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The graded Jacobson radical of associative rings

B. J. Gardner, A.Plant

Abstract. We introduce a consistent definition for the graded Jacobson radical for
group graded rings without unity. We compare the graded Jacobson radical for rings
with unity and those without. We find that for group graded rings, the descriptions
are equivalent.
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In the book of Nastasescu and Van Oystaeyen [1] on group graded rings, two
equivalent descriptions of the graded Jacobson radical for rings with unity are given.
Several investigations of the graded Jacobson radical have appeared over the last two
decades (see [2-6] or [7] for example) all for rings with unity. In [9] a comprehensive
account of special radicals of graded rings without unity was presented. Unfortu-
nately the descriptions given in the section for the Jacobson radical came (in the
most part) from [1] on group graded rings with unity. After an extensive literature
search, it seems that no actual definition of the graded Jacobson radical for rings
without unity has appeared. The definition given here is the most natural one — the
intersection of the annihilators of all simple graded modules — and it is meaningful
more generally for semigroup graded rings, though for semigroups in general it may
not be a graded ideal.

As an example of a consequence of this investigation, we show that a 1984 result
of Nastasescu [3] that nJ (R) C Jgr(R) (for a finite group G of order n € Z* where
R is a G-graded ring with unity and J,, is the G-graded Jacobson radical) can be
extended to group graded rings without unity.

1 Unital Extensions of graded rings

By a unital extension of a ring, we mean an embedding of a ring R without unity
into a ring R" with unity. We do this in the standard way (see [10] for example). We
reserve the use of R" to always mean the unital extension of R. Thus R" is made
up of the additive group R P 7Z, where Z is the ring of integers. Elements in R &P Z
are denoted by ordered pairs {(r,n) : r € R,n € Z} with componentwise addition
and multiplication defined by

(r,n)(s,m) = (rs +mr + ns,nm)

where r,s € R with n,m € Z.
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Lemma 1 ([8], p.136). Let R be a ring without identity, and let R" be the standard
unital extension of R. Then J(R) = J(R"), where J is the Jacobson radical.

For this investigation we require specifically that R be group graded. This allows
us to place the identity element carefully into our graded ring without causing major
offence to the structure of our ring. So we begin with a ring R graded by a group G
with group identity e. Any element r € R can be written uniquely as r = > 9eG o>
where 7, € Ry for each g € G. We embed our G-graded ring R into R as above.
We identify R with its copy in R* and since (0,1)R, C Ry and R4(0,1) C R, for all
g € G, we can grade R" by putting the identity element (0,1) in the e component,
whence R* becomes G-graded with

R‘=R'® P R,
9€G\{e}

For any r € R we have

(r,n) = (ren)+ Y (rg,0).
geqG
g#e

(Recalling that R, is a subring of R, we can see that the e component in R" is just
given by the standard unital extension of R, in R.)

2 Graded ideals and modules

Let G be a group or semigroup and suppose [ is an ideal (left, right or two-sided)
of a G-graded ring R. Then [ is said to be a G-graded ideal if

I=UNnRy) =PI,
geG geG
(so that I as a ring is G-graded). A G-graded left (right, two-sided) ideal M of R is
a G-graded-mazimal left (right, two-sided) ideal if M # R and M is not contained
in any other proper G-graded left (right, two-sided) ideals of R.
Let G be a group or semigroup. A left module T over a G-graded ring R is a
G-graded left module if there exist additive subgroups Ty of T with

T=PT,
geG

and R,T, C Ty, for all z,y € G. We suppress the adjective “left” throughout, but
note that a development based on right modules is also possible.
Let G be a group or semigroup. A G-graded module T over a G-graded ring R
is a graded-simple module if T'# 0 and 0 and T are its only graded submodules.
The annihilator of any G-graded module T is

AT)={ac€ R:at=0 forallt e T}.

Annihilators of modules are ideals.
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3 Jy(R) for rings with unity

We describe the graded Jacobson radical here for group graded rings with unity.
In Section 4 we give an equivalent description of the graded Jacobson radical for
rings without unity.

Let G be a group with identity element e and R a G-graded ring with unity. In
this case the graded Jacobson radical Jg-(R) of R is defined to be the intersection
of all S-graded-maximal left ideals of R.

In [1] the equivalence of other definitions of the graded Jacobson radical of a
group graded ring is shown. One of these defines the graded Jacobson radical as the
intersection of all left annihilators of all G-graded-simple R-modules.

Recently, Abrams and Menini [7] considered the graded Jacobson radical of
graded rings with unity, extending the definition to include semigroup-graded rings.
In this case the graded Jacobson radical is defined to be the intersection of all left
annihilators of all G-graded-simple R-modules.

4 J4(R) for rings without unity

The Jacobson radical of a ring without unity has a handful of equivalent descrip-
tions (see [11] for example) including one as the intersection of modular maximal
left ideals. For rings with unity, all ideals are modular and so the wording of the
definition is altered slightly. In both cases, the equivalent definition of the Jacobson
radical as the intersection of all the left annihilators of simple left modules is the
same. It seems then that the natural choice for defining the graded Jacobson radical
for group graded rings without unity is as the intersection of annihilators of simple
modules, coincident with the definition of the graded Jacobson radical in the case
the ring has unity.

For a ring R graded by a semigroup G, we define the graded Jacobson radical of
R as the intersection of left annihilators of all G-graded-simple R-modules. We use
the 4 here to indicate a graded structure. It turns out that as long as G is a group,
Jgr(R) is always a graded ideal. For more general semigroups this need not be so.

Example 1 (][9], Example 6). Consider the set S = {(1,1),(1,2),(2,1),(2,2)} under
(rys) - (t,u) = (r,u) (r,s,t,u € {1,2}).

Then (S, -) forms a rectangular band. The semigroup ring A = kS with coefficients
in a field k is S-graded in the usual way, that is

A=kS=k(1,1)®k(1,2) ® k(2,1) ® k(2,2).

Then the element (1,1) — (1,2) annihilates M, for any simple A-module M. (Note
that S € A as k is unital.) This puts (1,1) — (1,2) in J4(A). Now let
N = A(1,1). Then N is a graded-simple A-module but (1,1) doesn’t annihilate
N. The consequence is that (1,1) & Jgr(A). This means that J,,(A) is actually an
ungraded ideal of A.
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Theorem 1. Let G be a group and let R be a G-graded ring without unity. Then
Tgr(R) = T4 (R") where Jy, is the G-graded Jacobson radical and R" is the unital
extension of R.

Proof. Any R-module M becomes a unital R*-module if we define
(r,n)m =rm+nm

for (r,n) € R* and m € M.

Let Y be a G-graded R-module with Y = @4Y; and R,Y,; C RY},. For (1e,n) €
RY! and any y, € Y, we have (re,n)yy = reyg + nyy € Yy and so Y is a G-graded
unital R*-module. Any G-graded unital R“-module is a G-graded R-module

Similarly, if K is an G-graded R-submodule of a G-graded R-module M, then
K is a unital G-graded R“-submodule of the G-graded unital R*-module M, and

vice versa.

So any G-graded-simple R-module is also a unital G-graded-simple R“-module,
and vice versa.

Suppose M is any G-graded-simple R-module with left annihilator A(M). Take
any a € A(M). Then a =3 ;ay. For any h € G, pick an m € M), (since M is
graded). Then

0= Zag m:Zagm

geG geG

where agm € My, for each g € G. Since the sum runs over distinct gh (here G is
a group), we have agm = 0 for all g € G, and so all the homogeneous components
ag € A(M). Thus the annihilator is a G-graded ideal:

AM) =P Ryn AM) = D AM),.

geG geqG

In the same way the set
AM* ={reR*:rm=0 Ym e M}

is a graded ideal of R".

For any a € A(M), the element (a,0) € R" is in A(M)" since (a,0)m = am = 0,
so, A(M) C A(M)™. Tt is clear to see that the elements (a,0) € R* behave exactly
as the elements a € R. So to compare A(M ) with its unital extension, we need only
consider the e-component.

Suppose there is an (¢, n) € J(R*)\J(R). Then (re,n) € A(M)* = A(M)*NRY
with n # 0. Thus for all graded simple R-modules M we have

(re,n)ym =rem +nm = 0, forall m e M.
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This means that multiplication of an element in any simple module by r. has the
same effect as multiplying by —n € Z. For every prime p, Z, is a simple R-module
with trivial multiplication. It is graded-simple if we let Z,, be the e component, with
all other components being equal to zero. For all z € Z,, we now have 0 = (r¢,n)z =
rex + nx = nx, so n is divisible by p. This being so for every p, we conclude that
n =0.

This means that no extra killers are admitted by unital extension. Hence, if R
is a ring without unity, then J,,(R) = Jgr(R"). O

As an example of the potential application of Theorem 1 we extend a theorem of
Nastasescu for finite group graded rings with unity to include rings without unity.

Theorem 2 ([12], [3], Theorem 5.4). Let G be a finite group of order n € Zt and
let R be a G-graded ring with unity. Then nJ(R) C Jy(R) where J(R) is the
Jacobson radical of R and Jg4 is the G-graded Jacobson radical.

Corollary 1. Let G be a finite group of order n € Z* and let R be a G-graded ring
with or without unity. Then nJ (R) C Jy4(R) where Ty is the G-graded Jacobson
radical.

Proof. If R is a ring graded by a finite group with unity, then this is just Theorem 2.
Otherwise, applying Lemma 1 and Theorem 1 yields nJ (R) = nJ (R") C Jyg(R") =
Jgr(R) which completes the proof. O
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