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1 Introduction

The paper is concerned with studying and solving the stochastic versions of the
classical discrete optimal control problems from [1,2,5]. In the deterministic control
problems from [1,2] the choosing of the vector of control parameters from the corre-
sponding feasible set at every moment of time for an arbitrary state is assumed to be
at our disposition, i.e each dynamical state of the system is assumed to be control-
lable. In this paper we consider the control problems for which the discrete system
in the control process may meet dynamical states where the vector of control param-
eters is changing in a random way according to given distribution functions of the
probabilities on given feasible dynamical stats. We call such states of dynamical sys-
tem uncontrollable dynamical states. So, we consider the control problems for which
the dynamics may contain controllable states as well uncontrollable ones. We show
that in general form these versions of the problems can be formulated on stochastic
networks and new approaches for their solving based on concept of Markov processes
and dynamic programming from [3,4] can be suggested. Algorithms for solving the
considered stochastic versions of the problems using the mentioned concept and the
time-expended network method from [5,6] are proposed and grounded.

2 Problems Formulations and the Main Concept

We consider a time-discrete system L with a finite set of states X C R". At
every time-step t = 0,1,2,..., the state of the system L is x(t) € X. Two states
xo and xy are given in X, where g = x(0) represents the starting state of system
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L and x; is the state in which the system L must be brought, i.e. x; is the final
state of L. We assume that the system L should reach the final state x; at the
time-moment T'(x¢) such that 77 < T'(xy) < Ty, where Ty and T3 are given. The
dynamics of the system L is described as follows

z(t+1) =g (x(t),u(t)), t=0,1,2,..., (1)
where

2(0) = zo (2)
and u(t) = (ug(t),ua(t),...,um(t)) € R™ represents the vector of control param-
eters. For any time-step ¢t and an arbitrary state z(t) € X a feasible finite set
U(z(t)) = {uglc(t),ui(t),...,uigf)(t))}, for the vector of control parameters u(t) is

given, i.e.
u(t) € Ug(x(t)), t=0,1,2,.... (3)

We assume that in (1) the vector functions g;(z(t),u(t)) are determined uniquely
by x(t) and u(t), i.e. the state z(t 4 1) is determined uniquely by z(t) and u(t) at
every time-step t = 0,1,2,.... In addition we assume that at each moment of time
t the cost ¢y (z(t),z(t+1)) = ¢ (2(t), g:(z(t), u(t))) of system’s transaction from the
state z(t) to the state z(t + 1) is known.

Let zy = 2(0),z(1),2(2),...,x(t),... be a trajectory generated by given vectors
of control parameters u(0),u(1),...,u(t—1),... . Then either this trajectory passes
through the state x; at the time-moment T'(xs) or it does not pass through x;.We

denote
T(xy)—1

Froa (u(t) = D er(a(t), g:(w(t), u(?))) (4)
t=0

the integral-time cost of system’s transactions from zg to xy if Ty < T(xy) <
Ty; otherwise we put Fry,(u(t)) = oco. In [1,2,5] have been formulated and
studied the following problem: to determine the vectors of control parameters
u(0),u(1),...,u(t),... which satisfy conditions (1)-(3) and minimize functional (4).
This problem can be regarded as a control model with controllable states of dynam-
ical system because for an arbitrary state z(¢) at every moment of time the choosing
of vector of control parameter u(t) € Uy(x(t)) is assumed to be at our disposition.
In the following we consider the stochastic versions of the control model formulated
above. We assume that the dynamical system L may contain uncontrollable states,
i.e. for the system L there exist dynamical states in which we are not able to control
the dynamics of the system and the vector of control parameters u(t) € Uy(x(t)) for
such states is changing in the random way according to given distribution function

piUa(®) = 0.1, plug) =1 9

on the corresponding dynamical feasible sets Uy(z(t)). If we regard arbitrary dy-
namic state x(t) of system L at given moment of time t as position (z,t) then the
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set of positions
Z={(z,t) |z e X, t=0,1,2,...,Tr}

of dynamical system can be divided into two disjoint subsets
z=z°0zN (z°nzZN =0),

where Z¢ represents the set of controllable positions of L and ZV represents the
set of positions (z,t) = z(t) for which the distribution function (5) of the vectors of
control parameters u(t) € U(z(t)) are given. This mean that the dynamical system
L works as follows. If the starting point belongs to controllable positions then the
decision maker fixes a vector of control parameter and we obtain the state z(1).
If the starting state belongs to the set of uncontrollable positions then the system
passes to the next state in a random way. After that if at the time-moment ¢t = 1
the state x(1) belong to the set of controllable positions then the decision maker
fixes the vector of control parameter u(t) € Uy(x(t)) and we obtain the state z(2).
If 2(1) belongs to the set of uncontrollable positions then the system passes to the
next state in a random way and so on. In this dynamic process the final state may
be reached at given moment of time with a probability which depend on the control
of the system in the deterministic states as well as the expectation of integral time
cost by trajectory depends on control of the system in these states. The main results
of this paper are concerned with studying and solving the following problems.

1. For given vectors of control parameters u(t) € Uy(z(t)), z(t) € Z°, to deter-
mine the probability that the dynamical system L with given starting state xo = z(0)
will reach the final state s at the moment of time T'(x2) such that 77 < T'(z¢) < Tb.
We denote this probability Py, (u(t),zs, Ty < T(xy) < Tp); if Ty = To = T then we
use the the notation P (u(t),zs,T).

2. To find the vectors of control parameters u*(t) € Uy(x(t)), z(t) € Z¢ for
which the probability in problem 1 is maximal. We denote this probability we
denote P, (u* (t),zp, Ty < T(xy) < Tg); in the case Ty = Ty = T we shall use the
notation Py, (u*(t),z¢,T).

3. For given vectors of control parameters u(t) € Uy(z(t)), z(t) € Z¢ and
given number of stages T' to determine the expectation of integral-time of system’s
transactions within 7" stages for system L with staring state zo = 2(0). We denote
this expectation Cy,(u(t),T).

4. To determine the vectors of control parameters u*(t) € Uy (x(t)), z(t) € Z€
for which the expectation of integral-time cost for dynamical system in problem 3
is minimal. We denote this expectation Cy,(u*(t),z¢,T).

5. For given vectors of control parameters u(t) € U(z(t)), z(t) € Z%, to de-
termine the expectation of integral-time cost of system’s transactions from starting
state x¢ to final state y when the final state is reached at the time-moment T'(x)
such that Ty < T'(xy) < To. We denote this expectation Cy (u(t),zp, Ty < T(zf) <
T»); if Ty = T = T then we denote Cy, (u(t), zs,T).



76 DMITRII LOZOVANU, STEFAN PICKL

6. To determine the vectors of control parameters u*(t) € Uy(z(t)), z(t) € Z¢
for which the expectation of integral-time cost of system’s transactions in problem 5
is minimal. We denote this expectation Cy, (u*(t), 2y, T < T(zy) < Tb); in the case
Ty = T, = T we shall use the notation Cy,(u*(t),xs,T).

It is easy to observe that problems 1-6 extend and generalize a large class of
deterministic and stochastic dynamic problems including problems from [1,2,4]. The
problems from [4] related to finite Markov processes became problems 1-3 in the
case when Z¢ = () and the probabilities p(u;(t)) do not depend on time but depend
only on states; the discrete optimal control problems from [1,2] became problems
4-6 in the case ZN = . In the following we propose algorithms for solving the
problem formulated above based on results from [1,2,4] and time-expended method
from [5,6].

3 Some Auxiliary Results and Definitions of the Basic Notions

In this section we describe some auxiliary results concerned with calculation of
the state probabilities in a simple finite Markov processes and make more precise
some basic definitions for our control problems. We shall use these results and the
specification of the basic notion we shall use in next sections for a strict argumen-
tation of the algorithms for solving problems 1-6.

3.1 Determining the State Probabilities of the Dynamical System
in Finite Markov Processes

We consider a dynamical system with the set of states X where for every state
x € X are given the probabilities p, , of system’s passage from x to another states

y € X such that ) p,, = 1. Here the probabilities p, , do not depend on time, i.e.
yeX
we have a simple Markov process determined by the stochastic matrix of probabilities

P = (pg,y) and the starting state xy of dynamical system. The probability P, (x,?)
of system’s passage from the state xg to an arbitrary state x € X by using given
t unite of time is defined and calculated on the basis of the following recursive
formula [4]
Py (x, 7+ 1) = Z Py (y, TPy, T=0,1,2,...,t
yeX

where Py, (z9,0) = 1 and P, (z,0) = 0 for z € X \ {zo}. In the case when the
probabilities of system’s passage from one state to another depend on time we have
a non-stationary process defined by a dynamic matrix P(t) = (pg(t)) which describe
this process. If this matrix is stochastic for every moment of time ¢t = 0,1, 2, ..., then
the state probabilities P, (z,t) can be defined and calculated by using a formula
obtained similarly from written one changing p, , by pa.,(7).

Now let us show how to calculate the probability of systems passage from the
state xg to the state z when z is reached at the time moment 7'(z) such that
Ty < T(x) < Ty where T} and T, are given. So, we are seeking for the probability
that the system L will reach the state x at least at one of the moments of time
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T1,Ty +1,...,T5. We denote this probability Py, (z,71 < T(z) < Tz). For this
reason we shall give the graphical interpretation of the simple Markov processes by
using the random graph of state transitions GR = (X, FR). In this graph each vertex
x € X corresponds to a state of dynamical system and a possible system passage
from one state x to another state y with positive probability p, , is represented by
the directed edge e = (z,y) € ER from x to y; to directed edges (z,y) € ER in G the
corresponding probabilities p, , are associated. It is evident that in the graph GR

each vertex = contains at least one leaving edge (x,y) and ) p,, = 1. In general
yeX
we will consider also the stochastic process which may stop if one of the states

from given subset of states of dynamical system is reached. This means that the
random graph of such process may contain the deadlock vertices. So, we consider the
stochastic process for which the random graph may contains the deadlock vertices

and ) pz, = 1 for the vertices # € X which contain at least one leaving directed
yeX
edge. Such random graphs do not correspond to Markov processes and the matrix

of probability P contains rows with zero components. Nevertheless the probabilities
P, (z,t) in the both cases of the considered processes can be calculated on the basis
of recursive formula given above. In the next sections we can see that the state
probabilities of the system can be also calculated starting from final state by using
the backward dynamic procedure.In the following the random graph with given
probability function p : ER — R on edge set FR and given distinguished vertices
which correspond to starting and final states of dynamical system we be called the
stochastic network. Further we shall use the stochastic networks for calculation of
the probabilities Py, (z,71 < T(z) < T3).

Lemma 1. Let be given a Markov process determined by stochastic matriz of prob-
abilities P = (pzy) and the starting state xo. Then the following formula holds:
Py (2, Ty < T(2) < Tp) = Pyy(x, Ty) + Pl (z, Ty + 1)+
AP (g Ty 4 1) 4 - PRI LT (g ) (6)

where P£’T1+1""’T1+i_1(a:,T1 +1i),i = 1,2,...,Ty — Ty, is the probability that the
system L will reach the state x from xqg by using T1 + © transactions and it does not
pass through x at the moments of times 11,71 + 1,17 +2,..., 11 +7— 1.

Proof. Taking into account that P, (x,T1 < T'(z) < T} +1i expresses the probability
of the system L to reach from zq the state x at least at one of the moments of time
T, Ty +1,...,11 + i we can write the following recursive formula

Pmo($aT1 < T(l‘) <Ti+ Z) = Pxo(l‘,Tl < T(l‘) <Ti+1— 1)—|—

+P£:)1,T1+1,...,T1+i—1(x7Tl + Z) (7)

Applying T5 — T} times this formula for ¢ = 1,2,...,75 —T7 we obtain the
equality (6). O
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Note that formula 6 and 7 couldn’t be used directly for calculation of the prob-
ability Py, (x,Th < T'(z) < T3). Nevertheless we can see that such representation
of the probability P,,(x,T1 < T(x) < T3) in the time expended network method
will allow to ground a suitable algorithms for calculation of this probability and to
develop new algorithms for solving problems from Section 2.

Corollary 1. If the state x of dynamical system L in random graph GR = (X, ER)
corresponds to a deadlock vertex then

Py (2,11 < T(x) < T) ZPmO:Et (8)
t=T

Let Xy be a subset of X and assume that at the moment of time ¢t = 0 the
system L is in the state zg. Denote by Py, (Xf,T1 < T(Xy) < T3) the probability
that at least one of the states € Xy will be reached at the time moment 7'(z) such
that 77 < T'(x) <Ty. Then the following corollary holds.

Corollary 2. If the subset of states Xy C X of dynamical system L in the random
graph GR = (X, ER) corresponds to the subset of deadlock wvertices then for the
probability Py, (Xf,T1 <T(Xy) < Tg) the following formula holds

Po (X, Ty <T(Xp) < Toy) = Y Z Py (x,1). (9)
wEXft T

3.2 Determining the Expectation of Integral-time cost of system’s
transactions in Finite Markov Processes

In order to define strictly the expectation of integral-time cost for dynamical sys-
tem in problems 3-6 we need to introduce the notion of expectation of integral-time
cost for finite Matkov processes with cost function on the set of state’s transaction
of dynamical system. We introduce this notion we introduce in the same way as the
total expected earning in the Markov processes with rewards introduced in [4]. We
consider a simple Marcov process determined by the stochastic matrix p = (py,y)
and starting state zg of system L. Assume that for arbitrary two states x,y € X of
the dynamical system is given the value ¢, , which we treat as the cost of system L
to pass from the state = to the state y. The matrix C' = (cg ) is called the matrix
of the costs of system’s transactions for the dynamical system. Note that in [4]
the values ¢, , for given x are treated as the "earning” of the system’s transaction
from the state x to the states y € X and the corresponding Markov process with
associated matrix C is called Markov process with reward. The Markov process
with associated cost matrix C' generates a sequence of costs when the system makes
transactions from one state to another. Thus the cost is a random variable with a
probability distribution induced by the probability relations of the Markov process.
This means that for the system L the integral-time cost during 71" transactions is a
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random variable for which the expectation can be defined. We denote the expec-
tation of integral-time cost in such process by Cy,(T). So, Cy,(T) expresses the
expected integral-time cost of the system in the next 7T transactions if the system
at the starting moment of time is in the state zo = z(0). For an arbitrary z € X
the values C,(7) are defined strictly and calculated on the basis of the following
recursive formula

Colr) =) payleay +Cylr —1)), T=1,2,... ¢
yey

where C,(0) = 0 for every x € X. This formula can be treated in the similar way as
formula for calculation the total earning in the Markov processes with rewards [4].
The expression ¢, + Cy(7 — 1) means that if the system makes transaction from
the state = to the state y then it spends the amount ¢, , plus the amount it expects
to spend during the next 7 — 1 transactions when the system start transactions
in the state y at the moment of time 7 = 1. Taking into account that in the
state = the system makes transactions in the random way with the probability
distribution p,, we obtain that the values ¢;, + Cy(7 — 1) should be weighted
by the probabilites of transactions p,,. In the case of the non-stationary process,
i.e. when the probabilities and the costs are changing in time, the expectation of
integral-time cost of dynamical system is defined and calculated in similar way; in
formula written above we should change p, by pgy(7) and ¢y by ¢z y(t).

3.3 Definition of the State Probability and The Expectation
of Integral time cost in Control Problems 1-6

Using the definitions from previous subsections we can now specify the notions of
state probabilities  Pyq)(u(t), x,T), Py (u(t),zy, Tt < T(xy) < T) and the ex-
pectations of integral-time cost Cygy (u(t),T), Cyo) (u(t), 25, T), Coo) (u(t), zp, T1 <
T(zy) < T3) in problems 1-6. First of all we stress our attention to the definition
of probability Py, (u(t),z,T). For given starting state zp, given time-moment 7'
and fixed control u(t) we define this probability in the following way. We consider
that each system passage from an controllable state x = xz(t) to the next state
y = x(t + 1) generated by the control u(t) is made with probability p,, = 1 and
the rest of probabilities of system’s passages from = at the moment of time ¢ to the
next states are equal to zero. Thus we obtain a finite Markov process for which
the probability of system passage from starting state x, to final state x by using T’
unites of time can be defined. We denote this probability Py, (u(t),z,T). We de-
fine the probability P, (u(t), x, Ty <T(zx) < Tg) for given Ty and 15 as probability
of the dynamical system L to reach the state x at least at one of the moments of
time 11,71 + 1,...,75. In order to define strictly the expectation of integral-time
cost of dynamical system in problems 3-6 we shall use the notion of expectation
of integral-time cost for Markov processes with costs defined on system’s transac-
tions. The expectation of integral-time cost Cy,(u(t),T") of system L in problem 3
for fixed control u(t) is defined as the expectation of the integral-time cost during
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T transitions of dynamical system in the Markov process generated by the control
u(t) and the corresponding costs of state’s transactions of dynamical system. The
expectation Cy, (u(t),z, Ty < T(x) < Tb) in the problems 5 and 6 will made more
precise in more detail form in Section 5.

4 The Main Approach and Algorithms for Determining the State
Probabilities in the Control Problems on Stochastic Networks

In order to provide a better understanding of the main approach and to ground
the algorithms for solving the problems formulated in Section 2 we shall use the net-
work representation of the dynamics of the system and will formulate these problems
on stochastic network. Note that in our control problems the probabilities and the
costs of system’s passage from one state to another depend on time. Therefore here
we develop time-expended network method from [5,6] for the stochastic versions of
control problems and reduce them to the static cases of the problems. At first we
show how to construct the stochastic network and how to solve the problems with
fixed number of stages, i.e. we consider the case T} =T, =1T.

4.1 Construction of Stochastic Network and Algorithms for Solving
the Problems in the Case T} =1, =T

If the dynamics of discrete system L and the information related to the feasible
sets U(x(t)) and the cost functions ¢;(x(t), g:(x(t),u(t))) in the problems with T} =
T = T are known then our stochastic network can be obtained in the following
way. We identify each position (z,t) which correspond to a dynamic state z(t) with
a vertex z = (x,t) of the network. So, the set of vertices Z of the network can
be represented as follows Z = Z3 U Zy U --- U Zp where Z; = {(z,t) |z € X} ,t =
0,1,2,...,T. To each vector of control parameters u(t) € Uy(x(t)),t =1,2,...,T—1
which provide a system passage from the state z:(¢) = (z,t) to the state z(t + 1) =
(y,t + 1) we associate in our network a directed edge e(z,w) = ((z,t), (y,t + 1))
from the vertex z = (z,t) to the vertex w = (y,t + 1), i.e., the set of edges E of
the network is determined by the feasible sets Uy(z(t)). After that to each directed
edge e = (z,w) = ((z,t), (y,t + 1)) originating in uncontrollable positions (z,t) we
put in correspondence the probability p(e) = p(u(t)), where u(t) is the vector of
control parameter which provide the passage of the system from the state z = x(t)
to the state z(t + 1) = (y,t + 1). Thus if we distinguish in E the subset of edges
Ey = {e=(z,w) € E|z € Z"} originating in uncontrollable positions Z" then on
FEn we obtain the probability function p : E — R which satisfies the condition

Z ple)=1, z€ 2ZN\ Zr
e€ET(z)

where E7T(2) is the set of edges originating in 2. In addition in the network we add
to the edges e = (z,w) = ((z,1), (y,t + 1)) the costs c(z,w) = c((x,t), (y,t + 1)) =
ce(z(t), z(t + 1)) which correspond to the costs of system’s passage from states z(t)
to the states x(t + 1). The subset of edges of the graph G originating in vertices
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z € Z% is denoted E¢, i.e. Ec = E\ Ey. So, our network is determined by the
tuple (G, 2%, ZVN, 2, zf,¢,p,T), where G = (Z, E) is the graph which describes the
dynamics of the system; the vertices zgp = (z,0) and zy = (x¢,0) correspond to the
starting and the final states of the dynamical system, respectively; ¢ represents the
cost function defined on the set of edges E and p is the probability function defined
on the set of edges Ey which satisfy condition (5). Note that Z = Z¢ U Z¥, where
ZC is a subset of vertices of G which correspond to the set of controllable positions
of dynamical system and ZV is a subset of vertices of G which correspond to the set
of uncontrollable positions of system L. In addition we shall use the notation Z&
and Z, where Z{ = {(z,t) € Z|(z,t) € Z°} and Z}N = {(2,t) € Z,|(,t) € ZC}.

It is easy to observe that after the construction described above the problem
1 in the case 77 = Ty = T can be formulated and solved on stochastic network
(G, 2%, ZN 2, zf,p, T). A control u(t) of system L in this network means a fixed
passage from each controllable position z = (z,t) to the next position z = (z,t)
through a leaving edge e = (z,w) = ((:E,t), (y,t + 1)) generated by wu(t); this is
equivalent with the prescription to these leaving edges the probability p(e) = 1 of
the system’s passage from the state (x,t) to the state (y,t + 1) considering p(e) =0
for the rest of leaving edges. In other words a control on stochastic network means
an extension of the probability function p from Ey to E by adding to the edges
e € E'\ Ey the probabilities p(e) according to the mentioned above rule. We denote
this probability function on E by p, and will keep in mind that p,(e) = p(e) for
e € £\ Ey and on E¢ this function satisfies the following property

pu: BEc — {0,1}, S pule) =1for z € Z¢
eEEg(z)

induced by the control u(t) in the problems 1-6. If for the problems from section 2
the control u(t) is given then we denote the stochastic network (G, Z¢, ZV, 2, Zf, €,
pu, T); If the control u(t) is not fixed then for the stochastic network we shall use
the notation (G, Z¢, ZN, z,, zf,¢,p,T). For the state probabilities of the system L
on this stochastic network we shall use similar notations P, (u(t), z, T), Px, (u(t), 2,
T, <T(z) < Tg) and each time we will specify on which network they are calcu-
lated, i.e. will take into account that these probabilities are calculated by using the
probability function on edges p, which already do not depend on time.

Algorithm 1: Determining the state probabilities of the system in Problem 1

Preliminary step (Step 0): Put P (u(t),zp,0) = 1 for the position zp € Z and
P, (up, z,t) = 0 for the positions z € Z\ {zo}.

General step (Step 7,7 > 1): For every z € Z, calculate

P, (u(t),z,7) = Z P (u(t),w, 7 — 1)py(w, 2)
(w,2)€E~(2)

where E7(2) = {(w,2) € E|w € Z,_1}. If 7 = T then stop; otherwise go to the
next step.

The correctness of the algorithm follows from definition and network inter-
pretation of the dynamics of system L. In the following we will consider that
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for the control problems from Section 2 the condition Up(z(t)) # (0 for every
z(t) e X,t=0,1,2,...,75 — 1 holds.

Algorithm 2: Determining the state probability of the system based on backward
dynamic programming procedure

Preliminary step (Step 0): Put P, (u(t), zy,T) = 1 for the position z;y = (z,T)
and P,(u(t),z,T) = 0 for the the positions z € Zp \ {(xf,T)}.

General step (Step 7,7 > 1): For every z € Zp_, calculate

P (u(t),z7,T) = Z Py (u(t), zf, T)pu (2, w)
(zw)€ET(2)

where ET(2) = {(2,w) € E|w € Z,41}. If 7 = T then stop; otherwise go to next
step.

Theorem 1. For given control u(t) Algorithm 2 correctly finds the state probabilities
Pir—ry(u(t), s, T) for every x € X and 7 = 0,1,2,...,T. The running time of
the algorithm is O(| X|?T).

Proof. The preliminary step of the algorithm is evident. The correctness of the
general step of the algorithm follow from recursive formula at this general step
which reflects dynamic programming principle for the state probabilities in simple
stochastic process. In order to estimate the running time of the algorithm it is
sufficient to estimate the number of elementary operations of general step of the
algorithm. It is easy to see that the number of elementary operations for tabulation
of state probabilities at the general step is O(|X|?). Taking into account that the
number of steps of the algorithms is 7' we obtain that the running time of the
algorithm is O(|X|?L). O

Algorithm 3: Determining the optimal control for Problem 1 with Ty =15 =T

We describe the algorithm for finding the optimal control w*(¢) and the probabil-
ities Ppp_r) (u*(t),z¢,T) of system’s passage from the states x € X at the moment
of time T'— 7 to the state xy by using 7 units of time for 7 = 0,1,2,...,T". The algo-
rithm consists of the preliminary, general and final steps. The preliminary and gen-
eral steps of the algorithm find the values 7T(xf7T_T)(Zf, T) of positions (x,T—7) € Z
which correspond to probabilities Ppp_r) (u*(t),zf,T) of system passages from the
state (T — 7) € X at the moment of time 7' — 7 to the state 2¢(T") € X at the
moment of time 7" when the optimal control w*(¢) is applied. At the end of the last
iteration of general step of the algorithm 2 gives the subset of edges Ec(u*) of E¢
which determines the optimal controls. The final step of the algorithm constructs
an optimal control u*(t) of the problem.

Preliminary step (Step 0): Put 7., (xy, T) = 1 for the position 2y = (z,T) and
m.(zf,T) = 0 for the positions z € Zr \ {(zf,T)}; in addition put Ec(u*) = 0.

General step (Step T > 1,7 > 1): For given 7 do items a) and b):

a) For each uncontrollable position z € Z calculate

WZ(Zf,T) = Z Ww(xfaT)p(Zaw);
(z,w)EET ()
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b) For each controllable position z € Z¢ calculate

T) = T
WZ(Zf’ ) (z,w)elé'lfé;7T—T) Ww(zf, )
and include in £, edges (z,w) which satisfy the condition 7, (2¢,T) = my (2, T). If
7 =T then go to Final step; otherwise go to step 7 + 1.
Final Step: Form the graph G* = (Z, E:L U (E\ EC)) and fix in G* a map

ut: (x,t) — (y,t+ 1) € Xg=(, 1) for (z,t) € Z¢
where X¢- = {(y,t + 1) € Z|((z,t), (y,t + 1)) € EL}.

Theorem 2. Algorithm 3 correctly finds the optimal control u*(t) and the state
probability Py)(u*(t), s, T) for an arbitrary starting position x(0) € X in problem
1 with T =Ty = Ty. The running time of the algorithm is O(| X |*T).

Proof. The general step of the algorithm reflects the principle of optimality of dy-
namic programming for the problem of determining the control with maximal prob-
abilities Pyr_r)(u*(t), 2, T) = T(zr—r)(xy, T) of system’s passages from the states
x € X at the moment of time 7" — 7 to the final state at the moment of time 7T". For
each controllable position (2,7 — 7) € Z the values 7, 7_r)(2f,T) are calculated
on stochastic network in consideration that for given moment of time 7" — 7 and
given state z € X the optimal control v*(T" — 7) € Uy (z(T — 7)) is applied. The
computational complexity of the algorithm can be estimated in the same way as in
Algorithm 2. Algorithm makes T steps and at each step uses O(|X|?) elementary
operations. Therefore the running time of the algorithm is O(| X |*T) O

4.2 Algorithm for determining the state probabilities in the case
T, # T

We construct our network using the network (G, Z¢,zZN ,20,2f,¢,p,T) with
T = T5 obtained according to the construction from Subsection 3.1. In this network
we delete all edges originating in vertices (z,t) for t = T7,T1+1,...,T5—1 preserving
edges originating in vertices (x,t) for t = 0,1,2,...,7; —1. We denote the stochastic
network in this case (G%, 2%, ZN 2,Y, ¢, p, T1,Ts), where Y = {(a;f,Tl), (g, Th +
1),...,(:17f,T2)} and G° = (Z,E") is the graph obtained from G dy deleting all
edges which originate in vertices from Y, i.e E° = E\ {(z,w) € E|]z € Y}. Let
P, (u(t),Y, T, <T(Y) < Tg) be the probability of dynamical system to reach at
least one of the states (xf,T%),(xf,T1 + 1),...,(zf,T2) at the moment of time ¢
such that T7 <t < T5 if the dynamical system at the moment of time 7 = 0 has the
state xg.

Theorem 3. For an arbitrary feasible control u(t) and given staring state xy of
dynamical system L the following formula holds

Py (u(t),zp, Ty < T(xy) < Tp) = Poy(u(t), Y, Ty < T(Y) < Th). (10)
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Proof. We prove the theorem by wusing induction principle on the number
k = Ty, —Ty. Let us prove formula (10) for k¥ = 1. In this case our network
(GY,Z€, ZN | 2,Y, ¢, py, T1, T3) is obtained from (G, Z¢, ZN 20,2, ¢,p,T2) by dele-
ting the edges ((x¢,T1), (x¢,T1 + 1)) originating in (x¢,77). For this network we
have Ty = To+1 and Y = (z¢,T1), (x5, 11 + 1). Basing on formula (6) we can write
the following equality

Ppo(u(t),xp, Ty <T(xf) <To) = Pyoult), s, Th) + Pg)l’TlJrl(u(t),a:f,Tl +1),

where PP (u(t), 2 7,11 + 1) for given control u(t) represents the probability of
the system L to reach the state xy from x such that it does not pass at the moment
of time 77 through z;. Taking into account that in our network all edges originating
in (xf,T1) are deleted we obtain

PO (u(t),op, Ty + 1 = Py (u(t), (vp, Ty + 1), T1 + 1).
This means that
Poo(ult), 20, Th < T(ag) < Ty) =
= P, (u(t), (x¢,T1),T1) + Py (u(t), (xf, Ty + 1), T1 + 1).

If we use the property from Corollary 2 then we obtain formula (10) for £ = 1.
Now assume that formula (10) holds for an arbitrary k£ > 1 an let us prove that
it is true for k + 1.
We apply formula (7) for Py, (u(t),z¢, Ty < T(x) < T) . Then we obtain

Py, (u(t),ap, Ty <T(zp) <Ti+k+1) =
= Pa(u(t), 25, T < T(wg) < T+ k) + P =T (), op, T+ k+ 1)

where Pt Tt Tatk (g 4 xf,T1 + k4 1) expresses the probability for the system L
to reach the state xy and it does not passes at the moment of time 77, T7+1, ..., 11 +k
through the state xy. According to the assumption of induction principle we can
write

Py (u(t),zp, Ty <T(xp) <Ty +k+1)=

— PZO(u(t),Y \ (:Ef,Tl +k+ 1),T1 < T(Y \ (x,Tl + k4 1) <Ti+ k‘)‘l‘
AP TR (), e, Ty + k1),

Here in a similar way as in the case £ = 1 holds
PRI TR () 2 Ty + k+ 1) = Py (u(t), (xp, Tr + k+ 1), T+ k+1)

because the stochastic network (G°,Z¢ ZN, 2,Y, ¢, py,T1,T2) is obtained from
(G, Z°, ZN z0,2¢,¢,p,T2) by deleting all edges originating in the vertices (z,T}),
(g, T1 +1),..., (x5, T1 + k). So, the following formula holds

Pxo(u(t),mf,Tl < T(l’f) < Tl + k+ 1) =
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=P, (u(t),Y \(xp, T1 +k+1), Ty <TY \ (s, A +k+1) <T1 + k)+
+on(u(t)7 (vaTl +k+ 1)7T1 +k+ 1)

Now if we use the property from Corollary 2 of Lemma 1 then we obtain
formula (10). O

Corollary 3. For an arbitrary feasible control u(t) and given staring state xo of
dynamical system L the following formula holds

To—Ty
Py (u(t),zyp, Ty < T(zy) <Tp) = Z Py (u(®), (@p, Ty + k), Ty + k). (11)
k=0

Basing on this result we can calculate Py, (u(t),zs, Ty < T(zy) < T) in the
following way. We apply Algorithm 1 on network (G f,ZC,ZN 20, Y, Cy Py, T 1,T2)
and determine the state probabilities P, (u(t), (z,7),7) for every (x,7) € Z and
7 = 0,1,2,...,T5. Then on the basis of formula (11) we find the probabil-
ity Pr,(u(t),zs, Ty < T(xy) < Tp). We can use this fact for an another al-
gorithm for finding the probability P, (u(t),ajf,Tl < T(zy) < Tg). The algo-
rithm finds the probabilities P, (u(t), Zy,T1 < T(Y) < T3) on stochastic network
(Gf,ZC,ZN,zO,Y,c,pu,Tl,Tg) for every z = (x,T — 7) € Z. Then for 7 = T we
obtain PZB(T—T) (u(t),xf,Tl < T(xf) < Tg) = P(.CB,TQ—T) (u(t),Y, T, <T() < Tg)
for every 7 = 0,1,2,...,T5; if we fix 7 = T5 then we find the probabilities
Px(u(t),a:f,Tl < T(xf) < TQ).

Algorithm 4: Determining the solution of Problem 1 in the case Ty # Ts

Preliminary step (Step 0): Put P.(u(t),Y, Ty < T(Y) < Tp) = 1 for every
position z € Y and P, (u(t),Y, Ty < T(y) < T») = 0 for the positions z € Zr, \
{(zy, T2)}.

General step (Step 7,7 > 1): Calculate

P.(u®t),Y, Ty <T(Y)<To) = > Pu(u®),Y,Ty <T(Y) < To)pu(z,w)
(2:w)EE0(2)

for every z € Zp,—, \ Y where E°(z) = {(2,w) € E°|w € Z;41}. If 7 = T then go
to final step; otherwise go to step 7 + 1.

Theorem 4. Algorithm 4 correctly finds the state probability Py)(u*(t),xs,T) for
an arbitrary starting position x(0) € X in problem 1 with Ty < T. The running
time of the algorithm is O(|X|*Ty).

Proof. In algorithm 4 the value Py, (u(t), zs, Ty < T(zy) < T3) is calculated on the
basis of formula (11) applying Algorithm 2 for finding P, o) (u(t), (zy, Ty + k), k)
for k=0,1,2,...,75 — T1. The application of Algorithm 2 on network with respect
to each final position is equivalent with the specification of the preliminary step as
it is described in Algorithm 4. So, the algorithm correctly finds the probability for
the problem 1 with 77 # T5. The general step of the algorithm is made T times.
Therefore the running time of the algorithm is O(| X|?T%). O
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Now let us show that the network (G°, 2%, ZN | 2, Y, ¢, py, T1, T5) can be modified
such that Algorithm 4 becomes Algorithm 2 on an auxiliary stochastic network. We

make the following non-essential transformations of the structure of the network. In
G° = (Z, E) we add directed edges

((ﬂjf,Tl), (:Ef,Tl + 1)), ((:Ef,Tl + 1), (ﬂjf,Tl + 2)), cee ((ﬂjf,Tg - 1), (:Ef,Tg)).

To each directed edge e; = ((:Ef,Tl +1), (xp, T1 +i+ 1)),2’ =0,1,2,..., T, —T71 — 1
we define the values p(e;) = 1 and c(e;) = 0 which express respectively the prob-
abilities and the costs of system’s passage from the positions (zf,T7 + i) to the
position (z¢,T1 +i+ 1). We denote the network obtained after this construction by
(G*,2C,ZN 20,24, ¢*, p, Th, Tz), where G* = (Z, E*) is the graph obtained from G°
by using the construction described above, i.e. E* = EU {((a:f, Ty +1), (xp, Th +i+
1)), 1=0,1,2,..., T =T — 1}; the probability and the cost functions pj;, c*are ob-
tained from p, and ¢, respectively, according to given above additional construction.
It is easy to see that if on this network we apply Algorithm 2 considering T = T5
and (zy,T) = (x5, T) then we find the state probabilities Py . 1,7 (u(t), (2, T2), T2)
which coincide with the state probabilities Py, 7, (u(t),Y, Ty < T(Y) < Tp).

Algorithm 5: Determining the optimal control for Problem 2 with Ty # Ty

The algorithm consists of the preliminary, general and final steps. The pre-
liminary and general steps find the values 7 7,,_r) (Y, T, <TY) < Tg) which
correspond to probabilities P, 7_r) (u*(t),Y, Ty < T(Y)) < T, when the op-
timal control is taken into account. So, these values represent the probabili-
ties Pyr—r) (u*(t),xf,Tl < T(xy) < Tg) of system transactions from the states
x(T — 1) € X to the state x5 when the optimal control u*(t) is applied. At the end
of the last iteration of general step the subset Ec(u*) from E¢ is constructed. This
subset determines the set of optimal controls for Problem 2. The final step of the
algorithm fixes an optimal control w*(¢).

Preliminary step (Step 0): Put m, 7)(Y,T1 <T(Y) <Tz) = 1 for every position
ze€Y and m, (Y, 11 <T(Y) < Tp) =0 for every positions z € Zp, \ {(zf,T2)}; in
addition put Ec(u*) = 0.

General step (Step 7,7 > 1): For given 7 do the following items a) and b) :

a) For each position z € ZN calculate

(VT <TY)<T) = Y. m(Y,Ti <T(Y) < Ta)p(zw);
(zw)eET(2)

b) For each position z € Z¢ calculate

7@Kﬂ§ﬂwgﬂﬁw$£%ﬂdxﬂ§NM§ﬂ)

and include in the set E}. each edge e* = (z,w)* which satisfy the condition

(YT <T(Y)<T) =m (Y, Ty <T(Y) < Td).
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If 7 =T then go to Final step; otherwise go to step 7+ 1.
Final Step: Form the graph G* = (Z, E:L U (E\ EC)) and fix in G* a map
u*:(z,t) — (y,t +1) € Xg=(w,t) for (z,t) € Z¢
where Xg+ = {(y,t +1) € Z|((x,t), (y,t + 1)) € ES}.

Theorem 5. Algorithm 5 correctly finds the optimal control w*(t) and the state
probability Py)(u*(t), s, T) for an arbitrary starting position x(0) € X in problem
1 with fized final state xy € X and given T' = Ty = T3. The running time of the
algorithm is O(| X |?T).

Proof. The proof of this theorem is similar to the prove of Theorem 2. The gen-
eral step of the algorithm reflects the principle of optimality of dynamic program-
ming for the problem of finding the probabilities P, p_) (u* (t),xs,Th < T(xy) <
Tg). These probabilities in stochastic networks correspond to the probabilities
Pum—n(u (), Y, Ty < T(Y) < To) = 7an-nY,T1 < T(Y) < T3). For
each controllable position (2,7 — 7) the values m 1,_r) (Y, T, <TY) < Tg)
are calculated in consideration that for given moment of time 7' — 7 and given
state x the optimal control u*(Th — 7) € Ui(x(T> — 7)) is applied. Therefore
7T(m7T2_T)(Y, T1 < T(Y) < Tg) = PZE(TQ—T) (u*(t),mf,Tl < T(Y) < Tg) for every
r € X and 7 = 0,1,2,...,75. Taking into account that at each step the di-
rected edges e* correspond to the optimal control for the corresponding positions on
stochastic network, we obtain at the final step the set of edges E* which give the
optimal control for arbitrary state z and arbitrary moment of time ¢. In the same
way as in previous algorithms we can show that the running time of the algorithm
is O(| X|?T3). O

5 Algorithms for Determining the Expectation of Integral-Time
Cost in Problems 3-6

In this section we describe algorithms for calculation of the expected integral-
time costs of state transactions of dynamical system in problems 3-6.

5.1 Calculation of the Expectation of Integral-Time cost in
Problem 3

The expectation of integral-time cost for dynamical system L on stochastic net-
work (G, 2%, ZN | 24, ¢,py, T) in problem 3 is defined in analogues way as in Subsec-
tion 3.2 using the following recursive formula:

C.(u(t),T)= > pulz,w)(c(z,w) + Cu(u(t),T)),
(zw)EET(2)
2€Zp_pr=1,2...,T,

where ET(2) = {(2,w) € E|lw € Zr_,41}. This formula can be treated in the fol-
lowing way. Assume that we should estimate the expected integral-time cost of
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system’s transactions during 7 units of time when the system starts transactions
in position z = (z,T — 7) at the moment of time 7" — 7. If the system makes a
transition from the position z = (x,T — 7) to the position w = (y, T — 7+ 1) it will
spend the amount ¢(z,w) plus the amount it expects to spend if the system starts
the remained 7 — 1 transactions in the position w = (y,T'— 7 + 1). Therefore if the
system L at the moment of time 7'— 7 is in position z = (z,7 — 7) then the expected
integral-cost of system’s transitions from z must be weighted by he probabilities of
such transactions p,(z,w) to obtain the total expected integral-time costs.

Algorithm 6: Determining the expectation of integral-time cost in Problem 3
Preliminary Step (Step 0): Put C,(u(t),T) = 0 for every z € Zp.
General Step (Step 7,7 > 1): For each z € Zp_, calculate

C.(u®), T) = > pulz,w)(c(z,w) + Cu(u(t),T)).

(zw)eE*(2)

If 7 =T then stop; otherwise go to step 7+ 1.

Algorithm 6 uses the backward dynamic procedure and finds C,(u(t),T) for
every position z € Z. For a fixed position z = (z,7 — 7) € Z the value C,(u(t),T)
corresponds to the expected integral-time cost Cpp_r)(u(t),T') of the system in the
next 7 transactions when it starts in the state + = (7' — 7) at the moment of time

T—r,ie. C(:c,T—T) (u(t)v T) = C’ac(o) (’LL(t), T)

Algorithm 7: Determining the optimal control for problem 4

The algorithm consists of the preliminary, general and final steps. At the pre-
liminary and general steps the algorithm finds the optimal values of the expectation
of integral-time costs C,(u(t),T) which in algorithm are denoted by Exp.(T). For
a position z = (z,T — 7) the value Exp,(T) expresses the expected integral-time
cost during 7 transactions of the system when it starts transactions in the state
x = x(T — 7) at the moment of time 7" — 7.This value is calculated in the consid-
eration that the optimal control u(¢) is applied. In addition at the general step of
the algorithm the possible directed edges ¢* = ((z,7 — 7),(y,T — 7 + 1))* which
correspond to optimal control in the state x = z(T — 7) at the moment of time
T — 7 are cumulated in the set Ec(u*). The set of optimal controls is determined
by Ec(u*); at the final step an optimal control is fixed.

Preliminary step (Step 0): Put Exp,(T) =0 for z € Zp and Ec(u) = 0.

General step (Step T, 7 > 1): For given 7 do the following items a) and b):

a) For each uncontrollable position z € Z&¥ _ calculate

Exp.(T) = Z p(z,w)(c(z,w) + El’pw(T));
(zw)€ET(2)

b) For each controllable position z € Zg_T calculate

FExp,(T) = max c(z,w) + Exp,, (T
(1) = s (el w) + Erpu(D)
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and include in the set E}. each edge e* = (z,w)* which satisfies the condition

c((z,w)") + Expy+(T) = max c(z,w) + Exp,(T)).
(= w)") (1) = max (e(zw) + Bop(T))
If 7 =T then go to Final step; otherwise go to step 7 + 1.
Final Step: Form the graph G* = (Z,E; U (E \ E¢)) and fix in G* a map
u* i (x,t) — (y,t +1) € Xgw(z,t)  for (z,t) € ZC.

Theorem 6. Algorithm 7 correctly finds the optimal control u*(t) and the expected
integral-time costs Cy ) (1) of the system’s transactions during T units of time from
an arbitrary starting position x = x(0) € X in problem 4. The running time of the
algorithm is O(| X |*T).

This theorem can be proved in analogues way as Theorem 2.

5.2 Determining the Expectations of Integral-Time cost in
Problems 5 and 6

For problems 5 and 6 we need to precise what is meant by the expectation of
integral-time cost for dynamical system when the state x s is reached at the moment
of time T'(z) such that 71 < T'(x) < Tb. At first let us analyze the case Ty =T =T
We consider this problem on stochastic network (G, Z%, Z", 2, z2f,¢,py, T). If we
assume that the final position zy = (z,T) is reached at the moment of time 7" then
we should consider that the probability of system transaction from an arbitrary
starting position z = (x,0) to the position z is equal to 1. This means that
the probabilities p,(e) on edges e € E should be redefined or transformed in such
way that the mentioned above condition on stochastic network holds.We denote
these redefined values by p/,(e) and call them conditional probabilities. It is evident
that if the system never can meet a directed edge e € E during transition from a
position (z,0) to the position z; then the conditional probability p (e) of this edge
is equal to zero. So, the first step we should do in the transformation is to delete
all such edges from the graph G. After such transformation we obtain a new graph
G' = (Z,E') in which for some positions z € Z the condition Z p(z,w) =1

(z,w)€EE!(2)
is not satisfied (here E’(z) represents the subset of edges from E’ which in vertex
z, i.e. E'(z) = {(z,w)|(z,w) € E'}). Then we find for each position z € Z the
value m(z) = Z pu(z, w) and after that for an arbitrary position z € Z with
(z,w)€E!(2)
7(z) # 0 we make the transformation

(5, 0) = ——pu(z,w
Pilzw) = —pu(z )

for every (z,w) € E'(z). After these transformations we can apply Algorithm 6
on stochastic network (G, Z¢, ZN, 2y, ¢c,pl,, T) with conditional probabilities p/,(e)
of edges e € E; here p),(e) = 0 for e € E\ E’. If for this network we find C,,(T)
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then fix C,(T') = Cyy(u(t), z¢,T) = C,y(T), i. e. this value represents the expected
integral-time cost of dynamical system L in problem 5. In the case 71 # T5 the
expected integral-time cost Cy, (u(t),z,T1 < T'(x) < T3) can be found in analogues
way if we consider problem 5 on stochastic network (G*, Z¢ 7N 2, zp, ¢ p*, T, T)
and will make a similar transformation. It is evident that the control problem 6 can
be reduced to control problem 4 using the approach described above. This allows us
to find the optimal control u*(¢) which provides a maximal expected integral-time
cost Cyo(u*(t),xs,Th < T(xy) < T3) of system transactions from starting state xg
to final state x¢ such that Ty < T'(zy) < Tb.
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