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Abstract. Hilbert series for the graded algebras of comitants Si,4 and invariants
S1,,4 of differential system are constructed and with their help the Krull dimensions
of these algebras are determined. The lower bounds for the number of the types of
generators for the algebras S1,4 and SI; 4 are obtained
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1 Introduction
We consider differential system of the form
¥ =alx® + aflﬁ,y(s:naa:ﬁ:ﬁx (J, o, B,7,0 = 1,2), (1)

where the coefficient tensor a’
plete convolution holds.

In [1-7] the authors presented different methods of the study of the set of centro-
affine invariants and comitants of the system (1), which later find an application for
the qualitative study of these systems.

One of these methods is the method of generating functions and Hilbert series
described in [5-7]. The method goes back to classical works [8-16] for invariants
of binary forms, takes further investigation in works [17-28] for graded algebras
of invariants of indicated forms and also for graded algebras of different abstract
objects.

From [5-6] it is known that in order to construct a minimal polynomial base of
invariants and comitants [3,4] of the system (1) it is enough to construct generators
of algebra of unimodular comitants and invariants of indicated system.

Consider the system (1) with the group of unimodular transformations SL(2, )
it is supposed this group acts in a natural way in E'6(z, a), where x = (2!, 2?)
vector of phase variables, and a is the set of coefficients of the system (1).

Let R[E'%(z, a)] be the algebra of polynomials on E'6(x,a). The group SL(2,R)
acts also in R[E'®(z,a)].

Let S1 4 be subalgebra of polynomials, depending only on z,a from R[E(z, a)],
and it is formed from SL(2,R) comitants [5-6] of the system (1).

a6 is symmetrical in lower indices in which the com-
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Following [5-6], we shall name S 4 the algebra of comitants, and its subalgebra
S1 4 of polynomials depending only on z, will be called the algebra of invariants.

Let R[E'(z,a)]¥) be the set of polynomials of the type (d) = (4,d1,ds), homo-
geneous of degree ¢ in variables z = (x!,22), of degree d; in coefficient tensor al, of

degree ds in coefficient tensor aflﬁ,y s+ Let us assume

St = S1a[(RIE (z,a)] .

The algebra S 4 is graded through SSQ and

is considered finitely determined [5-6] for Sﬁ)) =R
It is known [1-6], that R-algebra Sj4 is locally finite, i.e. dz’mRSﬂ < 00
for all (d).

The arising here sequence is {dz’mRSfQ}, and the corresponding generalized
Hilbert series [5-6] is

H(5174, u, b, e) = Z d’imRSﬁQuébdl €d2, (2)
(d)

where dimRSiOi =1, and (d) = (4, dy,da).
The common Hilbert series is obtained from the generalized one as follows

Hg, ,(u) = H(S1,4,u,u,u). (3)

Remark 1. The generalized (common) Hilbert series for the graded algebra of
invariants S1; 4 C Sy 4 of the system (1) is formally obtained from (2) for u =0
(b=-e=2).

Remark 2. Following [19], we remark that the transcendent degree over R
of the field of quotients of algebra Si4 (SI;4) is called its dimension of Krull
0(S1,4) (0(S11,4)). This dimension is equal to the maximum number of algebraically
independent homogeneous elements in Sy 4 (S1; 4), and also to the order of the pole
of common Hilbert series at the unit.

2  Hilbert series and Krull dimensions for algebras S; 4 and SI; 4

We determine the lower bounds for the number and the totality of types of
generators for algebras Si4 and SI;4. For that we construct Hilbert series for
algebras S 4 and S1; 4 for the system (1).
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Following [5-6] we obtain that dimRSfQ is equal to the coefficient of u%b% e in

the expansion of initial function

(0 1-u?

A0 = TP =

1
x (1 —wde)(1 —ude)?(1 —ue)?(1 —u=te)?(1 —u3e)2(1 —ude)’

From [5-6] it is known that the generalized Hilbert series (2) is the solution of
the functional Cayley equation

H(Sl,47 u, b7 6) - u_2H(Sl,47 u_la b7 6) = ‘Pgoi(u)a

where cpg?i(u) is from (4).

Taking into consideration the last equality takes place

Theorem 1. The generalized Hilbert series for the graded algebra S14 of the system
(1) is a rational function of u, b, e and has the form

where

Dy 4(u,be) = (1 —b)(1 —b*)(1 — bu?)(1 — be?)2(1 — b3e?)?(1 — bPe?)(1 — e?)?x

x(1—e?)(1—e%2(1 —e®)2(1 — ew)?(1 — eu®)?(1 — eud),
(6)

13
Nia(u,be) = Ry(b,e)uF, (7)
k=0
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and

Ro(b,e) =1 — e? + 4e* 4 €0 + 18e8 + 119 + 35¢e'2 + 13e* + 35e!0 + 118+
+18e%0 + €22 + 4e1 — 0 4 28 + b(e? + et + 13¢5 + 26€® + 29¢'0 + 40e!2+
+19e! + 36e'6 — 5el® 4+ 6620 — 15622 + €24 — 5e20 + 2% — 2¢30) + b2 (e2+
+8et + 16€0 + 26€® + 27e10 + 20e!? + 12e1* — 116 — 29618 — 3120 — 22622
—11e* — 4e%0 — 2e28 — 30 4 32) 1 b3(e? 4 10e* 4 10e8 + 24e8 — 5el0 + 7el? -
—64e!t — 49¢16 — 107e!® — 5520 — 5822 — 10e?* — 1020 + 328 + €30)+

+b4(e? + 6e* + 9e8 4 10e® — 7l — 29e!? — 87el* — 7516 — 117! — 2920 —
—30e?? + 26€%* + 2e%6 + 17 — 3e30 + 4¢32) 4 b (5e + 3e® + 10e® — 21—
—38e1? — 82e! — 76610 — 7218 + €20 + 20?2 + 44! + 320 + 17?8 + 630+
+2e32 — 2e34) 4 b5 (2e* + 3e8 — 28 — 29¢!0 — 36e!? — 84e!t — 41e!6 — 48184
+48e20 + 41e%2 + 8424 4 36€26 + 29 + 2¢30 — 3¢32 — 2¢34) 4 b7 (2et — 20—
—6e8 — 17e'0 — 32¢12 — 44e!* — 20e16 — €18 + 7220 + 7622 4 82¢24 + 3826+
+21e28 — 10e3 — 3e32 — 5e31) + b8(—4eb + 3e® — 17!V — 2¢12 — 26e! + 3010+
+29¢1® + 11720 + 75e%2 4 87e?* + 29¢%6 + 7e28 — 10e30 — 9¢32 — 634 — €36)+
+b%(—e® — 310 4 10e'? + 10e! + 5816 + 55e!8 + 1070 + 49¢%2 + 64e?t — 7e20+
+5e% — 24e30 — 10e32 — 10e34 — €36) 4 b10(—eb + €8 + 2e10 + 4e!? + 11+
+22e16 4 31e!® 4 29€20 4 1122 — 1224 — 2026 — 2728 — 263" — 16e3? — 8e34—
—e30) + b1 (2e® — 210 + 5el? — el + 1516 — 6e!® + 520 — 3622 — 1924 —
—40e%0 — 2928 — 26e30 — 1332 — 53t — €36) + b2 (—el¥ + e!2 — 4!t — 16—
—18e!® — 112 — 3522 — 13e?* — 3520 — 11e2® — 18e30 — 32 — 434 -

te36 — 38),

Ri(b,e) = —2e + 4e3 + > + 15e” — 8¢ + 21e!t — 18e!3 4 26e!® — 27! + 69—
—19e?! + 7e?3 — 625 + 227 — 22 + b(e + 5e3 + 8 + e’ + € + 15et! — 8el3+
+16e!5 — 47e!™ 4 11! — 19e?! 4 1823 — 1325 4 7e?™ — 4e?? + 4e3) + b?(2e+
+6€3 + 25 + 6e” + 9e% + Tell — 7el3 — 34e'® — 24el” + 219 4+ 112! 4 623+
+5e2% + 5627 + 4 4 2e3T — 2e33) + b3 (e 4 43 + 16e7 — 11e? + 14e!t — 7713 -
—e!% — 63elT + 5919 — 6e2! + 52e — 36?5 4 1927 — 32 — e31) 4 bt (4e3 + 5eS+
+3e” — 9¢” — 26!t — 60e!® + 4de'® — 35e!7 + 88l — 112! + 512 — 2420+
+30e%” — 20e? + 8e3! — 8e33) + b7 (4e® + Te™ — 23e? — 19el! — 49e!? + 15+
+el7 4+ 73e!9 + 12e2 + 30e23 — €2° — 9e27 — 16€2 — 10e3! — 5e33 + 4e3%)+
+09(e3 + €5 — 3e™ — 16€? — 10e!! — 51e!3 + 26e'® — 11e!7 + 96e!? — 32!+
+60e?3 — 45e%5 — 427 — 38 — Te3! + €33 + 3e%) + b7(—3e® + 2e7 — 6e°—
—21ell —23e!3 +18e!5 + 26! 7 + 73¢9 + Te + 11 — 39¢?° — 15¢%7 — 39¢2%+
+7e31 — 4e33 + 6e3) + b8(6e” — 20€° — 24e!3 4 61e'5 + 9elT + 88el? — 49¢21 +-
+20e%3 — 56e25 — 18e27 — 2562 — 3! + €33 + 6e3° + 2¢37) + b (—e” — 9+

+7eM 4 3e!3 4 446! 4 45e19 — 53e2! 4 3123 — 655 + 10e27 — 47¢% + 1231+
+14e% + €37) + b19(2e7 — 2 — el + 9e'3 + 16e!5 + 7el” — 6el? — 122! —
—12e?3 — 9e25 — 2127 — 7 + 14e3! + 14e33 +8e3%) + b1 (—4e” + Tell 4 13+
+14e'® — 23e!™ + 11e! — 352! + 18e?3 — 34€2® + 7e?™ + 52 4 213! + 833+
+3e35 4 e37) + b12(2e! — 4e!? — e — 15e!7 4 8el? — 212! + 18e? — 2620+
12727 — 62 4+ 19e31 — 7e33 + 6e3° — 237 4 2¢%9),
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Ry(b,e) = 4e% — 2e* + 7e5 — 5eB 4 2710 — 13e!? 4 20e* — 29¢16 + 1418 —
—17e% + 522 — 14e?! 4 3620 — €28 + 30 4 b(2e? — 3et 4 7€l + ¥ + 11e10—
—53e1? — 14e! — 73e10 4 9e!® — 45620 4 8?2 — 17e?* + 210 — 5?5+
+2e30 — 2e32) + b2(7e0 — 12® — 39e10 — 64e!? — 39e1t — 37el6 4 218
—16e20 + 16?2 + 17 + 1620 — 328 + €3V — €32 4 €31) + b3 (2e? — e+
+eb — 42¢8 — 30610 — 85¢!2 + 8elt — 44e16 + 67e!8 + 20 4 8122 + 1624+
+32e20 — 628 + €30 — €32) + b1(2e? — Het — 6e5 — 30e8 — 18e!0 — 53el2+
+65e — 316 4 1598 + 4420 + 143e22 4 9e2* + 4020 — 4728 4 5¢30—
—7e32 + 4e3*) 4+ b°(e? — bet — 28e® — 11elV — 14e!? + 84elt + 570+
+172e™® 4 5120 + 89¢?2 — 232 — 2526 — 43e28 + €30 — 432 4 2¢31
—2e30) + b5 (—e? — €6 — 26€® + 10 — 12¢12 4 103e!* + 67e!® + 16218+
+6e20 + 51?2 — 98¢+ — 37e20 — 59e28 — 4¢3 — 43?2 4 3e34) 4+ b7 (—ef—
—13e8 + 7el® + 22¢!2 4 103e! + 51el® + 104e!® — 20620 — 9e22 — 11924 —
—60e?0 — 7928 + 830 — 5e32 + 10e3* + €30) + b¥(—2e? + 25 — 118+
1+26e'0 4 23e'2 4 87e! 4 79e18 — 92¢20 — 2422 — 141e%* — 68e%0 — 6125+
+12€30 + 3e32 + 143 + 336 — €38) + b9(3e0 — 4e® + 2210 + 5el? + 55elt—
—30e'0 + 30e'® — 137€20 — 41?2 — 183e?* — 3926 — 53e%® + 4330 + 10324
+18e3 — 2e30 + €38) 4+ p10(—e® 4 Tel0 — 2e!2 — 4elt — 5316 — 4218 -
—104€%° — 7922 — 99¢2* — 10e?0 + 1128 + 45¢30 + 1232 + 10e3* + 436+
+3e38) + bll(ef — 8 + 5el — 9el? — 6elt — 36e!6 — 10e!® — 6720 — Te22—
—19e* + 4626 + 31 + 3530 + 13e32 4 17e3* + 7e30) 4 b12(—2¢8 + 210
—9e!? 4 3e!t — 2216 1 11e!® — 3220 4 49¢2? — 24 + 69e20 4 15?8 4 4330+
+8€32 4 193 — 236 + 38 — €10) + p13(e!0 — 12 4 4elt 4 16 + 1818+
+11e20 + 35€%2 4 13e?* + 35e%6 4 11628 + 1830 + €32 4- 431 — 36 4 38),

R3(b,e) = —e +e® + e® — 3e” — 16e” — 38!l — 45e!? — 46el® — 56e!7 — 50e!?—
—32e?! — 14?3 — 27 — 2e? 4+ b(2e — €3 — €® — 30e” — 35¢e? — 87ell — 44el3—
—95e15 — 44e'™ — 339 + 272! + 1523 + 2220 — 527 + 3¢ + 4e3!) + b2 (e—
—2e3 — 14e5 — 32" — 48¢” — 64e!! — 46e'? — 73e!® 4 41e!” + 49¢' 4 10121+
+45e23 + 36e% — 27 4+ 122 — 3e3! — 233) 4+ 13 (—3e3 — 13e® — 31e” — 43¢e°—
—45¢M —10e'3 + 77e! 4 156e!7 + 197e! + 174e?! + 105> + 4225 + 7e2"—
—5e29 — 53l 4 e33) + b (—2¢e® — 6e® — 31eT — 23 — 46e!! + 110e!? + 113e'°+
+271el7 + 189¢'? + 148! — 162 — 19¢? — 61?7 — 10 — 63! — 7e?3)+
+b7(—e3 — 5 — 20e” — 23e? + 20e!! + 115e!3 + 132e1? + 252¢!7 + 92¢19+
+61e2t — 97e?3 — 75e?® — 11027 — 17e%? — 33e3! + 5e33 + 6e3%) + b9 (—4ed—
—23e” + 14e” + 33e!! 4 122e'3 4 144e! + 165¢!7 + 40e!? — 26€2! — 1592 —
—158e2% — 114€%" — 48¢%7 — 5e3! 4+ 17e%3 4 3e3% — 37) + b7 (—4e’ + e + 14e”+
+19e! + 109e!? + 69e'° 4 126e!7 — 49! — 116! — 25223 — 138e2° — 12227+
+4e? 4+ 13e3! + 1633 + 8e3°) + b8(4e® — e” + € + 31lell + 52e!3 + 31el®+
+17el” — 147! — 1992 — 23023 — 154€2° — 84e?7 + 24?7 + 63! + 33e334-
+11e% 4 e37) + b7 (—6e” + 21 + 4e'! 4 28e!3 — 63e!® — 61e!” — 224e1—
—145e%! — 207e?3 — 58e?® — 182" + 35¢2 + 353 + 38e33 + 16e3° + 2637 —
—e39) £ b19(2e7 — 8el!l + €13 — 51e!® — 36e!7 — 122e! — 332! — 59¢?3 4 84e?°+
+23e%7 4+ 97 + 44e3l + 48e33 + 113 + €37 — 2e3) + b (—2¢7 4 3el! — 8el3—
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—24e!% — 26! — 21e!? 4 202! + 58e?3 4 56e2° + 84¢€%7 4 822 + 503! + 28e33 4+
+2e35 — €37 4 39) + b12(4e” — 6etl — 2e!3 — 15e15 + 26! + 5el? + 73e? +
+27e?3 + 80e?5 + 49¢%7 + 4529 + 113! 4 6e33 — 3e3° + 2e3%) + b3 (—2el 1+
+4e!3 4+ 15 4 15el7 — 8el9 4 21621 — 1823 + 26e2° — 2727 + 629 — 1931+
+7e33 — 635 4 2e37 — 2¢39),

Ry(b,e) = 3e? — 2e* —2e8 — 9e® + 8e10 — 17e12 + 11e!* — 43e16 + 26e!® — 204
+25e22 — 62t + 6e0 — 362 4 4e3 + b(—2e? — e — 12 + Te® — 32¢!0 — 6el2—
—36e'4 4 3e'0 4 54e'® + 14€20 + 12e%2 — 7e?* + 10?6 — 228 + 630 — 8e32) -
+b%(—262 — et — 3e8 — 22¢8 — 39! — 13e12 — 11!t + 89¢10 + 26e!8 + 25620 —
—20e?? 4 9e?* — 22¢%6 — 1430 — 3e32 + 4e34) + b3 (—4e* — 16€8 — 30e® — 10e!0—
—12¢'2 4+ 92¢! 2716 + 988 — 3720 + 10e?2 — T5e?* — 1220 — 332 -
+2e32) + bi(e? — 8et — 22e5 — 2 — 20e1? + 92¢!2 + 44e!t + 88el6 + 3218
—72e? — 49?2 — 54?4 — 1926 — 3228 4 173 — 1232 4 16e34) + b7 (—5e* —
—10e5 — 16€8 + 27e'0 4 61e!? + 59e! + 96e16 — 31e!® — 7120 — 8922 — 54t —
—54e26 4 4628 4 7e30 + 32e32 + 10e3* — 8e36) + b5 (—2e* — 138 + 148 + 100+
+49¢!? + 73e! 4- 3516 — 14! — 113e%° — 84e22 — 105e2* + 48¢%6 4- 2228+
+62e30 4 23e32 — 34 — 4e36) + b7(—2e* + 28 — €8 4 8e!0 4+ 81e!? + 25e4 4
+32e16 — 99¢!® — 10820 — 101e?? + 18e* + 17?0 4 6728 + 58e30 + 432+
+11e3* — 10e36 — 2e38) + b8(—5e + 39¢!0 + 28¢12 + 20e!* — 39616 — 77el8—
—133e20 4 10e?? — 29¢?* + 6826 + T7e?® 4 33e30 4 30e32 — 2e34 — 1536 —
—5e38) + b9(17e8 — 8e!¥ + 13e!? — 34eM* — 1316 — 90e!® — 33620 — 22224
+2e%* 4 88e20 4 38628 + 78e30 + 4e32 — 10e3* — 28e36 — 2¢38) + p10(ef -

—2e% + 6e'? — 391t — 20e!6 — 69e1® + 22620 — 2322 + 8824 + 720 + 922 —
—230 — 10e32 — 34e3% — 14e36 — 3e38) + b11(2e8 + 2e10 — 14e!? — 13e—
—14e10 + 5el® — 1420 + 55¢22 — 24 4 73e26 — 20e30 — 29¢32 — 1731 — 1030 —
—4e3 — 1) £ p12(—7el0 + 21?2 — 3e!* 4 16e!6 — 1268 4 30e2° 4 1322+
+20e?* + 17e%0 — 3028 — 8e30 — 2232 — 33 — 1230 4 338 — 4¢10)+
+b13(4e!? — 2eM 4 7e16 — 5el® 4 27620 — 1322 4 2024 — 29e%0 4 1428~
—17630 + 5632 _ 14634 4 3636 _ 638 + 640),

Rs(b,e) = —3e® — 2e> — 13¢? — 38el! — 30e!® — 40e!® — 3el” — 26e!? — 5e?l —
—6e23 + 16e% — 27 4+ 2e¥ — 2¢31 4 b(e — 3e® — 8e” — 35¢? — 20e!! + 8el3+
+26e!® + 64el” + 26e1? + 53e? + 362 + 19e2° — 18e%7 + 2% — 4e3! + 4e33)+
+b%(—4e® — 22" — 8¢ + 37e!! + 60e!? + 81e!® + 78el” + 56e!? + 57!+
+15e2 — 29¢ — 13?7 — 5e2? — e3! 4 2¢33 — 2e3%) + b3 (—3e3 — 8D — 3e"+
+19¢? + 49¢!! 4+ 103e'3 + 101e!® 4 1187 + 36e'” + 312! — 60e?® — 29¢2° —
—47e%7 — 52 — 33! + 3e33) + bt (—5ed + 4e® + de” + 8e? + 63el! + T6e!3+
+54e'5 4 29e!7 — 109! — 120e2! — 169> — 115e2° — 6427 + 35e2° + 13e33 —
—6e3%) + b5 (—e3 + €5 — 6e” + 26€” + 59e!! + 38e!3 + 3eld — 82e17 — 204!
—143e2! — 15923 — 68e2° + 2827 + 2827 + 16e3! + 11e3% — 3e?® + 3¢37)+
+b5(—3e® + 27 + 26€” + 42e!! + 42e!13 — 33e!® — 130e!T — 192¢!? — 13421 —
—117€23 + 42e% + 402" + 75e% 4 323! + 12e33 — 6e3) + b7 (17e” + 30e!! —
—16e'3 — 90e'® — 123e!7 — 165! — 110e?! — 20e?3 + 70e%5 + 1207 + 11927+
+22e31 4+ 1133 — 13e% — 3¢37) + b8(2€5 + 15 + 2! — 49e!3 — 78e1°—
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—109e!7 — 145e" + 3e2! — 423 4 131e?® + 143€%7 + 92¢%9 + 233! 4 33—
—23e% — 537 4 39) + b(—2e” + 5e? — Tell — 33e!3 — 67el® — 94el7—

—43e!9 4 622! 4 9223 4 222¢2° + 140e%7 + 88e%0 — 143! — 22¢%3 — 256354+
+4e37 — 4e39) + b10(2e? — Gell — 17el® — Tel® + 32e!7 + 77el? + 1392 +
+18723 + 172 + 10427 + 9¢2 — 343! — 2533 — 14€3° — 1037 — 5¢39)+
+oM (=7 4 € — Bell — 6e!? + 12e'® + 25e!7 + 5219 + 110e?! + 61e? + 55e2° —
—13e%" — 30e2 — 373! — 28e33 — 34e3% — 11e37) + b12(2e” — 2e!! + 213+
+10e'® 4 19¢e!7 4 40e'? 4 30e2! — 16€23 — Te?® — 60e%7 — 49¢% — 593! — 3633 —
—26e3% 4+ 2e37 — 3e39 4 2eM) + b3 (—ell 413 4 e!® — 3e!7 — 16e!? — 38¢2 -
—45e23 — 46e?® — 5627 — 50e?? — 32e31 — 1433 — 37 — 2¢39),

Rg(b,e) = 2e* — 2et 4 €8 — 16€% + 610 + 5e!2 + 2611 + 3e'6 + 40e!8 + 30620+
+38e22 + 13e21 + 228 + 330 + b(—3e? — 7eb + 12e10 + 36e!? + 9!t + 630+
+48e!8 + 34e0 — €22 — 19¢?4 — 170 4 8% — 6630 — 6¢32) + b?(—2e? — 3¢t —

—eb +6e8 4 19e'0 + 19e!? + 35e!* + 946 — 10e!® 4 320 — 7222 — 38e%4 —
—33e%0 — 6% — 2030 + 632 + 3e34) + b3 (—3e? — 4eB 4 29¢10 + 31e!2 4 82e14 -
—15e16 — 22e!18 — 12020 — 114€?2 — 110e?* — 5026 — 1928 4 7e30 + 8e32—

—2e34) + bt (—e* — 11€% + 4e8 + 39¢10 4 70e!? — 13e!* — 1216 — 152¢18 — 15420~
—122e?2 — 362! + 10?0 + 50 + 530 + 9¢32 + 12e31) + b°(—3e? — Teb + 123+
+50e'0 — 5elt — 48¢16 — 179¢18 — 6720 — 114e%2 + 17€?* + 46¢%6 + 9128 4 20e30+
+52¢32 — 831 — 8e30) + b0(—3et + 22e® + 8el¥ + Tel? — 19! — 9316 — 93e!8—
—96e20 — 65e22 + 58e2* + 120e%6 4 98¢ + 69¢% + 8¢32 — 20e34 — €36) + b7 (25—
—e8 + 14e!0 + 14e!? — 48! — 36e!0 — 144e!® — 4720 + 29¢22 + 16124 + 11225+
+120e? — 3e32 — 10e3 — 1130 — €38) + b¥(—6¢e8 + 7e® + 24e10 — 3212 — 2¢14—
—73e'6 — 658 + 33620 + 8522 + 136€%4 + 15920 + 782 — 330 + 1332 — 4034 —
—11e36 — 38) 4+ b9(e® + 11e® — 160 — 14e!? — 26e1* — 1016 + 9e!8 + 9820+
+61e22 + 170e?* + 78e%6 4 2328 + 4¢30 — 3232 — 36e3* — 1636 — 5e38 + 2¢40)+
+019(—2e8 + €10 — e12 — 13!t + 17e!6 — e!® 4+ 90?0 4 35¢%2 4 86e%* — 5126+
+14e — 82¢30 — 33¢32 — 50e3t — 1236 — €38 + 3¢10) + b1 (3e® — 10 — 13e12+
+10e™ + €10 4 29e'® + 2020 + 10e?? — 16e%* + 11?6 — 66e2® — 68e30 — 49¢32—
—29e34 4 6e36 4 3e38 — 2e10) + b12(—6e!0 + 4e!? + 9e!? 4 8el6 — 218 4 520
—30e? + 10e?* — 59¢%0 — 5628 — 3130 — 1132 + 4¢3t + 7e30 — 38 — 2¢40) 4
+b13(3e12 — 2e1 — 2e16 — 9el® 4 820 — 1722 + 112 — 4320 + 26628 — 304
+25e32 — 6e34 + 6e36 — 338 4 4e10),

RlB—k(b7 6) = _b13645Rk(b_17 6_1)7 (k =0, 6) (8)

Taking into consideration the equality (3) from Theorem 1 we obtain

Corollary 1. The common Hilbert series for graded algebra of comitants Si 4 of the
system (1) has the form
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n1a(u) =1+ u+u? + 5ud + 17u* + 39u® + 100u’ + 218u” + 467us+
+865u? + 158610 4 2685ut + 4467u'? + 6889u' + 10423u' + 14934415+
42092166 4 27849u'7 4 36293u'® 4 45278u'? 4 55254u20 4 64697u>! +
+74134u?? + 81782u? + 88328u?* + 91866u>® + 93539u26 + 9186617+
+88328u?® 4 81782u?” + 74134u?° + 64697u3! + 55254132 + 45278u33 4
+36293u3* 4 2784913 + 2092160 + 14934137 + 10423u38 + 6889139+
+4467u* 4+ 2685u*t + 1586u*2 + 865u*3 + 467u** + 218u* + 100u*6+
+39u7 4+ 17u*® + 5u* + w0 + Pl + P2,

(10)

With the help of Remark 2 and Corollary 1 we obtain

Theorem 2. The Krull dimension o(S1,4) for graded algebra Si 4 is equal to 13, i.e.

Q(5174) =13.
According to Remark 1 from Theorem 1 follows

Corollary 2. The generalized Hilbert series for graded algebra of invariants SIi 4
of the system (1) is a rational function of b,e and has the form

H(STa,b,€) = % (11)
where
Dia(be) = (1 —b)(1 —b*)(1 —e*)(1 — be?)?(1 — b%e?)?(1 — bPe?)(1 — e*)?x
x(1—ef)?(1 —e%)?, (12)

N1,4(b, 6) = Ro(b, 6),

and Ro(b,e) is from (8).
With the help of Remark 2 and Corollary 2 we obtain

Corollary 3. The common Hilbert series for graded algebras of invariants SIy 4 for
the system (1) has the form

N174(Z)

HSILAL(Z) = D1 4(2)7

(13)

where
Dia(z) = (1=2%)(1 =221 = 2°)%(1 = 2*(1 = 21)(1 = 2%,
Nia(z) =14 24 2% + 323 + 821 +152° 43225 + 6727 +1292° + 21727+
4355210 4 54621 + 812212 + 1122213 4 151121 + 1948215 + 24472104
42923217 4 341028 4 382729 + 4183220 + 437527 + 44612%% + 437523+ (14)
+41832%* + 382722° + 3410220 + 2923277 4 244722 + 19482%° + 1511230+
+1122231 4 812232 + 5462% + 35523 4 2172% +1292%0 + 67237 + 32238+
415239 4 8240 4 3241 4 242 4 43 4 M
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With the of help Remark 2 and Corollary 3 we obtain

Theorem 3. The Krull dimension o(SIy4) for graded algebra SI; 4 is equal to 11,
i.€. Q(S[174) =11.

Similarly [28] with the help of representative form of generating function, which
is obtained from Hilbert series (5)-(8) by multiplication of the numerator and the
denominator by expression M 4(u,b,e) = (14 ¢€2)(14ue)?(1+u3e)? and taking into
consideration the characteristics of algebras Sy and Sy from [5-6] we have

Theorem 4. The lower bound of the number of generators for the algebra S1,4(S114)
is not less than 311(138) irreducible comitants (invariants)[1-4], distributed in
58(20) types as follows:

(0,1,0), (0,2,0),6(0,0,4),7(0,0,6),15(0,0,8),14(0,0, 10), 3(0, 1, 2),6(0, 1, 4),
15(0,1,6),16(0,1,8), (0,2, 2),8(0,2,4),15(0,2,6), 3(0, 3,2),10(0, 3,4), 7(0, 3,6),
(0,4,2),5(0,4,4), (0,5,2),3(0,5,4),2(1,0,3), 11(1, 0, 5), 20(1,0,7),2(1,0,9),
(1,1,1),8(1,1,3),20(1,1,5),2(1,2,1),9(1,2,3),4(1,2,5), (1,3,1),3(1, 3, 3),
3(1,4,3), (2,1,0),3(2,0,2),6(2,0,4),12(2,0,6),4(2,1,2),9(2, 1,4), 3(2,2,2),
2(2,3,2),(3,0,1),6(3,0,3),9(3,0,5),2(3,1,1),6(3,1,3), (3,2, 1), (4,0,2),
6(4,0,4),3(4,1,2),(5,0,1),3(5,0,3), (5, 1,1), 2(6,0,2), 2(6,0,4), (6, 1, 2),
(7,0,3),(9,0,3).

The number of comitants and invariants of the given type is indicated before
brackets, the omitted number means that it is equal to one.
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