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A complete classification of quadratic differential
systems according to the dimensions

of Aff(2,R)—orbits
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Abstract. In this article we consider the action of the group Aff(2,R) of affine
transformations and time rescaling on real planar quadratic differential systems. Via
affine invariant conditions we give a complete stratification of this family of systems
according to the dimension D of affine orbits proving that 3 < D < 6. Moreover we
give a complete topological classification of all the systems located on the orbits of
dimension D < 5 constructing the affine invariant criteria for the realization of each
of 49 possible topologically distinct phase portraits.
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We consider here real planar differential systems of the form

dx

il +pi(z,y) + pa(z,y) = P(x,y),

dy (1)
il (R 1 (z,y) + @(z,y) = Q(z,y)

with
po=a, pi(z,y)=cr+dy, paz,y)=gr*+2hay+ ky?,
QO:ba Q1(33>y) :e$+fy7 q2($7y) :l$2+2m$y+ny2

We say that these systems are quadratic if |p2(z,y)| + |g2(x, y)| # 0.

Consider also the group Aff(2,R) of affine transformations given by the equali-
ties:

T=ax+PBy+v, y=~vyxr+dy+ s, det(i 5)7&0, a, B,7,6,v,x € R.

According to [1] the operators of the linear representation of the group Aff(2,R)
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in the space of the coefficients and variables of systems (1) will take the form

Xl_xaiJr“a%er%— %—g;ngk%—m%_ aim’
+(m — g)aah +(n Zh)a%_l%_m%’
9 0 9 (2)
g ‘2”%; (h=n)>— +I<:a
X5:%—C%—E%—QQ%—%%—%%—zm%,

These operators form a six-dimensional Lie algebra [1].

Let a = (a,b,c,d,e, f,g,h,k, l,m,n) be the 12-tuple of the coefficients of systems
(1), i.e. each particular system (1) yields a point in E'?(@), where E'2(a) is the
Euclidean space of the coefficients of the right-hand sides of systems (1). We denote
by @(q) € E'%(a) the point which corresponds to the system, obtained from a system
(1) with coefficients a via a transformation g € Aff(2,R).

Definition 1. Consider a system (1) and its corresponding point a € E'?(a). We
call the set O(a) = {a(q)|lq € Aff (2,R)} the Aff(2,R) - orbit of this system.

It is known from [1] that

o dimg O(a) = rankM,

where M is the matrix constructed on the coordinate vectors of operators (2):

a 0 O d —e 0 —g 0 k -2 -m 0
b 0 e —c+f O —e I —g+m —2h+n 0 -l —2m
Me 0 0 a -d 0 c—f d -2n -k 0 g—2m h—n k
0 o 0 —d e 0 0 —h —2k l 0 —n
—c —e =29 —2h =21 -2m O 0 0 0 0 0
—d —f —2h -2k —-2m —-2n O 0 0 0 0 0

We denote by A; j 1 1.m,» the minor of the 6th order of the matrix M7, constructed on
the columns i,j,k,lmn (1<i<j<k<l<m<n<12) and by A;i’; 2% the minor of
the order s (s = 5,4, 3) constructed on the lines iy, 9, ..., is (1< <12 <. .<is<6})

and on the columns j1, ja,...,Js (1<j1<j2<. ..<j5§12}).
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In [2] a minimal polynomial basis of GL(2,R)-invariant polynomials (which are
also named center-affine comitants and invariants) is constructed. We shall use here
the following elements of this basis, defined in tensorial form (we keep the notations
from [2]):

_ L aqB 7 Pg B oY ePa
I) =ag, In= aﬁa I3 = p aqams , Is = apaw a55
_ a0 pq a pq TS — 'yépqrs
I = ap,,aaqaﬁs 756 e Ig = apraaqaésaﬁve e”, Ig= amaﬁqa,ys aqs€’le
Iig = a%aldbeyq, o1 =a aﬁaqaaﬁapq, K, = aaﬁazﬁ Ky = dba®ale,,, 3
K5 = agaﬁ 27, Ky =a aﬁﬁaz K5 = apﬁmo‘mﬁxqqu, K¢ = aaﬁaﬁ(;:ﬂx‘s
— a? p By a B ©
K7—a5,y 5mm Kll—aaﬁxmxqu,Klg—aaﬁawxaz
_ _ q
Ko = dPalepy, Koz = apaaﬁzn xﬁepq.
Here the following notations are used:
1 2 1 1 2 2 1 1
a =a, a“=0b, aj=c, ay=d, ai=e, ay=Ff, a;; =9, aj9=nh,
1 _ 2 2 2 _ 1_ 2 _
agp =k, afy =1, afla=m, ap=n, x =z, "=y,
and the unit bi-vectors eP? and e, have the coordinates: el =2 =g =¢e99 =0,

el = —e?l =gy = —e91 =1,

We consider the polynomials

Cl(daxay) = ypl(aaxay) - $Q2(d7$’y) € R[d7$ay]7 1= 07 1727

_ d o . i . (4)
Di(aaxay) = %pi(aax>y) + a_yqi(a>$>y) € R[a,az,y], 1= 1727

which are the only GL-comitants of degree one with respect to the coefficients of
systems (1) that could exist for these systems. Comparing (3) with (4) we have the
following identities: Cy = Ko1, C1 =Ky, Co=K5, D1 =11, Dy =2K;.

Using the so-called transvectant of index k (see [3]) of two real polynomials f

and g:
k
k oFf kg
(k) — _1\h
(£.9) ;::0( 1 <h> Oxk—hoyh Oxhdyk—"

we shall construct the following G L—comitants of the second degree with respect to
the coefficients of initial systems:

Ty = (Co, O, Ty = (Co, Co)V | Ty = (Co, Do)V,
Ty = (C1,C)®, Ty = (C1,C)V, Ts=(C1,Cy)
Ty = (C1, Do)V, Ty = (Cy,C2)P, Ty = (Cy, Do) Y.

—
~

According to [4] the transvectant (f,g)*) of two GL-comitants (respectively
T—comitants) of systems (1) is a GL—comitant (respectively T-comitant) of these
Systems too.
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In what follows we shall construct the following T—comitants (and CT—comitants,
see [5] for detailed definitions), which are responsible for the dimensions of the affine
orbits for systems (1):

B(a) = 2713 — Iy — 1817 = —2Discrim (Ca(a, z,y)),

M(ZL, x, y) =2 HeSS(OQ(x> y))7 ﬁ(dv x, y) = (_T8 + 8T9 + 2D%)/727
D(a,z,y) = [2Co(Ts — 8Ty — 2D3) + C1(6T7 — Ts) — (C1, T5) M+
+6D1(C1 Dy — Ts) — 9D3C5] /36,  Ui(a,z,y) = (Co, D)WY,

Us(a,x,y) = L K} (2K? Ky — 2Ky K — K1K11) — 2K3 (Ko Ky + 2K7Kop )+
+4K 1 K Koy + K [2K, K11 + KoK 13 + 2Ko3(Kg + K7)] — 4K§ Ko3,

Us = K3 — 4K5Ko.

However we also need several affine comitants which we shall construct here
following [6]. Denote by @(7) the point from the space E'%(a) that corresponds
to the system, obtained from a system (1) with coefficients a via a translation
T:x=ZT+x9, y=1y+yo. Itis evident that a(7) = a(xp,yp). According to [6] if

I(a) is a center-affine invariant of systems (1), then the polynomial

K(dv xz, y) = I(CNL(J}O, yO)) |{xo:x,y0:y}
is an affine comitant of these systems. So, considering (3) we obtain the following
affine comitants of systems (1):

Afi(a,z,y) = Ii(a(xo,%0)) l{zo=z,yo=y}> (i =1,2,5,18,21).
We shall use the notations

Wy =Aff — Afa, Wy = Af1Afis — Afa,

Vi= 4f12 —2Afy, Vo= Af1Afis —4Afa, (5)
V) = H? + Af3, U=Af2+U+U3,

Vy = D? + U2,

In what follows by U(a,z,y) = 0 (where U(a,r,y) is an arbitrary comitant) we
shall understand U (&, z,y) = 0 in R[z,y| (i.e. this comitant identically vanishes as
a polynomial in z and y).

Taking into consideration Remark 1 (see below) according to [7] we have the
next result.

Proposition 1. A system (1) is located on the affine orbit of the dimension siz if
and only if one of the following three sets of conditions holds:

(i) B#0; (i) B=0, KsU #0; (iid) f=0, K5 =0,Af5 #0.

Remark 1. In Proposition 1 we use the set of conditions 8 =0, K5 = 0,Afs # 0
which is equivalent to the set of conditions =0, K5 =0, Afs(Afs — Afs) #0
from [7, Theorem, page 126]. We note also that U here denotes the expression
Af2 +T% + Kom? from [7].
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Considering Proposition 1 it remains to construct the affine invariant criteria for
a system (1) to be located on the orbit of a given dimension s < 5.

Lemma 1. The rank of the matriz M is equal to five if and only if 3 =0, U =0
and one of the following four sets of conditions holds:

(f) le 75 0; (ﬁ) M = 0, K5W1V2 75 0;
(i) M=W; =0, KsWa#0;  (iv) Ks=0, Wy #0.

Proof. By Proposition 1 a system (1) is located on the affine orbit of the dimension
less than six (i.e. the rank of the matrix M is < 5) if and only if 8 = 0 and either

(1) Ks #0and U =0, or (ag) K5 =Af;=0. (6)

1) Assume first K5 # 0. As § = 0 following [2] we could use a center-affine
transformation which brought the binary form Kj5(z,y) to the canonical form:
Ks(z,y) = 2?(x + dy) with § € {0,1}. Moreover, the same transformation will
bring systems (1) in this case to the form (excluding also the linear term z in the
second equation via an additional translation):

& = a+ cr+dy+ (2m + 8)z* + 2hay,

7
y=b+ fy—x®+2mxy +2hy?, € {0,1}. 0

For these systems we calculate M = —8x262 and we shall consider two subcases:

M #0and M =0.

a) If M # 0 then § = 1. Since according to (5) the condition &/ = 0 implies
Afs = Up = Uy = 0 we have: Coefficient[Afs,y] = —2h% = 0. So we obtain h = 0
and then Afs = —d(5m? + 4m + 1) = 0 and this evidently yields d = 0. Therefore
we obtain the systems

t=a+cr+ 2m+1)z% y=b+ fy—z®+ 2may, (8)

for which calculations yield:
Uy = 6m(cf — f% — 2am — 2bm)z?, (©)
Uy = (14 3m)3(cf — f% — 2am — 2bm) 5.

We note that the G L-invariant Uy keeps the value, indicated in (9), after any trans-
lation (x,y) — (Z+mo, J+yo) with arbitrary (zo,y0) € R? applied to systems (8). In
other words for any system located in the orbit under the translation group action
of a system (8), i.e. for systems of the form

i =a+ zo(c+ xo + 2maxo) + (¢ + 2x0 + dmag)x + (2m + 1)z2,
§=b—x0(z0 — 2myo) + fyo — 2x(x0 — myo) + (f + 2mao)y — 2° + 2may,

we have Uy = (14 3m)3(cf — f2 — 2am — 2bm)z%. This means that the polynomial
Us is a CT-comitant [5] for the family of systems (8) and hence the condition Uy = 0
is affine invariant.
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Clearly the conditions U; = Uy = 0 (i.e. U = 0) imply (cf — f? — 2am —
2bm) = 0 and then we can convince ourself that all the minors of order 6 of the
matrix M; vanish. We claim that the existence of at least one nonzero minor of
order 5 is equivalent to the condition V; # 0, i.e. considering (5) to the condition
H2 4+ Af3 + 0.

Indeed, for systems (8) we calculate H = m2z2. On the other hand we obtain
Aé:é:%‘?’ﬁ’lz = —8m?, ie. if H # 0 then rank(M;) = 5.

Assume H = 0, i.e. m = 0. Then for systems (8) we have Afy = [a+ b+ cx +

fyl(a+cr+a2)%. At the same time we calculate A%gég?o =2f, Aéé?é?o =2(f—c)

and A%f’,:?f’os,ll =2(a+0b). As Afy # 0 is equivalent to (a + )% + c? + f2 # 0 we
conclude that in this case there exist non-zero minors of order 5. It remains to
observe that in the case Afy; =0 (i.e. f=c¢=a+b=0) all the minors of order 5
vanish. Thus, our claim is proved.

b) Assume now M = 0, i.e. for systems (7) we have 6 = 0. In order to examine
the condition U = 0 (ie. AfZ2 + U + U3 = 0, see (5)) for these systems we
calculate: Coefficient[Afs, 2] = —6h% = 0 and this yields h = 0. Therefore we have
Afs = —bdm? = 0, i.e. dm = 0 and then we obtain Coefficient[U7, 23y] = —6d>. So
the condition U; = 0 yields d = 0 and this leads to the systems

& =a+cx+2mz?®, §=b+ fy— x>+ 2may, (10)
for which calculations yield:
Uy = 6m(cf — 2 —2am)zt, Uy = 2tm3(cf — f2 — 2am)a®. (11)

We note that the G L-invariant Us keeps the value, indicated above, after any trans-
lation (z,y) — (% + 7o, § + yo) with arbitrary (xo,y0) € R? applied to systems (10).
This means that the polynomial Us is a CT-comitant [5] for the family of systems
(10) and hence the condition Uy = 0 is invariant under the affine transformation.

Evidently the conditions Uy = Uy = 0 (i.e. U = 0) imply m(cf — f2 — 2am) =0
and then all the minors of order 6 for the matrix M; vanish. We shall consider two
subcases: m # 0 and m = 0.

b1) If m # 0 then without loss of generality for systems (10) we may assume

%, Y— ﬁ) Therefore considering (11)

in this case the conditions U; = Uy = 0 yield a = 0. So we get the systems

f = 0 due to the translation (x,y) — (m —

&= cx+2maz?, §=0b—2®+ 2may, (12)

for which Wy = 4ma(c + 4max). We note that all the minors of order 6 for the
matrix M; corresponding to these systems vanish. On the other hand we have
Aé:g:gi’bﬁ:ll = —4m* £ 0, i.e. rank(M;) = 5. It remains to observe that for systems
(12) Coefficient[V5, 2°] = —8m?3. Therefore the condition m # 0 implies V5 # 0 and
hence the conditions (i) of Lemma 1 are valid.

by) Assuming m = 0 and considering (10) we get the family of systems

ii?:(l+CZE, y:b—i_fy_:Ez) (13)
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for which we calculate
Wi = 2cf, Coefficient[Va, zy] = cf(c* — f?). (14)

We shall examine two cases: W1 # 0 and W; = 0.

y1) Admit first Wy # 0, ie. ef # 0. If ¢ — f2 # 0 (this implies V5 # 0) by (14)
we obtain cf(c¢— f) # 0. Therefore rank(M;) = 5 as we have Aig:gi’&fu =cf(c—f).

Assume ¢ — f2 = 0. If f = c (respectively f = —c) for systems (13) we
calculate Vo = —4a(a+ cx)? (respectively Vo = —4(a + cx)?). On the other hand we
have A}é:gﬁlbﬁll = 2a? (respectively A?gj‘g?o = 4¢*) and evidently if V5 # 0 then
rank(Mp) = 5 (we note that in the second case the condition W7 # 0 yields ¢ # 0
and this implies V5 # 0). Moreover straightforward calculations show us that the
condition V5 = 0 (and this happens only in the first case) implies @ = 0 and all the
minors of order 5 vanish. So, the conditions (ii) of Lemma 1 are true.

v2) Suppose now W; =0, i.e. ¢f = 0. In this case for systems (13) we obtain:

(61) Wa=—a(a®+bf*—2afz — f22* + fPy) if c¢=0;

(B2) Wo = (bc® —a?)(a+ cx) it f=0. (15)

On the other hand in the case (1) (respectively (52)) we have that Ai:g:gﬁ‘b‘?ll equals

2a? (respectively 2(a? — bc?). So if Wa # 0 then rank(M;) = 5, and it can be easily
verified that in the case (1) as well as in the case ((2) the condition W5 = 0 implies
the vanishing of all the minors of order 5. This completes the proof of the conditions
(iii) of Lemma 1.

Remark 2. It follows from the reasons above that in the case m # 0 for systems
(10) we have V5 # 0. Hence we decide that in the case U = V5 = 0 and W; # 0 for
systems (10) the relations m =0, f = ¢ # 0 and a = 0 hold.

2) Assume finally K5 = 0 (see condition (agz) from (6)). As systems (1) are
quadratic (i.e. there exists at least one quadratic term) then via an affine transfor-
mation systems (1) can be brought to the systems (see for example, [10])

t=a+cx+dy+a? §=0b+xy. (16)

Straightforward calculations show us that for these systems Uy = Us = 0. Moreover,
the GL-invariant Uy vanishes after any translation (z,y) — (Z + zo, ¥ + yo) with
arbitrary (zg,%0) € R? applied to systems (16). So according to (5) the condition
U = 0 is equivalent to Afs = 0. Since for systems (16) we have Afs = —5d/4 then
we obtain d = 0 and for these systems we calculate:

Wy = (¢ + 3z)(a + cx + 22)(be + bx — ay). (17)
On the other hand for the matrix M; corresponding to systems (16) with d = 0
we have A%gg?% = —2b and A;gg‘;’% = a. It is clear that if Wy # 0 then

rank(M;) = 5. Moreover straightforward calculations show that for a = b =0 (i.e.
when Wy = 0) all the minors of order 5 vanish and hence the conditions (iv) of the
lemma. are proved. This completes the proof of Lemma 1. O
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Lemma 2. The rank of the matriz M is equal to four if and only if 3=0,U =0
and one of the following four sets of conditions holds:

(i) M#0, V; =0; (i) M=Vy=0, KsWy #0;
(fﬁ) M = W1 = W2 = 0, K5V2 ?é 0; (iV) K5 = W2 =0.

Proof. According to the hypothesis of the lemma we assume 5 = 0, i = 0 and we
shall consider step by step the sets of conditions (i)- (iv).

Conditions (i). As it was proved earlier (see the proof of Lemma 1, page 33) when
B =0, M # 0 and U = 0 systems (1) will be brought via an affine transformation
to systems (8) for which the conditions (9) hold. Moreover, it was proved that the
condition V; =0 (i.e. H = Afy; = 0) yields for systems (8) m=f=c=a+b=0
(see page 34). So we get the family of systems:

t=a+2% §=-—a—a%
for which without loss of generality we may assume a € {0, —1, 1} due to the trans-
formation (z,y,t) — (|a|~V/2x, |a| =Yy, |a|'/?t) if a # 0.

It remains to observe that for the matrix M; corresponding to these systems all
the minors of order 6 and 5 vanish and Aé?gi’o = —2. Thus the systems of this
family could be located only on the orbit of dimension 4.

Conditions (ii). In this case the condition V5 = 0 holds. Therefore according to
Remark 2 when M = 0, Y = 0 and K5W; # 0 systems (1) could be brought via
an affine transformation to systems (13), for which f = ¢ # 0 and a = 0. In other
words when the conditions (ii) of Lemma 2 are satisfied, then we get the family of
Systems

i=cx, y=b+cy—az> (18)

As ¢ # 0 (since Wi # 0) we may assume b = 0 and ¢ = 1 due to the transformation

(x,y,t) — (a:, %(y —b), é) It remains to note that all the minors of order 6 and
5 for the matrix M; corresponding to these systems vanish. On the other hand
Aig‘zgfo =1, i.e. system (18) (with b = 0 and ¢ = 1) is located on the orbit of
dimension 4.

Conditions (iii). In this case the condition Wy = 0. As M = W7 =0 and K5 # 0
it was proved earlier (see the proof of Lemma 1, page 34) that in this case systems
(1) will be brought via an affine transformation to systems (13) with ¢f = 0 (i.e.
Wi =0, see (14)). We shall examine two subcases: ¢ = 0 and ¢ # 0.

a) Assume first ¢ = 0. Then considering (15) the condition Wa = 0 yields a = 0
and we get the systems

=0, y=b+ fy—a? (19)

for which D = — 223, Us = 2%(4b2? + f%y?). Moreover, for a system located in
the orbit under the translation group action of a system (19), i.e. for systems of the
form

&=0, §=>b—ai+ fyo— 2zx0+ fy— 2> (20)
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for the GL-comitant Us we have Us = x2(4bx? + f2y?) + 4 f 3 (xyo — yxo). We recall
that by (5) the condition Vs, # 0 is equivalent to D? 4+ U3 # 0.

We note that all the minors of order 5 for the matrix My corresponding to these
systems vanish. On the other hand Aég??o = —2f2. Hence, if D # 0 (i.e. f #0)
we obtain rank(M;) = 4.

Assume D = 0. Then f = 0 and then for any point (zg,yo) for system (20) we
have Us = 4bz*, i.e. for these systems the GL-comitant Us is a C'T-comitant.

On the other hand we calculate A%’?ﬁo = 4b. It is clear that if Us # 0 (this
implies Vo # 0) then rank(M;) = 4. Moreover straightforward calculations show
that for f = b =0 (i.e. when V5 = 0) all the minors of order 4 vanish and hence the
conditions (iii) of Lemma 2 are proved in this case.

It remains to note that without loss of generality we may assume either f =1
and b = 0 if f # 0 (due to the change (z,y,t) — (z,(y —b)/f,t/f) ) or f =0 and
b e {0,41} (due to the change (z,y,t) — (|b|'/2z, |bly,t) ).

b) Supposing ¢ # 0 the condition Wi = 0 yields f = 0. Moreover we may assume
¢ = 1 due to the change (x,y,t) — (z,y/c,t/c). Then the condition Wy = 0 (see
case () from (15)) gives b —a? = 0, i.e. b = a®. Therefore we get the family of
Systems

t=a+z, §=d>—-2% (21)

for the respective matrix M; of which we have A%g?‘;’o = —1, i.e. rank(M;) = 4.

It remains to note that we may assume a = 0 due to the affine transformation
T=x+a, y= —2ax+y. We also observe that for the obtained system as well
as for any system located on its orbit under the translation group action we have
Us = x2y% # 0.

Conditions (iv). As it was shown in the proof of Lemma 1 (see page 35) when
Ks = U = 0 systems (1) will be brought via an affine transformation to systems
(16) with d = 0. Moreover, if W5 = 0 according to (17) we obtain a = b = 0. So we
arrive at the systems

&= cx + 22, Y =2y,

for which all the minors of order 5 of the corresponding matrix M; vanish. But for
this matrix we have Aé’?’?’g = 1. Thus the systems of this family could be located
only on the orbit of dimension 4. It remains to note that we may assume ¢ € {0,1}
due to the change (z,y,t) — (cx,y,t/c) if ¢ # 0. O

Lemma 3. The rank of the matriz M is equal to three if and only if the following
conditions hold: M =Wy =V, =0, K5 #0.

Proof. Necessity. Assume that a system (1) is located on the orbit of dimension 3.
As it follows from the proof of Lemma 2 this system could be located on the orbit
of dimension less than or equal to 3 if and only if &/ = 0 and the conditions (iii) of
Lemma 2 with V5 = 0 instead of V5 # 0 are fulfilled. Moreover in this case via an
affine transformation we arrive at a system of the form (19) with b = f = 0. So we
get the system

=0, y=-—x° (22)
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for which the conditions provided by Lemma 3 are verified.

Sufficiency. Assume that the hypothesis of Lemma 3 is fulfilled. As M = 0 and
K5 # 0 then there exists an affine transformation which will brought systems (1) to
the form (7) with 6 = 0, i.e. to the systems:

& =a+ cx + dy + 2ma® + 2hay,

. 2 2 (23)

y=b+ fy—z°+ 2may + 2hy~,
for which 8 = 0. We claim that for these systems the condition W5 = 0 implies
W1 =U = 0. Indeed, for systems (23) calculations yield:

Coefficient[Ws, 23y3] = 16h3, Coeﬂicient[Wg‘{h:O},xq = 16m?,

Coefﬁcient[Wﬂ{h:m:O}’yi%] = —d3, Coefﬁcient[W2|{h:m:d:0},x?’] =cf(2c+ f).

We remark that if h = m = d = 0 then for systems above we obtain
Afs =U; =Us =0, Wy =2cf

and considering (5) this leads to the identity & = 0. We also observe, that Wy =0
yields c¢f(2¢ + f) = 0. If ¢f = 0 then evidently W; = 0. In the case f = —2¢
(considering also the conditions h = m = d = 0) we calculate Coefficient[Ws, zy] =
6c¢*. Thus we get ¢ = 0 and again we obtain Wi = 0. Our claim is proved.

So the hypothesis of Lemma 2 corresponding to the conditions (iii) is verified
except the condition Vo # 0. According to Lemma 2 in this case we have rank(M;) <
4 and we obtain the equality if and only if Vo # 0.

Suppose now Vo = 0. As it was proved above the condition W5 = 0 implies
h=m=d=cf =0 and we get two possibilities: ¢ =0 and ¢ # 0. As it was shown
in the proof of Lemma 2 (see page 36) in the case ¢ # 0 the CT-comitant Us (and
hence, V) could not vanish. So the condition ¢ = 0 has to be fulfilled and then we
arrive at the systems (19) for which the condition V, = 0 yields b = f = 0. Thus
we get the system (22) for the corresponding matrix M of which we have found
rank(M) = 3 (see above). This completes the proof of Lemma 3. O

In order to formulate and prove the Main Theorem we need some more invariant
polynomials constructed in [11] as follows (we keep the respective notations).

We consider the differential operator £ = x - Ly — y - Ly acting on Ra, z, y]
constructed in [13], where

0 0 1 0 0 0 1 0
L; = 2ag0—— 2b b b
1= Uboo8 " + a07— Dy + 2@018 + 2000 5— Db1g + 01057— Db + = 5001 5 Dbyy’

0 0 1 8 0 0 1 0
Lo = 2a90—— 2b b b
2 = aooa + ap1 77— Dang + 2a108 + 2600 57— Bbor + 001 57— ooy + < 50105 Dby,
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Then setting uo(a) = Res »(p2, ¢2)/y* we construct the following polynomials:

pila, z,y) = .lﬁ(“(uo), i=1,4 rla) =M K)?/4 ri(a) = (M, C1)?;
L(a,z,y) = 4K (a,z,y) + 8H (a,z,y) — M(a,x,y);

R(a,z,y) = L(a,z,y) + 8K (a,z,y);

Ki(a,z,y) = p1(2,y)q2(z,y) — p2(z,y) a1 (2, y);

Ko(a,z,y) = 4 Jacob(Ja, €) + 3 Jacob(Cy,€) Dy — (161 + 3.J3 + 3D3?);

Ks(a,z,y) = 2C2 (2J1 — 3J3) + C2(3Co K — 2C1 Jy) + 2K (3K — C1 Ds),

where L£® (o) = L(L (1)) and

J1 = Jacob(Cy, Dy), Jo = Jacob(Cy, Ca), J3 = Discrim(Ch),
Jy = Jacob(Cy, Ds), € = M — 2K.

To distinguish topologically different phase portraits we also need the following
invariant polynomials (constructed also in [11]):

Bs(a,z,y) = (Co, ) = Jacob (Cs, D),
Bs(a, z,y) = (Bs, Bs)® — 6B3(Cy, D)@,

Bi(a) = Res, (Ca, D) /y° = —279378 (By, By)W |
H(a,x,y) = (Ts — 8Ty — 2D3)/18 (= —4H(a,»,y));
N(a,z,y) = K(a,z,y) + H(a,z,y);

f(a) = Discrim(N(EL,a;,y));
Hy(a) = —((Cs, C2)@, Cy)™M, D)
Hs(a,z,y) = (C4, 2H—N)<1) — 2D N;
H3(a,2,y) = (Cz,D)
Hy(a) = ((C2, D)\, (Cy, Dz)(l))( )7
():(02,02 @ (D, D)®)® +8((C2, D)@, (D, D)) P
Hyg (@, ,y) = 16N*(Co, D) + H3 (Cy, Co)®;
H?(d) (N, C)®@
Hy(@) = 9((Cx. ><2>,<D,Dz><”><2’+2[<02,D><3>}2;

Hg(d) _ —(((D,D)(z),D)(l)D>(3)7

Hi(a) = ((N,D)(Q), D2)(1);
Hi1(a,z,y) = 8H[(Cy, D)@ +8(D, Dy) V] + 3H3;
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= C1(Ca,C2) P — 2C5(Cy, Ca) P,
= Dy(Ch,Cy)? — ((Cy, C2)@, o)V,

= [(D2, 1) + D1D2]2 — 4(Cs, Cz)(z)(Co,D2)(l),
— 8D + Gy [8(00, Do)V —3(Cy, 0@ + 2D§] .

Some important geometric propriety of the constructed above polynomials
wi(a,z,y) (i=0,1,...,4 is revealed by the next lemma proved in [13].

Lemma 4 ([13]). A system (1) is degenerate (i.e. ged(P,Q) # 1) if and only if
w; =0 forallt=0,1,..,4.

Main Theorem (i) A system (1) is located on an affine orbit of the given above
dimension if and only if one of the respective sets of the conditions holds:

6 & [B#0 or =0 and U#DO0;

( MV17§0, or
M:O, K5W1V27é0, or
M:W1:0, K5W2750, or
K5:0, WQ#O;
(M #0, V1 =0, or
M:VQZO, K5W1750, or
M=W,=Wy=0, KsV, 20, or
L K5:W2:0;
3 < MZWQZVQZO, K5750.

5 & (=0, U =0 and either

4 & (=0, U =0 and either

(ii) Assume that a quadratic system is located on the affine orbit of the dimension
less than or equal to 5. Then the phase portrait of this system is topologically equiva-
lent to one of the 49 topologically distinct phase portraits given in Fig. 1. Moreover
in Table 1 we give necessary and sufficient conditions, invariant with respect to the
action of the affine group and time rescaling, for the realization of each one of the
phase portraits corresponding to a system located on an orbit of the given dimension
(<5). The first column of Table 1 contains dimension of the orbit. In the second
column we list the necessary and sufficient affine invariant conditions for a system
to be located on the orbit of the respective dimension. In the third column the ad-
ditional conditions needed for the realization of the corresponding phase portrait in
the last column are listed.

Proof. The proof of the statement (i) of Main Theorem follows immediately from
Proposition 1 and Lemmas 1 — 3. So we shall concentrate our attention on the proof
of the statement (7).
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Table 1
o Negzj%czzn(;nd Additional conditions Phase
conditions for phase portraits portrait
Hy1>0,u0>0,L>0 P1
Hy1>0,u0>0,L <0 P2
Hi1 >0,u2<0,K <0 Ps
Hy1 > 0, Ho < 0, P
K>0,L>0 :
Hyi >0, ug <0, P
K>0, L<0 >
H11>0,u2:0,K<0 Ps
K#O H11>0,/L2:O, P
K>0,L<0 !
Hy1 > 0, U2 = O, P
Hg # 0 K>0,L>0 8
Hi1 <0, L>0 Py
Hy1 <0, L<O P1o
HHZO, L>0 P11
5 B=0,U=0, H 40 Hy1 =0, L<0 P12
MV #0 Hy1 #0, Kipuz <0 P13
Hyp #0, Kipuz >0 Pra
K=0 Hy #0, u3 =0 P15
Hi1 =0, 20 <0 Py
Hi1 =0, 20 >0 P1o
Hy1 #0, L>0 P1
Hy1 #0, L<O Ps
Hy1 #0, L=0 P14
N?‘EO Hi1 =0, L<0 Pis
Hg=0 H:=0,L>0,K<0 P17
Hi1=0,L>0,K >0 Pis
Hi1 =0, L=0 P19
Hs >0 Ps
N=0 Hs; <0 P1o
H; =0 P16

41
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Table 1 (continued)

Necessary and

. Additional conditions Phase
j:ﬂ;iiﬁi for phase portraits portrait
Ng >0 P1
D#0 N5 <0 Py
Ny =0 P
N5 <0 Py
& Rﬁ}f;g O la=o0 N5 >0, ps >0 Pog
N5 >0, ug <0 P21
D=0FTNy >0, ua=0 N #0| Po
N5 >0, ug =0, N =0 Pas
N5 =0, pga #0 Pous
N5 =0, pg =0 Pos
K3 >0 Pag
Hi1 #0 K3 <0 Py
H40 K3 =0 Pas
M=U=0, K3>0 Pag
KsWiVs # 0 Hy; =0 K3 <0 Pso
Ks=0 P31
3k, >0, K3 >0 P32
H=0 sk >0, K3 <0 Pas
w3k <0 P34
M=U=0, D70 Pss
Wi=0,KsWa#0 | p_g pa <0 Pse
pa >0 Pag
Hyj;p <0 P37
pz >0 Pss
Ks=0, Wy #0 Hyi >0 p2 <0 Ps9
pe =0 Pao
Hiy =0 p2 # 0 P
p2 =0 Pz
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Table 1 (continued)

N eeessary and Additional conditions Phase
D sufficient for phase portraits ortrait
conditions P P !
B=0, U=0, kL 2
M #0,V1 =0 N5 <0 i
N5 =0 P43
\ D#0 Paa
M=U=W; =0, Ng #0 Pys
W2:0,K5V27é0 D=0 N6:07 U3<0 7329
Ng =0, U3 >0 P
K5 =0, Wo=0 Hu 70 D
Hll =0 7348
3 | M=W,=V,=0,K;#£0 - Pag

In other words we assume that a quadratic system is located on an affine orbit
of dimension < 5 and we shall determine the phase portrait of this system as well
as the respective affine invariant conditions for its realization.

According to Lemmas 1 — 3 for a system located on an orbit of the dimension
< 5 the conditions # = 0 and &4 = 0 have to be fulfilled and in what follows we
assume that these conditions hold.

1) The case M # 0. In this case via an affine transformation a quadratic
system (1) could be brought to the form (8) (see page 33), i.e.
i=a+cx+ 2m+1)2? §=0b+ fy— 2+ 2may, (24)
for which the condition cf — f2 — 2am — 2bm = 0 holds. For these systems we have
H = —4m?a”.

a) The subcase H # 0. Then m # 0 and we may assume f = 0 due to the

translation (x,y) — (3: — %, y— ﬁ) Then for these systems the condition above

yields m(a + b) = 0 and as m # 0 we get b = —a. Thus we obtain the systems
t=a+cr+(2m+1)2% §=—a—z*+2may, (25)

for which we calculate the needed invariant polynomials applied in [11] (keeping the
respective notations):

By=0=n=puy=H; =0, Hg=—2048m"*(—4a + c* — 8am — 4am?)z",
Hyy = 768m*(—4a + ¢ — 8am)zt, H = —4m?®2®, K =4m(1+2m)z?, (26)
L=8(1+2m)z? pz=4am?(1+2m)z?, N =4m(1+m)z>.
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As H = —4H by (5) the condition H # 0 implies V; # 0, i.e. for m # 0 a system
(25) is located on the orbit of dimension 5.

On the other hand as § = 0 (which is equivalent to n = 0 from [11]), M # 0
and Bz = 0 = py = H7 = 0, according to [8] and [9] the family of non-degenerate
systems (25) possesses invariant lines (considered with multiplicity and including
the line at infinity) of total multiplicity four if Hg # 0 and at least five if Hg = 0.

a1) The possibility Hg # 0. According to [11] for the non-degenerate systems (25)
we get the following phase portraits (we keep the respective notations from [11]):

Picture 4.12(a) [Py] if K #0, Hi3 >0, u2 >0, L > 0;
Picture 4.12(b) [Ps if K#0,Hi1>0,u >0,L<0;
Picture 4.12(c) [Ps if K#0,Hi;1 >0, u <0, K<O0;
Picture 4.12(d) [P

Picture 4.12(e)

]
]

y]  if K #0, Hip >0, ue <0, K >0, L>0;
] if K#0,Hy;1 >0, <0, K>0 L<O0;
]

Ps
Picture 4.15(a) [Py if K#0,H;1<0,L>0;

Po] if K #0, Hy <0, L<0;
Picture 4.24(a) [P11] if K #0, H;=0,L>0;
Picture 4.24(b) [P12] if K #0,H;; =0, L <0;
Picture 4.19(a) [P13] if K =0, N #0, Hy #0, Kiuz <0;
Picture 4.19(b) [P] if K =0, N #0, Hy #0, Kiuz > 0;
Picture 4.36(a) [Po] if K =0, N#0, H1=0, 5 <O0;

[
[
[
[
[
[
Picture 4.15(b) |
[
[
[
[
[
[

Picture 4.36(b) [Pig] if K =0, N#0, Hj =0, s > 0.

Here in square brackets the respective phase portraits from Figure 1 which are
topologically equivalent to those from [11], respectively are indicated. As by (26)
the conditions H # 0 and K = 0 imply N # 0 we arrive at the respective conditions
from Table 1.

It remains to look for degenerate systems which could belong to the family (25)
when the conditions H # 0 (i.e. m # 0) and Hg # 0 (i.e. ¢ —4a(1+m)? # 0) hold.
According to Lemma 4 we calculate the polynomials y; for this family:

po = p1 =0, po=4am?(1+2m)z?, ps3 = dacmz®(z + mz — my),
pa = az?[(c? + dam?)z? — 2m(c® — dam)zy + dam?y?).

Evidently the conditions pu; = 0 (i = 0,1,..,4) (see Lemma 4) are equivalent to
a=0.

Assume first K # 0. Considering (26) we have m(1 + 2m) # 0 and hence the
condition a = 0 is equivalent to pue = 0. So we get the family of degenerate systems

z=zxlc+ (2m+ 1)z|, y=2x(—x+ 2my), (27)
for which Hg = —2048c?>m*2% # 0. For the respective family of linear systems
t=c+(2m+ 1z, y=-—-z+2my

we have \; = 2m + 1, Ao = 2m and therefore sign (A1 \y) = sign (K). Moreover by
(26) we have sign (A1) = sign (L).
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We observe that due to Hg # 0 (i.e. ¢ # 0) the invariant line ¢+ (2m + 1)z =0
does not coincide with line x = 0 (filled with singularities).

Thus after some standard investigations we decide that the phase portrait of a
degenerate system (27) corresponds to picture Pg if K < 0; P; if K >0and L <0
and to picture Pg if K > 0 and L > 0.

Suppose now K = 0. As H # 0 (i.e. m # 0) considering (26) we have m = —1/2
and then systems (25) become

t=a+4cx, §=-—a—z*—uay, (28)
for which we calculate:
p2 =0, puz=—acx*(x+y), Hy =48c2x, Hg = 128(a — ¢*)ab.

We observe that the systems above could be degenerate (i.e. a = 0) only if Hy; # 0
as Hy1 = 0 gives ¢ = 0 and then Hg = 128ax° # 0. On the other hand if Hi; # 0
then the condition a = 0 is equivalent to ps = 0.

So, setting a = 0 in systems (28) we may assume ¢ = 1 (due to the rescaling
(x,y,t) — (cz,cy,t/c)) and we easily get the phase portrait Pys.

az) The possibility Hg = 0. Then we obtain ¢? — 4a(1 +m)? = 0 and we need to
distinguish 2 cases: N # 0 and N = 0.

If N # 0 then by (26) we have m+1 # 0 and therefore we get a = ¢2/(4(1+m)?).
We observe that due to H # 0 by (26) the condition K = 0 is equivalent to L = 0.
So, according to [12] the phase portrait of such a system corresponds to Picture
5.14(a) [Pi1] if L > 0; Picture 5.14(b) [Ps] it L < 0 and to Picture 5.18 [P14] if
L=0.

On the other hand for systems (25) we have

pz = AEma?[(1+m)x —my]/(14+m)?,  Hyy = 768¢2mbaz? /(1 4+ m)>.

Therefore according to Lemma 4 the necessary condition us = 0 for a system to be
degenerate yields ¢ = 0 and this condition is given by Hy; = 0. In this case evidently
systems (25) (with ¢ = a = 0) become degenerate systems

b= 2m+1)2% g =x(—z+2my),

which are a subfamily of systems (27) (corresponding to ¢ = 0). So in the case
2m+1# 0 (i.e. L # 0) the singular invariant line z = 0 coincides with the invariant
line of the respective linear systems and hence we get the phase portrait Pig if L < 0;
Pizif L>0and K <0and Pig if L >0and K > 0. If L =0 we have m = —1/2
and we get two singular lines. This evidently leads to picture Pig.

Assume N = 0. As H # 0 and Hg = 0 by (26) we get m + 1 = ¢ = 0. In this
case for systems (25) we have

Hﬁ = H2 = O, H3 = 32@%2

and according to [8] systems (25) possess invariant line of total multiplicity 6.
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On the other hand in the case Hs # 0 (i.e. a # 0 and systems are non-degenerate)
according to [12] the phase portrait corresponds to Picture 6.8 [Ps] if Hs > 0 and
to Picture 6.9 [Pyo] if Hs < 0.

Assuming H3 = 0 (i.e. a =0) we get the degenerate system

jj:_x27 y:—:lt(x+2y),

the phase portrait of which corresponds to [Pig].

b) The subcase H = 0. Then m = 0 and considering (24) we get the family of
Systems
t=a+cr+2%, §=b+ fy—a (29)

for which the condition (¢ — f)f = 0 must hold. For these systems we calculate:

Bs=0=pg=N=K=H=0, D=—f%x+y),
Ny =8(c— f)at, Ny =4(4a — 2+ f?)z, Ns=—16(4a — c*)a?,
Afor = (a+ cx + 22)*(a + b+ cx + fy).

So according to [9] and [8] these systems possess invariant line of total multiplicity
at least 4.

As H = 0 the condition V; = 0 is equivalent to Afy; = 0, i.e. a system (29) is
located on the orbit of dimension four if and only if a + b = ¢ = f = 0. In this case
we obtain the degenerate system

¢:a+x27 y’:—(a+x2),

where a € {—1,0,1} due to the rescaling (z,y,t) — (|a|~'/?z, |a|~Y %y, |a|'/?t) if
a # 0. For these systems N5 = —64ax? and we obviously obtain the phase portrait
Pas (respectively Po; Py3) if N5 > 0 (respectively N5 < 0; N5 = 0).

Assuming V; # 0 we shall consider two possibilities: D # 0 and D = 0.

b1) The possibility D # 0. In this case f # 0 and then for systems (29) we
obtain f = ¢ # 0. Then we may consider b = 0 and ¢ = 1 due to the transformation
(z,y,t) — (cx, (c?y —b)/c,t/c). So we arrive at the family of systems

x':a—l—x—l—:172, y:y—x2,

for which we calculate: Ny = 0, Ny = 16ax, N5 = 16(1 — 4a)xz®. So according
to [8] these systems possess invariant line of total multiplicity at least 5. Moreover
following [12] for non-degenerate systems we get the phase portraits

e Picture 5.13 [P1] if Ny #0, N5 > 0;

e Picture 5.15 [Py] if Ny # 0, N5 < 0;

e Picture 5.17 [P11] if N2 # 0, N5 = 0;

e Picture 6.7 [P1] if Ny =0.
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We observe that the condition No = 0 implies N5 > 0 and that the systems
above could not be degenerate due to us = 22 # 0 (see Lemma 4).

ba) The possibility D = 0 In this case f = 0 and we arrive at the family of
systems

t=a+4cx+a®, y=b—a> (30)

for which we calculate:

Ny =8cx?, Ny =4(4a —c*)z, N5 = 16(c° — 4a)a®, po = iy = po = p3 = 0,

ps = [(a+b)% = bz, Afyr = (a+ b+ cx)(a+ cx + %)% (81)

So according to [9] and [8] these systems possess invariant line of total multiplicity
at least 4. On the other hand by [11] and [12] for non-degenerate systems we get
the following phase portraits:

e Picture 4.29(a) [Pao] if Ny #0, Na # 0, N5 >0, p1g > 0;
Picture 4.29(b) [Po1] if Ny #0, No #£0, N5 > 0, g < 0;
Picture 4.33 | if Ny #0, Na#0, N5 <0
Picture 5.28 4] if Ny #0, Ny =0;

Picture 5.20 2] if Ny =0, Ny #0, N5 > 0;
Picture 5.24 | if Ny =0, No#0, N5 <0

e Picture 6.10 04] if Ny =0, Ny =0.

(] [ ] (]
S I

33

)

It remains to determine the phase portraits for degenerate systems (30), i.e. by
Lemma 4 the condition (a+b)2 —bc?> = 0 must hold. On the other hand the condition
Afo1 # 0 gives (a + b)2 + c? # 0 and this implies b > 0.

If b > 0 then we may assume b = 1 due to the rescaling (z,y,t) —
(b=122,b=1/2y, b'/%t). Therefore we get ¢ = +(a + 1) and it is sufficient to con-
sider only the case ¢ = a + 1 due to the change (z,y,t,c) — (—x,—y,—t, —c) which
keeps systems (30). Thus we obtain the family of degenerate systems

t=1+x)(atz), §y=1—2° (32)
Taking into consideration the two invariant lines 2 = —1 (singular) and = a which
could coincide if a = 1 as well as the critical value a = —1 (when the respective

linear system is also degenerate) we arrive at phase portrait Pog if a? — 1 # 0; Pos
if a =1 and Po3 if a = —1.

It remains to note that for systems (32) we have us = 0, Ny = 8(1 + a)z?,
Ny = —4(a — 1)?z and N5 = 16(a — 1)%22.

If b = 0 then the condition 4 = 0 gives a = 0 and then Afy = ca(c+2)? # 0.
Hence we can assume ¢ = 1 due to the rescaling (z,y,t) — (cx,cy,t/c). So we get
the degenerate system

t=xz(14z), §=—-27



A COMPLETE CLASSIFICATION OF QUADRATIC DIFFERENTIAL SYSTEMS ... 49

for which N, = 8z%, Ny = —4z and N5 = 1622.

Considering (31) and the case py = 0 examined above we observe that the
condition N5 < 0 implies uq4 # 0 and N5 = 0 if and only if Ny = 0. Moreover the
condition N7 = 0 implies pq > 0.

Considering this observation we could unite the conditions for the realization of
topologically distinct phase portraits in the considered case (including the degenerate
systems) as follows:

e Py if N5 <O

o Poy if Ny >0, g > 0;

e Py if N5 >0, ug <O0;

e Py if N5 >0, ug =0, N7 #0;
e Po3 if N5 >0, ugy =0, Ny =0;
® Pyy if N5 =0, ug #0;

o Pos if Ny =0, ug =0.

Thus we arrive at the respective conditions from Table 1.

2) The case M =0 and K5 # 0. As it was shown in the proof of Lemma 1
(see page 34) in this case via an affine transformation a quadratic system (1) could
be brought to the form (10), for which the condition m(cf — f? — 2am) = 0 holds.
For these systems we have H = —4m?2z2.

a) The subcase H # 0. Then m # 0 and we may assume f = 0 due to the

translation (x,y) — (m — %, y— ﬁ) Then for these systems the condition above

gives am = 0 and as m # 0 we get a = 0. Then we arrive at the family of systems
&= cx+2ma?, §=b— x>+ 2may, (33)
for which calculations yield:

B3 =0=0, N =4m?2?, Ks=a3#0, H;; = 7638c*m*z,
K3 = —24bm?s®, D = 4bm>2®,  Ng = 8(c + 4bm?)a?, (34)
Coefficient([Va, 2%] = —8m3, W) = 4max(c + 4mz).

So according to [8] and [9] the family of non-degenerate systems (33) possesses
invariant lines of total multiplicity at least four.

The condition H # 0 implies VoW # 0, i.e. for m # 0 a system (33) is located
on the orbit of dimension 5. As for these systems we have

po = p1 = p2 =0, pz=—4bem®z®, pg = ba’[(4bm* — ¢*)z + 2c*my|
according to Lemma 4 a system (33) becomes degenerate if and only if b = 0 and

this is equivalent to K3 = 0.
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As M =0, B3 =60 =0and N # 0, according to [11] and [12] for a non-degenerate
system (33) we obtain the following phase portraits:
Picture 4.31(a) [P2g] < Hi #0, Ng#0, K3 > 0;
Picture 4.31(b) [Pa7] < Hi1 #0, Ng #0, K3 <O0;
Picture 5.23 [PQG] < Hyg 75 0, N6 = 0;
Picture 4.44(a) [P29] < Hin=0,K3>0;
Picture 4.44(b) [Pso] < Hijp =0, K3<0;
Assume now that systems (33) are degenerate, i.e. K3 = 0 (that implies b = 0).
As x = 0 is an invariant line filled with singularities and the condition ¢ = 0 is
equivalent to Hi; = 0, we obviously obtain the phase portrait Pog if Hi; # 0 and
P31 if Hi; = 0. Taking into account that the conditions Hg = 0 and Hy; # 0 by
(34) imply K3 > 0 an that the condition K3 < 0 implies Hg # 0 we obviously arrive
at the respective conditions from Table 1.
b) The subcase H = 0. Then m = 0 and systems (10) become

t=a+4cx, y=b+ fy—a> (35)
For these systems we calculate
M=B3=N=0, Ks=2>#0, Ny=3(c— f)a?,
Ng = 8c(c — f)a3, K| = —cx3, K3 =6(2c— f)fa",
Di=c+f, D=—f%3 puz=—cfaz®, Wi =2cf, Vo= (a+cx)x
[b(c® = f?) = 4a® = 2a(3¢ — flx — (c = [)Be+ [z’ + f(* — *)y]

So according to [9] and [8] non-degenerate systems (35) possess invariant straight
lines of total multiplicity at least four.
b1) Assume first Wy # 0, i.e. ¢f # 0. Then us # 0 and according to Lemma 4
the family of systems (35) does not contain degenerate systems.
If V5 # 0 then by statement (i) of Main Theorem any system (35) is located on
an orbit of dimension 5. Moreover from (36) it follows that the condition W;Ng # 0
implies K1 DN3 # 0 and Ng = 0 gives N3 = 0 (due to W7 # 0). So as M = 0 and
B3 = N =0, according to [11] and [12] a non-degenerate system could have one of
the following phase portraits:
Picture 4.37(a) [Ps2] < Ng#0, usky >0, K3 > 0;
Picture 4.37(b) [Ps3] < Ng#0, usk; >0, K3 < 0;
Picture 4.37(c) [Ps4] < N #0, usk; <0;
Picture 5.27 [Ps2] < Ng=0.
We remark that when Ng = 0 (i.e. f = ¢) we have Ny = 12ax? # 0 due to
Vo # 0. We observe also that Picture 5.27 is topologically equivalent to Picture
4.37(a) and the condition Ng = 0 implies usK; > 0 and K3 > 0. So we get the
respective conditions given in Table 1.
Suppose V5 = 0. By (36) due to ¢f # 0 we obtain

b(c® = f%) —4a® = a(Bc— f) = (c = f)Be+ f) = (¢ = f2) = 0.

(36)
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This implies ¢ = f (otherwise c+ f = 3c+ f = 0 gives ¢ = f = 0). So if W7 # 0 and
Vo = 0 we obtain a = ¢ — f = 0 and cf # 0 and then Wy = —3c®z3 # 0. Then by
statement (i) of Main Theorem any system (35) in this case is located on an orbit
of dimension 4.

Thus for W1 # 0 and Vo = 0 we arrive at systems

i=cx, y=0b+cy—a?
for which we have
M=B3=N=N3=N,=0, p3=-cz3 W, =23>#0.

According to [8] these systems possess invariant straight lines of total multiplicity six
and by [12] we get the phase portrait Picture 6.11 which is topologically equivalent
to P32.

by) Assume now Wy = 0, i.e. ¢f = 0. If D # 0 by (36) we have f # 0 and
this implies ¢ = 0. Moreover we may assume f = 1 and b = 0 due to the change
(z,y,t) — (z,(y —b)/f,t/f). So we get the family of systems

t=a, §=y—a (37)
for which we calculate:
Wy = —a(a® — 2az —2° +y), M =Bs=N =Ng=0,N3=—32", D=—z".

If W5 # 0 then a # 0 and we may assume a = 1 due to the rescaling (x,y,t) —
(ax,a’y). By statement (i) of Main Theorem this system is located on an orbit of
dimension 5. According to [11] it possesses invariant lines of total multiplicity 4
(more exactly the infinite line is of multiplicity 4) and its phase portrait corresponds
to Picture 4.46 which is topologically equivalent to Ps3s.

Assume Wy = 0. Then a = 0 and system (37) is degenerate having the parabola
y = z2 filled with singularities. Obviously we get the phase portrait Pyu. On the
other hand as D # 0 we have Vy # 0 and by statement (i) of Main Theorem this
system is located on an orbit of dimension 4.

Suppose now D = 0, i.e. f =0. Then systems (35) become

t=a+cr, §=0b—2a° (38)
for which calculations yield

M=0, Ks=2z% W;=D=0, Us = 22(4bx? — dazy + *y?),
Wy = —(a® — bc®)(a + cx).
As D = 0 the condition V5 = 0 is equivalent to Uz = 0. So by statement (i) of Main

Theorem a system of this family is located on an orbit of dimension 5 (respectively
4; 3) if Wy # 0 (respectively Wy = 0, Us # 0; Wo = Us = 0).
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On the other hand for systems (38) we have

M=B3=N=D=0, Ng=3cz®, Ng=8c%z3,
Di=c, po=p =p2=p3=0, ps=(a®—bc*)z*

and according to [9] and [8] non-degenerate systems (38) possess invariant straight
lines of total multiplicity at least four.

a) Assume first Wy # 0. Then py # 0 and by Lemma 4 systems (38) are non-
degenerate. According to [11, Table 2] in the case N3 # 0 (then Dy # 0 ) we get
the phase portrait Picture 4.38(a) if pg > 0 and Picture 4.38(b) if ps < 0. However
there is a missprint in [11, Table 2].

Remark 3. Assume that a quadratic systems has a configuration of invariant lines
given by Config. 4.38. Then its phase portrait corresponds to Picture 4.38(a) [Psg]
if pg < 0 and Picture 4.38(b) [Pao] if pg > 0.

If Ng¢ =0 (i.e. ¢=0) we have N3 = D; = 0 and Ny = 12a2? # 0 due to W # 0.
According to [12] in this case the phase portrait corresponds to Picture 5.30 which
is topologically equivalent to Pag . As the condition ¢ = 0 implies jiy = a?z? > 0 we
could unite the cases N # 0 and N = 0 as it is given in Table 1.

) Suppose now Wy = 0, i.e. bc?> —a? = 0. Then py = 0 and by Lemma 4
systems (38) become degenerate.

If Ng # 0 then ¢ # 0 (this implies Us # 0) and we may assume ¢ = 1 due to
the rescaling (z,y,t) — (cx,cy,t/c). So we obtain b = a® and this leads to the
degenerate systems

T=a+uzx, y:(a—l—x)(a—x),

with a € {0,1} due to the rescaling (z,y) — (az,a’y) in the case a # 0. Obviously
in both cases we obtain the same phase portrait Pys.
If N¢ = 0 then ¢ = 0 and the condition Wy = 0 gives a = 0. So we get the
Systems
i=0, y=0b-—2a>

where b € {0, 41} due to the rescaling (x,y) — (|b|~"/2x,|b|~'y), in the case b # 0.
Evidently we obtain the phase portrait Pog if b < 0, Psg if b > 0 and Pyg if b = 0. We
observe that for the systems above we have Us = 4bz* and hence sign (b) = sign (Us)
(if Us # 0). We recall also that for U3 = 0 (i.e. b = 0) the respective system is
located on the orbit of dimension 3.

It remains to note that for systems (10) we have Coefficient[W1, 2%] = 16m? and
hence the condition Wy = 0 implies H = 0.

3) The case K5 = 0. It was shown earlier in the proof of Lemma 1 (see page
35) that in this case a system can be brought via an affine transformation to form
(16), for which the condition U = 0 gives d = 0. So we get the family

i=a+cr+x®, §=0b+uay, (39)
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for which we calculate:

Wy = (¢ +32)(a + cx + 2?)(be + bx — ay), Hip =0, His = —8a*2?
Hqy = 48(c2 — 4a)x4, Lo = axz’.

By statement (i) of Main Theorem a system of this family is located on an orbit of
dimension 5 if Wy # 0 and of dimension 4 if Wy = 0. We observe that the condition
Wy = 0 is equivalent to a = b = 0 and then systems (39) become degenerate.

Assume Wy # 0. According to [10] a non-degenerate system (39) could possess
one of the following phase portraits:

Picture 02.5(61) [P39] & Hyo 75 0, Hi1 >0, ug < 0;
Picture Cg5(b) [P38] & Hyo 75 0, Hi1 >0, ug > 0;
Picture C5.6 [P37] & Hyo 75 0, Hy1 < 0;
Picture Cy.7 [P41] & Hyo 75 0, Hy; = 0;
Picture C5.8 [P40] & Hip=0, Hyp 75 0;
Picture C.9 [P42] & Hip =0, Hip = 0;

We observe that the condition ps # 0 implies Hio # 0. Moreover if Hi; < 0
then po > 0. So we arrive at the respective conditions given in Table 1.
Suppose now Wy =0, i.e. a = b = 0. In this case we get the family of degenerate
Systems
i=cx+a% y=uxy.

Obviously we obtain the phase portrait given by picture P47 if ¢ # 0 and Pyg if
¢ = 0. It remains to observe that for a = b = 0 we have Hy; = 48¢?z* and this
polynomial gives the condition ¢ = 0. U
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