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Queuing system evolution in phase merging scheme*

V. Korolyk, Gh.Mishkoy, A.Mamonova, Iu.Griza

Abstract. We study asymptotic average scheme for semi-Markov queuing systems
using compensating operator of the corresponding extended Markov process. The
peculiarity of our queuing system is that the series scheme is considered with phase
merging procedure.

Mathematics subject classification: 60K25, 68M20, 90B22.
Keywords and phrases: Queuing systems, semi-Markov process, phase merging,
average scheme, weak convergence, compensating operator.

1 Introduction

The queuing system (QS) of [SM|M|1|oo]™ type means that the input flow is
described by a semi-Markov process, the service time is exponentially distributed,
there are N servers connected by a route probability matrix. So the queuing net-
works is considered with a semi-Markov flow. The peculiarity of our queuing system
is that the series scheme is considered with phase merging procedure [1]. The ave-
rage algorithm is established for the queuing process (QP) described the number of
claims at every node. Analogously problem was investigated in work [1].

2 Preliminaries

The regular semi-Markov process k°(t), ¢ > 0 on the standard phase space (E,
E) in the series scheme, with the small series parameter ¢ — 0 (¢ > 0), given by the
semi-Markov kernel [1, 3, 4].

Q°(k,B,t) = P*(k,B)Gx(t),k € E,B € e,t > 0. (1)
The stochastic kernel
P¢(k,B) = P(k,B) + P (k, B). (2)
The stochastic kernel P(k, B) is coordinated with the split phase space

N

E=|J B B[ B =0k #K, (3)
k=1
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as follows

P(k, Ep) = 6(r) := { (1): ; g: (4)

The perturbing kernel P;(k, B) provides the transition probabilities of the embedded
Markov chain k;, n > 0, between classes of states E;, 1 < k < N, which tend to
zero as € — 0.

The renewal moments 7, n > 0, are defined by the distribution functions

Go(t) = P(fpsr < HkE = 1) = P(6,, < 1), (5)

here 0,11 = Ta1—Tn, n > 0, are the sojourn times. For more details of semi-Markov
process see monograph [1, Ch 1].
Introduce the mean values of sojourn time

g(k) == B0, = / G(t)t, G(t) =1 — Gy(t), (6)
0

and the average intensities

q(r) =1/g(k),x € E. (7)

In what follows the associated Markov process k°(t), t > 0, given by the generator

Qulk) = a(x) / P, dy)[o(y) — o()]. (8)

E

is uniformly ergodic in every class Ej, k € E, E= {1,2,..., N} with the stationary
distributions 7 (dk), k € E. The corresponding embedded Markov chain kO =
k%(7,), n > 0, is uniformly ergodic also with the stationary distributions py(dr),

)
~

k € E. Note that the following relations are valid:

me(dr)a() = qrpr(ds), g = / T(di)q(). (9)
I

According to Theorem 4.1 [1, § 4.2.1, p.108] the merged process v(k*(t/e)) con-
verges weakly as € — 0, to the Markov process l;:(t), t > 0, on the merged phase
space F = {1,2,..., N}, given by the generative matrix Q= [Gkr; Ky 7 € E]

We assume that the merged Markov process l;:(t), t > 0, is ergodic with the
stationary distribution 7t = (7, k € E).

3 Queuing process in the networks

The evolution of claims in the networks on E = {1,2,..., N} is defined by the
route matrix Py and the intensity vector of exponential service time u = (ug, k € E).
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The queuing process in average scheme is considered in the following normalizing
form:
US(t) = ep°(t/e?),t > 0,6 > 0, (10)

where p°(t) = (p5(t), k € E) is the vector with the components p(t) — number of

claims at node k € E at time ¢.
The queuing process U¢(t) in average scheme is considered under the following
assumptions.

A1l: The queuing networks is open, that means the route matrix satisfies the
condition:

N
Pho=1- Zpgr,ma;{pgo > 0. (11)
p— kek

A2: There exists nonnegative solution of the evolutionary equation

dU°(t)/dt = C(U°(t)), U°(0) = uo, (12)
where the velocity vector )
is defined by its components
Cr(u) = () + Ak, (u Z frttr [pri; = Ork], Ak = TGk

Theorem 1. Under the assumptions A1-A2 the weak convergence U®(t) =
UY(t),e — 0, takes place.

Corollary 1. Let exist an equilibrium point u® > 0 satisfying

C(u®) = 0. (14)
Then under initial condition U®(0) = ug,e — 0, the weak convergence U¢(t) =
ug, € — 0, takes place.

Remark 1. The vector 7 = (g := qtkqr, k € E), ¢ ' = > #rqe describes the
kek

stationary distribution of the Markov process k(t), t > 0, defined by the generating

matrix (see [1, Theorem 4.1])

Q = [pkrakar € E]vpkr = /Pk(dﬁ)Pl(/i, ET’) (15)
I3

Indeed (see [1,(4.17) and (4.19)],

Zﬂkqwkr Z ArQrPrDir = D ArGkPrr = Y Fair = 0. (16)
K P
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4 Proof of Theorem. Compensating operator
The extended Markov renewal process
uf, = us(15), kS = k°(15), 75 = %1, m > 0, (17)
is characterized by the compensating operator (CO) (see [1,Ch 1, 2])
2

LEQO(’U,, "i) =€ Q(H)E[Qo(u;-i-la 7EL+1) - (,D(U, H)]u;:z =u, kz = K. (18)

The key step in asymptotic analysis of the QS is to construct an asymptotic
expansion of the CO (18).

Lemma 1. The CO (18) can be represented in the following form

Lfo(u, k) = e 2q(r)[G* (k) P*D* (k) — I, (19)
where
G (k) = | Ge(dt)Ts. (20)
/

The semigroup 'y is defined by the generator

N
Pg(n) = 3 Are(w)lip(u + 2epn) — (), (21)
k,or=1

Cky ‘= €p — €L, Cf = (5klyl S E)

The operators D*(k), k € E, are defined by

A~

DE(k)p(u) = d(u + e%epi), k € E. (22)
The operator
P =P+eP, (23)
where
Po() = [ Plsdn)os). Pt = [ Pilsdy)oty) (24)
E E

Proof of Lemma 1. The representation (19) is direct conclusion of the equality
U1 — U, = B (Ont1) + eent1,

where (3°(t), t > 0, is the Markov process given by the generator (21).
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Lemma 2. The CO (19) admits the following asymptotic expansion on the test-
function ¢(u, r) € C3(R) uniformly in k € E:

L5 (k) 1) = [72Q + e71Q1 + Qalk) + 65, (W) p(u, ), (25)
where
Qulr) = a(x) / P, dy)lo(y) — o(x), (26)
E
Qugp(r) = () / Py (i dy) (), (27)
E

A(K) = e(k), k € ), Mi(r) = (r)6k (5), Qa(k)p(u) = [(u) + A(r)]¢ (u)  (28)
and the negligible term 05 (k)p(u) — 0 as e — 0, p(u) € C3(RYN).

Proof of Lemma 2. The following identity is used below:
GD-I1=G-I1+D—-1+(G-1)(D-1),
and asymptotic expansion on the test- function ¢(u) € C3(R"N)
e2q(R)[G* (k) — I)Pp(u) = [g(r)G(rK) P + 65(k) Plio(u),
e 2q(r)P[D? (k) — Ip(u) = [a(k) PD(k) + 03(x) Pl (u),
e2q(r)ePo[D*(k) — Ig(u) = [eq(r) PLD(k) + e85 (r) P (u),
e 2q(k)[G*(r) — I]P[D*(k) — () = O54(r) P p(u)
is a negligible term.

The limit operator in the theorem is defined by a solution of singular perturbation
problem for the truncated operator

Ly = e2Q +e71Q1 + Q2(k). (29)

Lemma 3. The limit operator L in the theorem is defined by formulae (see [1,
Proposition 5.3., p.146]: R )
L = TIIQ,(x)IIII, (30)

where the projectors 11 and II act as follows:
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Corollary 2. The limit operator L in Theorem is defined as follows

N
Lp(u) = C(u)g' (u) = Y Cr(u) gl (u), ¢} (u) = dp(u) /uy, (31)
k=1

where C(u) = v(u) + A, Ci(u) = Y (u) + Fege, A = (Frgr, k € E).
The last step of the proof of theorem is realized by using Theorem 6.6
from [1, Ch. 6, p.202].
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