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On the action of differentiation operator

in some classes of Nevanlinna-Djrbashian type

in the unit disk and polydisk

Romi Shamoyan, Haiying Li

Abstract. We introduce new area Nevanlinna type spaces in the unit disk and
polydisk and study the action of classical operator of differentiation on them. We
substantially supplement the list of previously known assertions of this type.
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1 Introduction

Let D = {z ∈ C : |z| < 1} be the unit disk in C, T = {|z| = 1}
be the unit circle, In = (0, 1]n,Tn = T · · ·T, D

n = {z = (z1, z2, · · · , zn) :
|zj | < 1, j = 1, 2, · · · , n} be the unit polydisk, H(D) be the space of all holo-
morphic functions in the unit disk, and let H(Dn) be the space of all holomor-
phic functions in the polydisk. Let T (f, τ) be the Nevanlinna characteristic of
f , f ∈ H(D) [1]. Let below always w be a function from the set of all pos-
itive slowly growing functions, w ∈ L1(0, 1) such that there are two numbers

mw > 0,Mw > 0 and a number qw ∈ (0, 1) such that mw ≤
w(λτ)

w(τ)
< Mw,

τ ∈ (0, 1), λ ∈ [qw, 1] (see [7]). We define several subspaces of H(D) for fixed
function w ∈ L1(0, 1], w > 0.

N1
p,w,β=

{
f ∈ H(D) : sup

0<R≤1

∫ R

0
(T (f, τ))pw(1 − τ)dτ(1 − R)β < +∞

}
,

N2
p,w,α =

{
f ∈ H(D) :

∫ 1

0

[
sup

τ∈(0,R]
(T (f, τ))pw(1 − τ)

]
(1 − R)αdR < +∞

}
,

N3
p,q,w,α =

{
f ∈ H(D) :

∫ 1

0

(∫ R

0
(T (f, τ))pw(1 − τ)dτ

) q

p

(1 − R)αdR < +∞

}
,

N4
p,q,w =

{
f ∈ H(D) :

∫ 1

0

(∫ π

−π

ln+ |f(τξ)|pdξ

) q

p

w(1 − τ)dτ < +∞

}
,
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N5
p,q,w =

{
f ∈ H(D) :

∫ π

−π

(∫ 1

0
ln+ |f(τξ)|pw(1 − τ)dτ

) q

p

dξ < +∞

}
,

Np =

{
f ∈ H(D) : sup

τ<1

∫ π

−π

(ln+ |f(τξ)|)pdξ < ∞

}
,

where 0 < p, q < ∞, α > −1, β ≥ 0.

Note that these are complete metric spaces which can be checked without
difficulties.

It is obvious that for q = ∞, w = 1 the N4
p,q,w coincides with the well-known Np

spaces of holomorphic functions with bounded characteristic [5].

In recent papers [4, 5] it was noted that the following assertions concerning the
action of differentiation D(f)(z) = f ′(z) and integration I(f)(z) =

∫ z

0 f(t)dt are
valid in mentioned analytic classes. N4

q,q,α is closed under differentiation and inte-
gration operator (if w(|z|) = (1−|z|)α we denote N4

p,q,w by N4
p,q,α), N4

q,q,w and N4
1,q,w

are closed under differentiation operator D(f) if and only if
∫ 1
0 w(t)(ln 1

t
)pdt < +∞.

The study I(f),D(f) in Smirnov N+ class were studied also earlier (see [6] and
references there).

We note that much earlier in [2] Frostman then W. K.Hayman [3] established
that the Np class is not invariant under differentiation operator, but Np, p > 1 are
closed under integration operator, but not N1.

The natural question is to study differentiation operator in N i
p,w,α, i = 1, 2, 3, 4, 5.

The goal of this paper is to provide several new sharp results in this direction.
Finally we would like to indicate that all assertions of this note were obtained by
modification of approaches and arguments provided recently in [4]. All our results in
higher dimension were obtained for n = 1 in [4]. Throughout the paper, we write C

( sometimes with indexes) to denote a positive constant which might be different at
each occurrence (even in a chain of inequalities) but is independent of the functions
or variables being discussed.

2 Main results

Motivated by the mentioned above results in this section we provide new asser-
tions concerning differentiation operator D(f) in new Nevanlinna-Djrbashian type
spaces that were defined above. In the following assertion, we provide several sharp
results on the action of the differentiation operator in Nevanlinna type analytic
spaces in the unit disk complementing previously known propositions of this type
obtained earlier by various authors (see, for example, [2–6] and references there).

Theorem 1. 1) N1
p,w,α is closed under differentiation operator D(f) if and only if

sup
R∈(0,1)

(1 − R)α
∫ R

0

(
ln

1

1 − τ

)p

w(1 − τ)dτ < ∞, 0 < p < ∞, α ≥ 0.
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2) N2
p,w,α is closed under differentiation operator D(f) if and only if

∫ 1

0
sup
R<τ

w(1 − R)

(
ln

1

1 − R

)p

(1 − τ)αdτ < ∞, 0 < p < ∞, α > −1.

3) N3
p,q,w,α is closed under differentiation operator D(f) if and only if

∫ 1

0

(∫ R

0
w(1 − τ)

(
ln

1

1 − τ

)p

dτ

) q

p

(1 − R)αdR < ∞, 0 < p, q < ∞, α > −1.

In the following theorem we provide sharp assertions concerning the operator of
Differentiation in N4

p,q, ew and N5
p,q, ew.

Theorem 2. D(f) is acts from N4
p,q, ew and N5

p,q, ew to N1
s,s,w,

w̃(1 − |z|) = w(1 − |z|)
q

s (1 − |z|)
2q

s
−

q

p
−1

,
2

s
−

1

p
> 0, s ≥ 1, s ≥ max{q, p}

if and only if ∫ 1

0

(
ln

1

t

)s

w(t)dt < ∞.

Now we formulate some new sharp results in higher dimensions. Let always
below for any function f ∈ H(Dn),

Df(z) =
∂f(z1, z2, . . . , zn)

∂z1, . . . , ∂zn
.

Note that Nevanlinna type classes in higher dimension were studied also earlier see
for example [10] and references there.

Theorem 3. Let 0 < p < ∞,
∫ 1
0 wj(t)dt < +∞, j = 1, 2, . . . , n. Then

∫

In

(∫

Tn

ln+
∣∣Df(τ1ξ1, . . . , τnξn)|dξ1 . . . dξn

)p

Πn
j=1wj(1 − τi)dτ1 . . . dτn ≤

≤ C

∫

In

(∫

Tn

ln+ |f(τ1ξ1, . . . , τnξn)|dξ1 . . . dξn

)p

Πn
j=1wj(1 − τi)dτ1 . . . dτn,

−→τ = (τ1, . . . , τn), τi ∈ (0, 1).

if and only if ∫ 1

0
wj(t)

(
ln

1

t

)p

dt < +∞, j = 1, 2, . . . , n.
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Theorem 4. Let s ≥ 1, s ≥ max{q, p}, w = Πn
j=1wj . Let

2

s
−

1

p
> 0, w̃j(1 − |zj |) = wj(1 − |zj |)

q

s (1 − |zj |)
2q

s
−

q

p
−1

.

Then Df is acts from N4
p,q, ew(N5

p,q, ew) to N1
s,s,w if and only if

∫ 1

0
wj(1 − τ)

(
ln

1

1 − τ

)s

dτ1 . . . dτn < +∞, j = 1, 2, . . . , n,

where

N4
p,q,w(Dn) =

{
f ∈ H(Dn) :

∫

Tn

(∫

In

ln+ |f(τξ)|pΠn
k=1w(1 − τk)dτ

) q

p

dξ < +∞

}
,

N5
p,q,w(Dn) =

{
f ∈ H(Dn) :

∫

In

(∫

Tn

ln+ |f(τξ)|pdξ

) q

p

×

×Πn
k=1w(1 − τk)dτ1 . . . dτn < +∞

}
.

Let us mention some lemmas that are needed for the proofs.

Lemma 1. The following estimates are true.
1)

∫

Tn

ln+ |Df(τ1ϕ1, . . . , τnϕn)|dϕ1 . . . dϕn ≤

≤ C

(( n∑

j=1

ln
1

1 − τj

)
+

∫

Tn

ln+ |f(−→τ ξ)|dmn(ξ)

)
, −→τ =

(
1 + τ1

2
, . . . ,

1 + τn

2

)
,

τi ∈ (0, 1), i = 1, . . . , n;

2)

ln+ T

(
1 + τ

2
, f

)
≤ CT

(
1 + τ

2
, f

)
, τ ∈ (0, 1),

T (f,R) =
1

2π

∫ π

−π

ln+ |f(Rξ)|dξ,R ∈ (0, 1).

Lemma 2. Let λk = 2λk , λ > 0, τn = exp

(
−

1

2nλ

)
. Then for ϕ ∈ [0, 2π], there

exist a function f, f ∈ H(D),

ln+ |f ′(τneiϕ)| ≥ C ln
1

1 − τn
, f(z) =

∞∑

k=0

λα−1
k zλk , 0 < α < 1, λ > 0.
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Lemma 3. 1) Let Rmj
= exp

(
−

1

2λmj

)
∈ (0, 1], t ∈ (0,+∞), λ > 0,

j = 1, 2, . . . , n. Then there exists a function f, f ∈ H(Dn),

(
ln+ |Df(Rm1e

iϕ1 , . . . , Rmneiϕn)|

)t

≥ C

n∑

j=0

(
ln

1

1 − Rmj

)t

, ϕi ∈ (0, 2π].

2) ∫

Tn

(
ln+ |Df(τ1ξ1, . . . , τnξn)|

)s

dξ1 . . . dξn

is growing as a function of τ1, . . . , τn for every s ≥ 1, f ∈ H(Dn).

Remark 1. The statements of Theorem 2 for q = p = s were established in [4].

Remark 2. As W. Hayman shows in the unit disk there is a function so that

T (τ, I(f)) > C ln
1

1 − τ
, T (τ, f) < C, τ ∈ (0, 1). Let X be any normed class

X ⊂ H(D) so that ‖f‖X(w) ≤ C supτ T (τ, f). If for f ∈ X(w), I(f) ∈ X(w),

then ‖ ln
1

1 − τ
‖X(w) < +∞. As X(w) we can obviously take any space N i

p,q,w, i =

1, 2, 3, 4, 5 under some natural additional assumption on w.

Remark 3. It is not difficult to see that the statements of Theorem 1 and Theorem
2 remain true if we replace D operator by

∧
(f)(z) =

∑n
k=0 fk(z)Dk(f)(z), where fk

are functions from N i
p,q,w, i = 1, 2, 3, 4, 5. The same statement is true for Ĩk.

Note that with the help of so-called slice functions technique in [4,9], some results
of this paper can be even expanded to the unit ball.
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