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On commutative Moufang loops

with some restrictions for subloops

and subgroups of its multiplication groups

Natalia Lupashco

Abstract. It is proved that if an infinite commutative Moufang loop L has such an
infinite subloop H that in L every associative subloop which has with H an infinite
intersection is a normal subloop then the loop L is associative. It is also proved that
if the multiplication group M of infinite commutative Moufang loop L has such an
infinite subgroup N that in M every abelian subgroup which has with N an infinite
intersection is a normal subgroup then the loop L is associative.
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When considering different classes of algebras (rings, groups, loops) it is very
important to know whether they have subalgebras (systems of subalgebras) with
prescribed features. For example, in [1] it is proved that every infinite CML L
contains an infinite associative subloop and, if all infinite associative subloops of
L are normal in L, then L is associative [2]. Similarly from the equivalence of
statements 1), 2), 8) of Theorem 3.5 from [1] it follows that every multiplication
group M of infinite CML L contains an infinite abelian subgroup and if all infinite
abelian subgroups of the multiplication group M are normal in M then CML L is
associative [3].

In this work the restriction on infinite associative subloops and infinite abelian
subgroups is reduced. We prove that if an infinite CML L (respect. multiplica-
tion group M of infinite CML L) has such an infinite subloop H (respect. infinite
subgroup N) that in L (respect. M) every associative subloop (respect. abelian sub-
group) which has with H (respect. N) an infinite intersection is a normal subloop
(respect. subgroup) then the CML L is associative.

We remind that the commutative Moufang loop (abbreviated CML) is charac-
terized by the identity x2 · yz = xy · xz.

The multiplication group M(L) of a CML L is the group generated by all the
translations R(x), where R(x)y = yx.

The subgroup I(L) of the group M(L), generated by all the inner mappings
R(x, y) = R−1(xy)R(y)R(x) is called the inner mapping group of the CML L.
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A subloop H of the CML L is called normal in L if x · yH = xy · H for all
x, y ∈ L. Equivalently, H is normal in L if I(Q)H = H.

The center Z(L) of the CML L is the normal subloop Z(L) = {x ∈ L|xy · z =
x · yz ∀y, z ∈ L} [4].

Further we will denote by < M > the subloop of the loop L, generated by the
set M ⊆ L.

Theorem. For an infinite CML L with multiplication group M the
following statements are equivalent:

1) the CML L is associative;
2) the CML L has such an infinite subloop H that every associative subloop which

hase an infinite intersection with H is a normal subloop in L;
3) the group M is abelian;
4) the group M has such an infinite subloop N that every associative subloop

which hase an infinite intersection with N is a normal subgroup in M.

Proof. The implications 1) ⇒ 2), 3) ⇒ 4), 1) ⇔ 3) are obvious.

2) ⇒ 1). We suppose that H is a non-periodic subloop and let a ∈ H be an
element of infinite order. By [4] the element a3 belongs to the center Z(L) of CML
L. Let b be an arbitrary element in L such that < b > ∩ < a >= 1. The subloop
< a3 > is normal in L. Then by [4] the product < b >< a3 > is a subgroup. As
< a3 >⊆< b >< a3 > ∩H then by statement 2) < b >< a3 > is a normal subloop
in L. Let ϕ be an inner mapping of CML L. In CML the inner mappings are its
automorphisms [4]. Then < b >< a3 >= ϕ(< b >< a3 >) = ϕ(< b >)ϕ(< a3 >) =
ϕ(< b >) < a3 >, ϕ(< b >) < a3 >=< b >< a3 >. We have < b > ∩ < a3 >= 1.
Then and ϕ(< b >)∩ < a3 >= 1.

We denote < a3 >= A, < b >= B. Let θ, η be the restrictions of natural
homomorphism λ : AB → AB/A onto B and ϕB respectively. Obviously, kerθ =
B ∩A, kerη = ϕB ∩A. Then from equalities B ∩A = 1, ϕB ∩A = 1 it follows that
θ, η are monomorphisms.

Let b ∈ B. Then b = ca for some c ∈ ϕB, a ∈ A. Further, λb = λ(ca),
λb = λc ·λa, λb = λc ·λ1, λb = λc. The homomorphism λ acts onto ϕB as η. Hence
λc = ηc. η is a restriction of λ onto ϕB and is a monomorphism of ϕB. Then from
λb = ηc it follows that b ∈ ϕB, B ⊆ ϕB. Analogously, ϕB ⊆ B. Hence ϕB = B.
Consequently, the subloop < b > is normal in L.

We denote < a3 >= A, < b >= B. Let θ, η are respectively the restrictions of
natural homomorphism λ : AB → AB/A onto B and ϕB. Obvious, kerθ = B ∩ A,
kerη = ϕB ∩ A. Then from equalities B ∩ A = 1, ϕB ∩ A = 1 it follows that θ, η
are the monomorphisms.

Let b ∈ B. Then b = ca for some c ∈ ϕB, a ∈ A. Further, λb = λ(ca),
λb = λc · λa, λb = λc · λ1, λb = λc. The homomorphism λ to act onto ϕB as η.
Hence λc = ηc. η is a restriction of λ onto ϕB and is a monomorphism of ϕB. Then
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from λb = ηc it follows that b ∈ ϕB, B ⊆ ϕB. Analogous, ϕB ⊆ B. Hence ϕB = B.
Consequently, the subloop < b > is normal in L.

Next, using the normality of < b > in L by analogy it is proved that the subloop
< a > is normal in L. We get that any element of L generates a normal subloop in
L. This means that CML L is hamiltonian. But any hamiltonian CML is associative
[5]. Hence the implication 2) ⇒ 1 holds.

Now we suppose that the abelian group H is periodic. Then H decomposes into
a direct product of its maximal p-subgroups Hp. Let H = D×H3. By [6] D ⊆ Z(L).
The subgroup D is normal in L. If D is infinite then, as in the previous case, it is
proved that CML L is hamiltonian and, consequently, is associative. If D is finite
then the subgroup H3 is infinite.

We suppose that the infinite abelian group H3 satisfies the minimum condition
for its subgroups. Then H3 = T × K, where K is a finite group and T is an
infinite divisible group. By [1] T ⊂ Z(L) and, as in the previous case the CML L is
associative.

To prove the implication 2 ⇒ 1) we have only to consider the case when the
abelian group H3 does not satisfy the minimum condition for its subgroups. In this
case H3 has an infinite abelian subgroup B which decomposes into a direct product
of cyclic groups of order 3. Let b ∈ B and let R ⊆ B be such a subgroup that
< b > ∩R = 1. Let R = R1×R2 be a certain decomposition of group R into a direct
product of two infinite subgroups. From statement 2) it follows that the subloops
R1, < b > ×R1, R2, < b > ×R2 are normal in CML L. In [2] it is proved that
if in a CML an element of order 3 generates a normal subloop, then this element
belongs to the center of this CML. Then b ∈ Z(L) and, consequently, B ⊆ Z(L).
The subgroup B is infinite, then as in the previous cases, it may be proved that the
CML L is associative. Consequently, the implication 2) ⇒ 1) holds.

4) ⇒ 3). We suppose that N is a non-periodic subgroup and let α ∈ N be
an element of infinite order. Let C(M) denote the center of group M. In [4] it
is proved that the quotient group M/C(M) is a locally finite 3-group. Then the
element αk belongs to the center C(M) for some integer k. Let ε be the unity of
the group M and let β be an arbitrary element in M such that < β > ∩ < α >= ε.
The subgroup < αk > is normal in M. Then the product < β >< αk > is a
subgroup. As < αk >⊆< β >< αk > ∩N then by statement 4) < β >< αk >
is a normal subgroup in M. Let ϕ be an inner automorphism of group M. Then
< β >< αk >= ϕ(< β >< αk >) = ϕ(< β >)ϕ(< αk >) = ϕ(< β >) < αk >,
ϕ(< β >) < αk >=< β >< αk >. We have < β > ∩ < αk >= ε. Then and
ϕ(< β >)∩ < a3 >= ε.

We denote < αk >= A, < β >= B. Let θ, η be the restrictions of natural
homomorphism λ : AB → AB/A onto B and ϕB respectively. Obviously, kerθ =
B∩A, kerη = ϕB∩A. Then from equalities B∩A = ε, ϕB∩A = ε it follows that
θ, η are monomorphisms.

Let β ∈ B. Then β = γα for some γ ∈ ϕB, α ∈ A. Further, λβ = λ(γα),
λβ = λγ · λα, λβ = λγ · λε, λβ = λγ. The homomorphism λ acts onto ϕB as η.
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Hence λγ = ηγ. η is a restriction of λ onto ϕB and is a monomorphism of ϕB.
Then from λβ = ηγ it follows that β ∈ ϕB, B ⊆ ϕB. Analogously, ϕB ⊆ B. Hence
ϕB = B. Consequently, the subgroup < β > is normal in M.

Further, using the normality of < β > in M it is proved by analogy that the
subgroup < α > is normal in M. We get that any element in M generates a normal
subgroup in M. This means that the group M is hamiltonian. But any hamiltonian
multiplication group of CML is abelian [3]. Hence the implication 4)⇒ 3) holds.

Now we suppose that the abelian group N is periodic. Then N decomposes into a
direct product of its maximal p-subgroups Np. Let N = D×N3. By [2] D ⊆ C(M).
The subgroup D is normal in M. If D is infinite then as in the previous case, we
show that the group M is hamiltonian and, consequently, is abelian. If D is finite
then the subgroup N3 is infinite.

Let the infinite abelian group N3 satisfy the minimum condition for its subgroups.
Then N3 = T×K, where K is a finite group and T is an infinite divisible group. By
[1] T ⊂ Z(M) and as in the previous case the CML M is abelian.

To prove the implication 4 ⇒ 3) we have to consider only the case when the
abelian group N3 does not satisfy the minimum condition for its subgroups. In this
case N3 has an infinite abelian subgroup B, which decomposes into a direct product
of cyclic groups of order 3. Let β ∈ B and let R ⊆ B be such a subgroup that
< β > ∩R = ε. Let R = R1 × R2 be a certain decomposition of group R into
a direct product of two infinite subgroups. From statement 2) it follows that the
subloops R1, < β > ×R1, R2, < β > ×R2 are normal in group M. In [3] it is proved
that if in a multiplication group of CML an element of order 3 generates a normal
subgroup, then this element belongs to the center of this multiplication group. Then
β ∈ C(M) and, consequently, B ⊆ C(M). The subgroup B is infinite then as in
the previous cases it may be proved that the group M is abelian. Consequently, the
implication 4) ⇒ 3) holds. This completes the proof of Theorem.

We note that the construction of arbitrary groups that satisfy the equivalence of
statements 3), 4) of Theorem is described in [7]. It is easy to see that the equivalence
of statements 3), 4) and the equivalence of statements 1), 2) of Theorem are proved
by the same schema. But if we use the results of paper [7] to prove the equivalence
of statements 3), 4), then the proof doesn’t get easier but, on the contrary, it gets
more complicated.
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