y,, (Z),70 (T)).
As was specified previously, the set X. is compact. Therefore, there exists the
number

ro = min {minro (7)), s} > 0. (31)

zeXe
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Hence, the inequality (30) is satisfied for all VZ € X., * € Wx (Z,70), yp €
WYHP (yso (‘%) 7T0)’
Let’s consider some numbers g 52 from intervals <O 28F > <O 27 >
’ "Cr-Cy) 7 CL-Cy
and label &, = min {5 Jab 5{%}. Particularly, ép, 5@ can be taken as midpoints of the

. 2A R 21y,
val — —):
meervals <0’ 01'02>’ <0’ 01'02>

Ap k Tk

5F:C1’C275¢201'C2 (32)
As a result the following is obtained:
(OF (a%) 2% = 2%) = 26 [[0F ()| - ||« = 27, if (", ) < 7,
(33)

(09 (%) ,a* —a*) 2 26 [|0® ()] - [|a* — 27|

, if cp(xk,yé) > Tg.

The following events are being considered:

1. A’f = {(nk,xk — x*) > Sk H:Ek — :E*H ,Va* € X*}. Obviously, the opposite

event with regards to A’f has the following form:

’f = {EI:E* e X" (nk,wk —:17*) < by ka —x*H};

2. Dy = { U N Aﬁ}, or, in other words, occurs all A¥ (k > K,), without,

k=K i=k
- 0o 00
perhaps, a finite number. It is obvious that Dy =< () |J 4} ¢, or, in other
k=Kjyi=k

words, an infinite number of events A_’f are produced.
Let us evaluate P (A1). In order to do this let’s represent

P(ay) =P (4 <D1UD_1)> =pP(a\D1)+P(4ND1).

Both terms from the last expression will be estimated.
From the realization of event Aj (| D; follows the existence of such a natural
number K5 < oo that for all £ > Ky and Vz* € X* the following inequality occurs

(nk,xk - xZ) > oy, H:Ek —

. (34)

Taking into consideration (34), for k& > Kjs we have the following sequence of
relations:



SOLVING MINIMAX PROBLEMS WITH CONSTRAINTS 41

ot = [* < flat = pu = || = [l = 2" = 200 (& — 2% ) + o} [ <
< [lok = 2> = 2pud [l — 27| + g} < [|o* = 2> — 2pude + g} =
= Hﬂjk - :E*H2 — Pk <28k6 — pk>.

Because py, P 0, for some Kg¢: 0p > 5{; or oy, = 5{%, as soon as k > Kg. According
—00
to (18), (32) for some K. > Ko: pp < 0ke, as soon as k > K.. Evidently, for
k >k =max{Kj, K.}:
|2 %2 N
k51 o[ < ot |~ i

ok = |F < [kt = ||~ ppoabpe < b — 0" -

—€ (pk—25k—2 + pk—lgk—l) e

o+t = < [ o

k -
—e Y pils,
i=k

or ka+1 _ x*H2 < H:Ek o

2 k )
— € Z ,01520
i=k

Due to imposed conditions on 7 in (18), based on relation (32), we get:

k
2
0:02 me — —o0, for k— . (35)

ka—i-l gt

2 ~
<

We obtain a contradiction because the norm of any vector, moreover its square value,
cannot be negative. Therefore, the realization of event A; (] Dy implies realization of

an event that is practically unrealizable, F} = {HazkH — m*H2 <0, k— oo}. That
is P(A1 (D) < P(Fy) = 0. It means that P (4;) = P (A1 (D).
Let us evaluate P (A1 N D_l) Let’s take an arbitrary number r from the interval

Ek _ _ . Ap Tk
[7, sk}, where £ = min

0, 2, E} The following events are defined:

1. B]J?:{at least one time among the iterations of the form j = k — s,k an

clement from the set Wyf (y f (:EJ) ,Tk) is generated, where 27 € Wy (:pk,rk),
for sy defined in (13)};

2. Bf;:{at least one time among the iterations of the form j = k — si, k an

element from the set Wy, (yso (CU]) J’k) is generated, where z/ € Wy (a;k,rk),
for sy defined in (13)};

k _ pk k
3. Bf = Bk B
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The simulation of the variables £ and 1 on iteration k is executed in parallel and
independently. Since the events B']?, BZZ are independent, it follows that P (Bf) =

k k
P(Bf)-P(BY).
The realization of the event B']? implies: for some iteration ji € k — si,k the
generated element ygck (:17”6) =&, € Mj,,1 <t < mj, has the property ygck (:17”6) €
Wy, (yf (x]k) ,rk), that is, according to (25):

S S . )
f(@up) = f (27, uf (@) 2 F @) + SAF. (36)
Let’s admit that ji is an arbitrary element from the set of iterations
{(k—sp,....k—1}. We will show that f(a:k,y’]ﬁ) > F(z*) + Ap.  Indeed,

taking into consideration the convexity of the estimator f (x,ys) for Vys € Yy and
the way of computation of the sequence {xk}, we get:

f (xk+17yf) - f ($k7yf) > (af(xkvyf)7xk+l - $k) >

> —|[of @,y - [TTx (=" = pin*) — 2*|| = =Capp.
From (36) and (37) it follows:

(37)

f (xjk+17yjck+l) > f (xjk-i-l’y.}k) > f (xjkjy}k) _ CijM

3 Ap

; 3
( Ikt gt > > f (aﬂ’“,y”) Cy Z P+t 2 F(@%) + 5AF — Corg 2 (38)
F(az*)+ = AF — Oy

v

2C2_F(x)+AF

i—1
for all ¢ that >~ pj, 41 < 7.
=0

k—jk

k
But, > pj+1=pj +pj+1+ ..+ pe < > p < ri. Therefore,
1=0 I=k—sy,

7 (2" 0f) 2 F (@) + A, (39)

But if j, = k, then the last inequality is satisfied even more. As a consequence to
(39) we have the following chain of inequalities

A () 2 (o) (508) 2 (07 (k) ot — )

or,

(af< ,yf) - —x)ZAF. (40)

Taking into consideration (40) and the way the number o), is chosen, we get:
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<8f <:Ek,y]}> ,xk — :z:*) .
lor (*.uf)]| - ot =22~

or, in other words, the event Alf is realized.
The realization of the event BZZ implies: for some iteration ji € k — si, k the

generated element y&k (az“) =y, € Lj,,1 <t <1, has the property y&k (mjk) €
Wy, (ygo (x]k) ,rk), that is, according to (30):

o (a7, yk) = ¢ (a7, ylk (%)) = @ (a7) + gﬂc- (41)

Let’s admit that ji is an arbitrary element from the set of iterations
{k — sg,...,k—1}. We will show that ¢ (xk,yé) > @ (z*) + 7. Indeed, taking
into consideration the convexity of the estimator ¢ (x,y,) for Vy, € Y,, and the way
of computation of the sequence {xk}, we get:

(T ) — o (2F,y,) = (0p(a”, yp), aF T — 2F) >

>~ et )| [Ty (o5 — i) 2] = ~Cape
From (41) and (42) it follows:

(42)

¢<$jk+1’yg‘0k+1> >0 <xjk+1,yg0k> > <xjk yk) Copj.

@(fﬂ]kﬂ,yfoﬁ > > (il?“ > Cy Z Pi+t 2 B (27) + 57 — Cory 2 (43)

3
> o - C d
> ®(x )+2Tk 2202 (z )+Tk
i1
for all ¢ that > pj, 11 < 7.
=0
k—j, k
But, > pj+1=pj +pj+1+ ..+ pe < > p < ri. Therefore,
=0 I=k—s},
o (4,98) = @ (@) + 7 (44)

But if ji = k, then the last inequality is satisfied even more. As a consequence to
(44) we have the following chain of inequalities

—7 > @ (2%) — ¢ (xkyfi) > ¢ <wny> — (ztkyfz> > (890 (ztkyf;) ot — :L"k)

or,

<8<,0 (xk, yé) b — :17*) > T (45)
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Taking into consideration (45) and the way the number oy is chosen, we get:

ko kY ok x
@0 () =) o
[0 (z*, yf)[| - llz# — 2= ~
or, in other words, the event Alf is realized.
The realization of the events B'Jf and Bf; implies the realization of the event BY.

At the same time the following implication takes place: Bf C Alf. Therefore, we
get P (BY) < P (A}), or, P <A'f) <P (Bf) But, accordingly to (4), (13) follows:

P (B_f) < o) where o = 1 — ~v. We get following set of inequalities:

Sop () < 3P (B) < o) <o
k=0 k=0 k=0

We are in the situation that the conditions of the Borel-Cantelli lemma are met [3].
It means that P (Dl) = 0. Therefore,

qu(Al):P<A1mD_1) < P (D) =0.

Thus, g = 0.
A contradiction has been obtained, because we have supposed that ¢ > 0. Thus,
there exists a subsequence {xkl} C {xk} k>0 that almost certainly is contained in

Vx (X*,¢).

Stage 2. Further will be proved that all elements of the sequence {:Ek}, without
just a finite number, belong to the set Vx (X*,2¢) with probability 1.
The following events are defined:

Ay = {3{ak} c {a*}: {2k} cVx (X", )},
By ={3{z"} c {aF}: {Fm} ¢ Vx (X*,2¢)}.
Next, P (Bs) will be appreciated. We will find out that P (Bz) = P (B[] A2).
Indeed, P(Bz) = P((B2NA2)U(B2NA2)) = P (B2 A2) + P (B2 Az) =
P (B3 Az), because P (B2 ﬂAg) <P (Ag) =0.
Further, the following event will be considered: Dy = Ay () B2. Suppose that
P (D2) > 0. Realization of the event Dy means that the transfer from Vx (X*, ¢) to
X\Vx (X*,2¢) and vice versa takes place infinitely.
Let us denote by:

(46)

1. K; — the number of first iteration when the event {xKl € Vx (X*,e)}
is produced;

3
2. K9 — the number of first iteration when the event {xK2 € Vx <X*, 56)}

is produced,;
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3. K3 — the number of first iteration when the inequality pr, < 26 K is satisfied;

4. K = Imax {Kl,Kg, K3}

_ 3
In case for some k > K and zF ¢ Vy <X*,§€> the inequality that de-

fines the event A’f is satisfied, then the following sequence of inequalities occurs:
kaH — x*H2 < H:Ek — :17*H2 — pk(265k —pr) < H:Ek — ZE*H2, because H:Ek — x*H > €.

That is, as soon as k > K and z* ¢ Vx <X*, ga> it follows:

HmkH —z* . (47)

< Hx’“ —z*

Since pi o 0, a number K* > K will appear with the property: z% ¢
—00

3
Vx (X*,2¢)\Vx <X - §€> This will happen certainly. Particularly, for pi < %:
ot - .

3
Therefore, there exists a number k that satisfies 2* € Vy (X*,2¢) \Vx <X *, 56)

According to (47), HZEK*—H - :E*H < HxK - x*H In case 2%+ ¢ Vy <X*, gs>,
then ||$K*+2 —a*|| < HxK*H — || < HZEK* — 2*||, and so forth, for all j > 0 that

* - 3
satisfy 217 ¢ Vy <X*, 55), takes place:

* . . *
25K — ¥l < min ||2f — 2*

TreX*

min
rreX*

X

< 2e. (48)

Let us denote {:Ekl}l>1 the sequence of all elements {xk} with the property that
l * Kk 7* * 3 kl—1 * 3
E' > K* 2" € Vx (X*,2)\Vx | X ' 5¢ and x e Vx| X 15 ) Then, for

- 3
1>1, k' <j <k and 27 ¢ Vyx <X * 55) the following inequality occurs:

2* — 2*|| < 2e. (49)

z’ —:E*H < min
rreX*

min
rreX*

3
Thus, in other words, admitting that for some K elements of type z* ¢ Vyx <X ) 55) ,

k < oo, kK > K satisfy the inequality from the event Alf, then the event
By cannot occur with positive probability. The supposition that Do is realized

3
means that beyond the layer Vyx (X*,§€ the penetration of the layer takes

place only when infinitely the event A_’f considered previously is produced. But,
P (Dl) = 0. So, the conclusion that can be drawn is that the transfer from the layer
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Vx (X*,2¢)\Vx | X*, g&? into the layer X\Vx (X*, 2¢) occurs only a finite number
of times. That is, P (D2) = 0, and it implies P (Bg) = 0. Theorem is proved. O

Remark 1. In case the set of optimal solutions X* = (), application of the above
described method for solving the problem (1) leads us to the solution of the following
problem:

®(z) = , i
(x) g@@f@(m y) — min

reX.
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