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A class of algebraic systems of signature o is any set (possibly empty) of systems
of signature o which contains together with every its system all isomorphic to it
systems. A class K of algebraic systems of signature o is called a universal class
if there exists such a set 3 of universal formulae (V-formulae) that K be formed of
all systems of signature o, with the formulae from ¥ holding true within it. If all
formulae from X are identities or quasi-identities, then the class K is called a variety
or quasi-variety, respectively.

In [1] W.Taylor defined the product of two varieties of algebras of different
signatures as a variety of non-indexed products of algebras from these varieties.
The non-indexed product of two algebras A and B is defined as an algebra with
the basic set equal to the Cartesian product of the basic sets of these algebras and
with the set of operations consisting of all pairs of terms of the same number of
variables. It is difficult to investigate this product, which we will name hereafter
a Taylor product, due to the fact that the signature of the Taylor product of two
(or more) varieties is complex, and it is difficult to investigate the operations of the
algebras from this variety.

This paper presents a new concept for the product of two or more classes of
algebraic systems of different signatures and shows that the product of universal
classes is a universal class, the product of quasi-varieties is a quasi-variety, and the
product of varieties is a variety.

1 Preliminary notions and results

For any class K of algebraic systems of signature ¢ we will denote by
S(K) — the class of all subsystems of K-systems,

(K) — the class of all Cartesian products of K-systems,

(K) — the class of all filtered products of K-systems,

H(K) — the class of all homomorphic images of K-systems.
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If S(K) = K, P(K) = K, or H(K) = K holds for a class K, then one class
K is called hereditary, multiplicatively closed, filteredly closed, or homomorphically
closed, respectively.

Next we will need the following main results from the variety and quasi-variety
theory, obtained by Birkhoff G. and Mal’cev A.lL

Theorem 1 (Birkhoff [2]). A class K of algebraic systems is a variety if and only
if the class K satisfies the following conditions:

(a) s hereditary,

(b) is multiplicatively closed,

(¢) is homomoprhically closed.

Theorem 2 (Mal’cev [3]). A class K of algebraic systems is a quasi-variety if and
only if the class K satisfies the following conditions:

(a) s hereditary,

(b) s filteredly closed,

(¢) contains the unitary system.

It is worth reminding that a filter over a non-empty set I is a set D of subsets
of I that satisfies the following conditions:

1) AeD&BeD=ANBeD,

2) AeD&ACBCI=BeD,

3) 0¢D.

It is obvious that the set of all filters over [ is a partially ordered set relative to
the inclusion. A maximal filter over [ is called a ultrafilter.

A filtered product of algebraic systems is defined as follows. Let A;, i € I, be
a set of algebraic systems of the same signature o and D a filter over I. We define
the basic relation = on the Cartesian product A =[[,.; A;, putting a = b (a,b € A)
if and only if the set of indices {i € I|a(i) = b(i)} belongs to the filter D. The
binary relation = is an equivalence; moreover, it is stable relative to any operation
of system A, that is, if f4 is an n operation of the system A, then

ag =h&... &an, =by, = flar,...,an) = f(b1,...,by)

for any elements a;,b;, i = 1,...,n, from A. This means that the operations f4/=,
f € o, and predicates 74, r € o, can be naturally defined on the set A/ = of classes
of equivalences a/ =, (a € A) in such a way that:

fA/E(al/ =, ...,a,/ =)= fA(al,...,an) =,

where n is the arity of the functional symbol f; in A/ = the following relation

TA/E(CH/ = ...,an/ =),

holds, where m is the arity of predicate r if and only if the set {i € I|4; |=
r4i(ay(i),...,an(i))} belongs to the filter D. The algebraic system, built in such a
way, is denoted by A/D and is called the filtered product of systems A;, i € I, and
if D is an ultrafilter, it is called an ultraproduct.
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2 Products of universal classes and quasi-varieties

Let A;, ¢ € I, be a set of algebraic systems of arbitrary signatures o;, i € I. We
complete the signature of every system A; with the functional symbols p;, j € I,

that correspond to the operations of projections p?i, j € I, defined on the Cartesian
power Ai] with values from A; : pf" (a) = aj, j € I, for any element a = a;,i €
I € AZ-I . If not all systems from this set are algebraic, then we also complete the
signature of every system A; with the predicative symbol e that corresponds to the
real identical predicate e?i, defined on the Cartesian power AZ-I with real values:
A; = e?i(a) (e4i(a) holds in A;) for any a = (a;,i € I) € Al. The system we obtain
in such a way will be called an enriched algebraic system and will be also denoted
by Az

The enriched Cartesian product of the enriched algebraic systems A;, i € I, is
an algebraic system ®;A; with the basic set A = [];.; A;, which for each family of
basic n-operations ( szi,i € I) and each family of basic m-predicates (7‘;-4",2' € I) of
the enriched systems A;,i € I, has a basic n-operation f# and a basic m-predicate,
defined by

FAar, .. am) = (f(a1(d), ..., an(i)),i € I),
AErar,. .. am) & &icrAi = rii(ai(d), ... am(i)),

where a1, a9, ... are elements from A and it doesn’t have any other basic operations
and predicates.

We notice that if A;,7 € I, are algebras, then the system ®;A; is an algebra.

Let now Q;,7 € I be a set of classes of algebraic systems. The signatures of these
classes may be different. We will define the product of classes QQ;,i € I, as the class
of algebraic systems, consisting of all isomorphisms of algebraic systems of the form
®;A;, where A; € Q;, i € I. We will denote the product of classes Q;,7 € I, by ®;Q;
and by Q1 ®...0Q,if I ={1,...,n}.

Lemma 1. The product of a finite number of filteredly closed classes is a filteredly
closed class.

Proof. Let K;,i =1,...,n, be a set of closed classes relative to filtered products and
K =K ®...® K, be their product, A’ = A ® ... A% i € I, be a set of algebraic
systems with A; € Kj,j=1,...,n,and D be a filter over I. Then

[[4/D e Ky,....[[4i/D € K.
il il
We will show that the following isomorphism holds
[[4/p=(]4/D)®...e(]A4./D)
il il icl

and then we will get

[[47/D € k.

el
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Let ¢ be a mapping from [[,.; A"/D in ([],c; A1/D)®...®([1;c; A% /D) defined
by the relation

ola) =((d,...,at),ie I)D = ((a},i € I)D,...,(a%,i € I)D)

for any a = ((a},...,a}),i € I)D € [l;c;A"/D, where a} € A, ... d,
Al,i € I, is an epimorphism. We denote A = [[,.; A°/D,A; = [],c; Ai/D,
n = Hie] A, /D.
We consider a basic operation f4 of arity k of the algebraic system A. By the
definition, we have

S

fA(al,...,ak) =

= fA((aiy,...,dt,), i€ I)D,... ((aky,...,at ), i € [)D) =

= ((fA(ay,....dky) i€ D),....(f*(@d,, ... d. ) i€ )D
for all a1 = ((a%y,...,a%,),i € I)D,...,a, = ((aly,...,a},),i € I)D from A. It
follows from here that
o(fA (a1, ... an)) = ((f(dly, ... ak), i € DD, ... . (f*(di,, ... dL,),i € [)D) =
= (fM((diy,i e I)D,...,(dty,i € I)D),..., f4((a},,i e )D,...,(d,,i € I)D)) =

= fAESAn(o(((ahy, .-, ak1), i € T)D), .., o(((aly, - -5 aly),i € I)D)) =
= f*W(p(ar), ..., plar)).

Let now 74 be a basic m-relation of the algebraic system A and for elements
ar = ((a4y,...,a%,),i € I)D,...,ar = ((a},,--.,a},),t € I)D let

A ): TA(((aZilv"-aalin)J € I)Dy---a((ainlw--aairm)vi € I)D)
Then we have
Ly={icllAl®.. oA, Ert®9%((d,,....d,),. .. (... a,))} € D.

But
L@ AL MO () (s aly)

implies A; = rAﬁ(aZij, ...,al )5 =1,...,n for any i € Iy. Hence

»myg
L ={iellAl = (alj,..., m])}DIO,...
I, ={ie I|AL =r™n(al, ... al )} D Io,
therefore Iy € D, ..., I, € D, thus
A =rt((ddy,i e D, ..., (at i€ I)D),..., A, =

rin((al,,i € I)D,... i € I)D).

( mn?
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It follows from here that
A ®... @A, = rh®®dn(((aiie]),... (a},,icI)D,...

e (@i i € 1), (i € 1))D)

or, as ¢ is obviously a surjective mapping, p(A) = W (p(ay), ..., ¢(an)). Thus,
 is an epimorphism. Let us show that it is an isomorphism.

Let 74 be a basic m-relation of the algebraic system A; ® ... ® A,, and for the
images by ¢ of elements a1,...,a, € A let o(A) = r?W(p(ar),...,¢(ay)), that is

A ®... @A, =rh®-SAn(((at, ieD)D,...,(di,,icI)D),...

: (( ml?ZEI)D ( mn?ZEI)D))

therefore

Ay ):TAl((alil?iGI)Da' : ( ml?ZEI)D) - An ):
rAn((di,,i € I)D, ... iel)D).

( mn7

Hence, we will get
L ={iellA =rM(dy,...,d¢ )} eD,...

o = {i € 114, | r*i(al,,, ... aj,,)} € D.
Aslin...,nI, € D and

Lhohn...,nL,={iclld,®...@ A, =

S-S (Gl ak ), (d L a ),
it follows that Iy € D and we get A = r4(((aly,...,al,),i € [)D,...,((al,,...,al,.),
i € I)D), that is, A = r4(a1,...,an). O

Corollary. The product of a finite number of multiplicatively closed classes is a
multiplicatively closed class.

Indeed, it follows from the proof of Lemma 1 that
[[4/p=(]4/D)®...e([A./D
i€l icl il

In particular, if filter D over [ is a maximal filter, consisting only of the set I, then
we have

[Ta =][4a/p=(]4/D)e...(J[4./D) = (][4) ..o (] 4.
el el el el el el

Thus HieI(Ail ®... @A) 2L, AL @ ... ® [[;e; AL and therefore [, (4% ®
L ®A) e K.
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Lemma 2. The product of a finite number of hereditary classes is a hereditary class.

Proof. Let K;,i € I be a set of hereditary classes and K = K; ® ... ® K, be their
product, A = A; ® ... ® A, be an algebraic system from @ with A; € K;,i =
1,...n, and B be a subsystem of system A. Then B C [[;~, 4;. Let m; : B —

A;,i=1,...,n, be the projective mappings from B on its components. We denote
B; = mj(B),i =1,...,n. Then we have B C [[\; B;. Conversely, let (by,...,b,) €
[I;-, Bi, then for any i = 1,...,n, there exists such an element b, = (b;1,...,b;n) in

B that b; = b;. We consider the projection operations p? i i=1,...,n, defined by
the following relations

A; .
pit(ar,...,an) =a;, 1=1,...,n.

Then the operation p4 = (pfi,i = 1,...,n), defined on the algebraic system A,
corresponds to the family of operations (pfi,z' =1,...,n). As

pAOY, B = (i (bigs e bin)i =1, n) =
(b117"'7bnn) = (bl,...,bn) € B,
finally we get B = [[;-; B; with B; € K;,i € I, and therefore B € K. O

By Tarski-Los Theorem (see [4], a class K is a universal class if and only if the
class K satisfies the following conditions:

(1) is hereditary,
(2) is ultrafilteredly closed.
Thus, by Lemmas 1 and 2 we get

Theorem 3. The product of a finite number of universal classes is a universal class.

Theorem 4. If the classes of algebraic systems K1, ..., K, are quasi-varieties, then
their product K1 ® ... ® K, is a quasi-variety.

Proof. By Lemma 1
FIKi®... K, =(F(Ky),...,(F(K,) =K1 ®...0 Ky,
and by Lemma 2
SKi®...9 K,)=(S(K1),...,(S(Kp)) =K1 ®...0 K,.
As any quasi-variety K; contains a unitary algebraic system E; (i = 1,...,n), we
get that the class K1 ® ...,®K, contains also the unitary algebraic system E; ®

...,®FE,. Then, by Theorem 2, the product of quasi-varieties K1 ® ...,®K, is a
quasi-variety. O
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3 Product of varieties

Let A = (A, o) be an algebraic system of signature o. It is worth reminding
that the signature o consists of a set of functional symbols o’, a set of predicative
symbols o and a function v : 0¥ Yo? — w = {0,1,2,...} that defines the arity of
these symbols.

A subset 0 C [[,..,» A" (") is called a congruence on the algebraic system A
(see [5]) if it satisfies the following properties:

(i)
(i) AEr(ar,...aym) = (a1, a,4)) € 0(r);
) (a1,...,a,0)) € 0(r)&(ar,b1) € 0(=)& ...
- &(ay (), by(ry) € O(=) = (br, ..., by) €0(r),Vr € o

f(=~) is congruent on algebra (4, o%);
(iii

The component 6(=) will be called an algebraic congruence on system A. The
set of all congruences on algebraic system A will be denoted by Con(A), and for a
certain predicative symbol r € o by Con(A)(r) we will denote the set, consisting
only of the components (r),0 € Con(A).

Relative to the inclusion C the set Con(A) is partially ordered and has the
greatest element V = (V(r) = A¥"|r € ¢F). The intersection of any non-empty
set {0;,i € I} of congruences 6; of system A is also a congruence of this system.
Therefore, Con(A) is a complete lattice, wherein the congruence A = (A(r) =
AYM|r € o) is the lowest element, where A(r) = {(a1,...,a,0y) € AYM|A =
r(ay, . .. ;Gy(ry)}, and for any two elements  and 8 from Con(A), the operations
A,V are defined as follows:

anf=(anp)(r)=(a(r)NB(r)rea’),
aVpB=n{y€ Con(d)aCf,pBCn}
We notice that the set § C [, .,» A” ("), with the components defined via the formula
0(r) = {(a1,-. ., a,q) € A”|3by, ... b,y € A)((a1,b1) € (aV B)(=)&

- &(ay(ry, bury) € (@V)B) ()& (b1, -, byery) € alr) U B(r)

is a congruence on system A. At the same time a C 0, 8 C 0 and any other arbitrary
congruence 7y of system A, which contains o and 3, also contains 8. Thus, § = aV
and therefore for any r € o, r #~ we have

(aV ﬁ)(?‘) = {(al, .. ,a,/(r)) € AV(T)’(Hbl, e ,by(r) € A)((al,bl) €

(a v ﬁ)(%)&(au(r)’ bu(r)) € (a v ﬁ)(%)&(bl’ s >bu(r)) € O‘(T) U ﬁ(T‘)}
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Lemma 3. Let K = K1 ®...Q0 K, be a product of classes, A= A1Q...® A, be an
algebraic system of signature o from K with A; € K;,i=1,...,n. If 6; € Con(4;),
i =1,...,n, and we denote by 6 a subset from [ . (A1 ®...® A7) whose
components are defined as follows 0(r) = {((a11,...,a1n)s---, (Am1,--- Amn)) €
(A1 ® ... ® Ap)™(a11, .-, am1) € 01(r),...,(Qin, -, Gmn) € On(r)}, where r is
any predicative m-symbol of signature o of the algebraic system A= A1 Q... A,,
then 0 is a congruence on system A.

Proof. Indeed, the relation 0(=) is reflexive, symmetrical and transitive. Let now

(((111, s 7a1n)7 (b117 cee abln) S 9(%)7 ceey ((am17 cee )amn)v (bmb cee abmn)) € 9(%)
and f4 = (f4,i = 1,...,n) be an m-operation of the algebraic system A. As
(ali, bh) € 9(%), ey (ami, bmz) S 9(%),1 =1,...,n, we get

(fA(ati, - ami), fA(b1i - bmi)) €0(x),i=1,...,n.
Then we have
((fA (a1t s am1)s - FA(@1ns s @), (P (B11s o D), - -

.. ,fA"(bln, . abmn))) = (fA((aH, . ,aln), ey (aml, ce ,amn)),
fA((bll, ceey bln)a ceey (bmly ... ,bmn))) c 9(%)

and, thus, (=) is closed relative to the operations of the system A. Hence,
property (i) from the definition of congruence holds for 6. Let now the relation

rA((all, cees@in)s ey (Qmly ..y Q) hold in the algebraic system A, then we have
At M (@ @)oo An T (@, G,
which implies ((a11,...,@1n), -, (@ni, ..., amm)) € 6(r). It follows from here that

((a11y---ya1n), -5 (nty- -y @mm)) € O(r), therefore the property (ii) from the defi-
nition of congruence holds for 8. Finally, let

((all, - ,aln),. R (anl,. .. ,amm)) S 9(7"),

((all, . ,aln), (b117 .. wbln)) S H(r’b’), ey ((anl, . ,anm), (bnla . ,bnm)) c 9(%)

Then we will have

(@11, -y am1) € 01(r), ..., (a1n, - Qmn) € On(r),
all = bnmod(Hl), e, Q1 = blnmod(Gn), .
ey py = byymod(6y), . .., anm = bpmmod(0y,),

which implies (b11,...,bm1) € 01(r), ..., (bin, .-, bmn) € O,(r). It follows from here
that
((bn, ce abln), ey (bnla RN bnm) € 9(7’),

hence, property (iii) from the definition of congruence holds for 6. O
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Lemma 4. Let K = K1 ®...Q0 K, be a product of classes, A= A1Q...® A, be an
algebraic system from K with A; C K;,i=1,...,n. Then the following isomorphism
holds

Con(A1®...® Ap) = Con(A;) X ... x Con(Ay,).

Proof. According to Lemma 3, an element 6 of the set Con(A) corresponds to every
element (61,...,6,) of the set Con(A4;) x ... x Con(A,;) and we will denote it by
0 = 0; x...x 6, Conversely, let § € Con(A). Then we will show that such
congruences 0; € Con(A4;),i =1,...,n, can be found that § = 6; x ... x 6, it means
that for any predicative m-symbol r of the signature of system A we will have

(@11, -y a1n)y oy (Qm1y - ooy mp)) € O(1) & &I 1 (a1, ..., am;) € 0;(r) &
((@11y -y a1n)y ooy (Qmly - ooy Qmn)) € O1(1) X ooy X0, (7).
To prove this we define 61(r),...,0,(r), so that
01(r) = {(a1,...,am1) € A7|(Ily, ..., bl € Ay, ..., 301 ... 0L € A)

((allv b%27 s ab%n)7 (amlv bm27 R bin,n)) € H(T)}7

92(7’) = {(alg, . ,amg) c A2 ’(an, .. '7b$n1 c Al,
2, b2 € Ag,..., 3T, 02, € Ay)
((b%bal%bl?w cee ’b%n)v cee (b%zl’am%bm?n i abgnn)) € H(T)}v sy

On(r) = {(a1n,- .., amn) € A7[(3T, ...,
b€ Ar, .. 30 b e Ay)

(( ?1,...,1)?”_1,&1”),...,( Zzl’---’b:;m—lvamn)) € H(T)}-

First, if r coincides with the binary predicative symbol ~, we notice that the re-
lation 6;(=~) is reflexive and symmetrical. Let us show that it is also transitive.
Let (a,a’) € 01(~) and (a/,a”) € 61(~). Then for any i = 1,...,n, in A there

exist such elements bll,b?,cz,cZ that ((a,b3,...,bL), (a',b3,...,b2)) € 61(~) and
((a',cb, ... ch), (a",c3,...,c2)) € 1(=). As 01( ) is stable relatlve to the operation
p = (p?4,p34), where p?A (pfA ,...,p?A”), 1 =1,2, we will have

p(((a7 b%? M ’b;l:]/)7 (a‘/7b%7' b ?b%))7 (a‘/7C%7 M ’631)7 (a”7cg7' . ?Ci))) =
= (P (@, b3, by, (0 3y en)), 37 (0,03, 07), (065, c)) =
= (P (a, "), P12 (b3, c3), -, 917 (b ), (3 (', a”), p3 2 (83, ), .

Dy (O en))) = (@03, ), (07,65, eh)) € (),
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resulting that (a,a’) € 6(=). If f4 is a certain m-operation of the system

Ay and (ay,df) € 01(=),...,(am,al,) € 61(~), then we will take the basic op-
eration f4 = ( fAl,pTAz,..., p{"’A”) of the algebraic system A. As for certain
bl, .. BT B b e Ao, b Jmoylo o um e A,

(a1,b3,...,bL) = (a}, b4, ..., b modd(=), ...

oy (@, U5 B = (a5 b ) modf (=),

we will have
fA((ahb%a'--ab}L)w--a(am’ gn,’b;n)) =
AV, e, (al b L b)) modf (),
that is

(fA(ar, -y am) by, by) = (fA1 (a0 ar,) b5 b Jmodf(=2),

resulting that (f41(a1,...,an), fA4(d), ..., al,) € 61(~). Hence 61 (=) is stable rel-
ative to the operations of system A;, that is, 61 (=) is a congruence on algebra A.

Let now r be a predicative symbol of arity m of the signature of system A; and
Z11,...,Tm1 be such elements from A; that the real relation A4; r (T11y .-y Tm1)
or (z11,...,Zm1) € 01(=) holds, and (z11,y1) € 01(=), ..., (Tmi,ym) € 01(=)
holds for certain elements yq,...,ym € A;. We consider the basic predicate
rA = (A1 pA2  pAn) of the algebraic system A, where 742,... 74" are real
basic predicates on the systems As, ..., A,. Then for any elements x19,...,Tm2 €
Ao, X1py e T € A, we have Ag ): T‘Az(l‘lg,...,l‘mg) = (33‘12,...,!Em2) €
01(r), ..., Ap = 1 (Z1n, .o Toan) = (T1ns - -+ Toan) € On(r), and if we have A; =
A1 (211, ..., Tm1) then we get A = rA((z11,...,2Z10)s -+, (Tinds -+ - Ton)), Which
implies that ((z11,--.,Z1n), -+ (Tmis- - Tmn)) € O(=); if we have (x11,...,2Zm1)
€ 01(r) then obviously we will also get ((z11,...,Z1n),---, (Tm1,- - Tmn) € O(1),
for certain elements x19,...,Tm2 € Ao, ..., T1p,- s Tmn € An. As (211,y1) €
01(~), ..., (Tm1,ym) € bi(=) we have ((x11,212...,Z1n), (Y1,2Z12...,%1n)) €
(=), ..., ((Tm1,Tm2s - s Tmn)s Yms Tm2s - -+, Tmn)) € O(=x), then from ((x11,...
ey Tan)s ey (Tmay e oy Tinn)) € O(r), follows ((y1,Z12,- -, T1n)s- s (Ym, Tm2, - - -
ey Tmp)) € 6(r), and from here (y1,...,ym) € 61(r). Therefore, 6; is a congru-
ence on the algebraic system Aj. It can be shown by analogy that 0,,...,0, are
congruences on the systems Ao, ..., A,, respectively. At the same time we notice
that 0 C 6 x ... x 0,, that is 0(r) C 01(r) x ... x O,(r) for any predicative symbol
r of the signature of system A.

The inverse inclusion also takes place. We will also show that (6; x ...
... X 0p)(~) Cé(~). Indeed, let

((an,. .. ,aln), (agl, ... ,CLQn)) € (91 X ... X Hn)(%)

Then (a11,a91) € 01(=x),...,(ain,a2,) € Op(=). It follows from here that ac-
cording to the constructions of 6;(x),...,0,(~), we will have

((alh b%27 cee 7b%n)7 (a217 b%27 s 7b%n)) € 9(%)7
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((bfl’a127b%37 s ’b%n% (b7277,17a227b3n37 .. )b%n,n)) € 0(%)7 cee
EERE) ((brllh s 7b?n—17a1n)7 (bglv s 7bgn—17 a2n)) € 9(%)7

for certain elements

blg,bhy € A, . b1, b € A, b2 b3, € Ay, b3y, b3, € As, ...

c .. ,b%n, b%n E An, ceey ?1, gl E Al, ey b?n_l, bgn—l E An_l
Applying the projection operation p = pp4, pi4 ... pr4) for the last elements from
0(~) we get ((a11,a12,...,a1pn), (a21,...,a2,)) € 0(=). Hence, 0(=) D (0 x ...
... X 0p)(~) and thus 0(~) = (01 x ... x 0,)(=) .

Let now r #= be a predicative m-symbol of the signature of the algebraic system

A and let

((a;ll, ce ,:L'ln), ceey (xml, .. ,xmn)) S (91 X ... X Hn)(r),

thus

(xlla s a:L‘ml) € 01(7‘), ) (xlna s afEmn) € Hn(r)
By the constructions of the components 61(r),...,60,(r), there exist such elements
b%z,,b,}nz 6 AQ,...,b%n,...,b}n2 G ATL that

((a117 b%27 s )b%n% (alla s ,aln)) € 0(%)7 s

o (@1, by oo B Y (Gt - - s Q) € O(R)
and ((a11,blg,..., b1 ), o (am1, bt o, ... bk ) € O(r), at the same time. From here,
by the definition of congruence we get ((a11,...,a1n), -, (@miy--,Qmn)) € O(r).

Hence, 61 x ... x 0, C 6 and we get the equality 87 x ... x 0, = 6.

Now it is easy to see that the bijective correspondence, defined by 8 = 61 x ...
oo X 0 — (01...6),), defines the isomorphism we are looking for, meaning that it
satisfies the following properties:

O NO)(r) — (01 AO)(r), ., (B A ) (1)),
OV O)(r) — (01 VO)(r), ... (6n V 0,,)(r))

for any congruences § =61 x ... x 0, and 0 = 6] x ... x 0], from Con(A). O

Lemma 5. The product of a finite number of homomorphically closed classes is a
homomorphically closed class.

Proof. Let K;,i=1,...,n, be a family of homomorphically closed classes and K =
K, ®...® K, be their product, A = A1 ® ... ® A, — an algebraic system with
Ay C K;i=1,...,n, and C — an algebraic system from ). We will show that an
epimorphism ¢ : A1 ® ... ® A, — C exists if and only if there exist epimorphisms
w;: A; — Cii=1,...,n and the isomorphism C = (1 ®...® C, takes place. From
here we will get that H(K) = H(K;) ® ... ® H(K,) and hence H(K) = H.
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Let epimorphism ¢ : 41 ® ... ® A, — C exist and let § = ker(p) be its kernel.
By Lemma 4
=01 ®...00,,

where 0; € Con(A;),i = 1,...,n. We consider the canonical isomorphisms ¢; : 4; —
A;/0;,i=1,...,n. The mapping
e (a1, .- an) = (p1(a1), ..., pnlan))(a; € Ajyi=1,...,n)
is a homomorphism from 41 ®...® A, to (A1/01)®...®(An/0,). Let 6* = ker(¢*).
We show that 6§ = 60* and then we will get
CZ(A1®...04,)/0=2(A®...0 A,) /0" = (A1/61) @ ... (A, /0).

If r is an arbitrary predicative m-symbol of the signature of system A and

P (418 @An)(

r w*(alla"'7a1n)7"'7%0*(am17"'7amn)):

= p#1{A41)8-Opn(4n) ((p1(a11),- -y onlain))s - (P1(am), -, Pnl@mn)) =

= 7»@1( ! ((101 (a11)7 - P91 (aln))& o &Tpn(An)(gpn(aln)a o 7S0n(amn))7
then (ai1,...,a1,) € 01(r), ..., (@1ns- -, Gmn) € O, (1), resulting that

(@11, -y a10)y ooy (@m1y e ooy mn)) € (01 X ... X 0,)(r) = 6(r).

Conversely, if

(@11, -y a1n)y -y (Qm1y - ooy Qmn)) € O(1),
then
(@11, -y am1) € 01(r), ..., (a1n, -, Qmn) € On(r),
resulting that
e1(A1) E P A (o1 (an), .. o1 (amr))s - -
.. a@n(An) ): Tpn(An)(‘Pn(aln)a cee a‘Pn(amn)),

therefore
o (A) =9 W (o (ar1, ... a1p), ..., 0 (@1ns - -, Qo))

It follows from here that 6(r) C 6*(r). Hence, 0 = 6*.
Conversely, let us have the r-epimorphisms ¢; : A; — C;,i =1,...,n. We show
that the mapping

olat,...,an) = (p1(a1),...,on(an))(a1 € A1, ...,an € Ay)

is homomorphism from A1 ® ... ® A, on C1 ® ... R C,.
We consider a basic operation f4 of arity k of the algebraic system A = A; ®
..® A,. By its definition, we have

fA((all,. .. ,aln),. ooy (akl, v ,akn)) =
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= (fAl(alla"'aaln)y"' 7fAn(ak‘17"' aak‘n))

for all ay;,...,ap; from A; (i =1,...,n). It follows from here that
e(fA (a1 ain), - (g1, . agn))) =

= (o1(fM (@11, -, a10))s - o (FA(@h1, - -y agn))) =
= (f2 ) (p1(an1), ... o1(ar))s- ., fP A (o (arn), - ., onlarn)) =

= fp(A)(QD(all, e ,anl), N ,So(ak‘la s ?akn))'

A:(Al

Let now r A1, .. r4n) be a basic m-relation of the algebraic system A and

let

AE TA((all,...,aln), cos(@miy ey Qmn))-

Then we have

A; = rAi(ali,...,ami), i=1,...,n.
Hence, we will get
0i(Ai) oA (gi(ars), . ilam), i=1,...,n.

Therefore

o(A) = r?D(p(ari, ... a1n)s o @(Qmi, - -+ s Gmn))- 0

Theorem 5. If the classes of algebraic systems K1, ..., K, are varieties, then their
product K1 ® ... ® K, is a variety.

Proof. By Gorollary of Lemma 1

PK1®...0 K,)=(P(Ky),...,P(K,)) =K1 ®...9 K,.
By Lemma 2

SK1®...0 K,) =(S(K1),...,5(Kp) =K1 ®...0 K,,
and by Lemma 5

HKi®..9K,)=(H(Ky),....HK,)) =K1 ® ... K,.

Hence, by Theorem 2, the product of varieties K1 ® ... ® K, is a variety. O
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4 Observations

a) We will say that the algebraic system A with signature o is isomorphically
embedded in the algebraic system A’ with the signature ¢’ if there exists a mapping
¢ : A — A and an injective mapping « : ¢ — o’ that makes a single function
n-symbol f € ¢ and a single predicative m-symbol r € o to correspond to each
functional n-symbol f’ € ¢’ and each predicative m-symbol r’ € ¢/, so that

SD(fA(al’ s >an)) = f,A/(‘p(al)v s ,(P((In))

and

T‘A( /A’(

at, ... am) =1 (p(ar),...,plam))

for any elements ay,as, ... from A.

If K and K’ are two classes of algebraic systems of signatures ¢ and ¢’ respec-
tively, then we will say that the class K is isomorphically embedded in the class K’
if any algebraic system from the class K is isomorphically embedded in one of the
systems of class K'.

It is easy to realize that: any product of classes of algebras is isomorphically
embedded in the Taylor product of the same classes of algebras.

It is also easy to show that: if any class Q;(i € I) of algebraic systems contains
a unitary algebraic system E;, then any class Q; is isomorphically embedded in the
product of classes Q = R;c1Q;. In particular, if all classes Q;,1 € I, are quasi-
varieties (or varieties), then any quasi-variety Q; is isomorphically embedded in the
product of quasi-varieties QQ = Q;c1Q;.

Indeed, if A; is an arbitrary algebraic system from class @; (i € I), then obviously
the system A; is isomorphically embedded in the algebraic system ®;c;A4; € @,
where A; = Ej for any j € I\{i}.

b) The product of classes of algebraic systems can be also extended for the case
of an infinite number of classes, obtaining the same results as for the finite number
of classes, which are proved analogously.

c) Let K;,i € I = {1,2,...} be an infinite totality of such classes of algebras
that each class K;(i € I) contains an algebra L; that strictly contains a unitary
subalgebra E; = {e;}. Then the algebra L = ®;crL; belongs to the class ®;ecrK;.
We consider the set M, consisting of such elements a = (a(i),0 € I) from algebra L
for which the sets {i € I|a(i) # e;} are finite. It is obvious that M is closed relative
to any operation of finite arity of algebra L, hence it is isomorphically embedded
in L. But M is not a subalgebra of algebra L, because any subalgebra from L has
the form M; ® M, ..., where M; is a subalgebra of L;. Therefore, the product of
an infinite number of classes of algebraic systems cannot be defined as a class of
algebraic systems only with finite operations and predicates.
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