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The GL(2,R)—orbits of the homogeneous polynomial
differential systems

Driss Boularas, Angela Matei, Alexandru Suba

Abstract. In this work, we study the generic homogeneous polynomial differential
system &1 = Pg(z1,22), #2 = Qx(x1,x2) under the action of the center-affine group of
transformations of the phase space, GL(2,R). We show that if the dimension of the
GL(2,R)— orbits of this system is smaller than four, then deg(GCD(Py, Qr)) > k—1.
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1 Center-affine transformations
We consider the system
21 = P21, 22), 22 = Q(x1, 22), (1)

where Py, Qi are homogeneous polynomials of degree k:

— i od — i d
P, = Z a;jriTy, Q) = Z bz 5.

i+j=k i+j=Fk
Denote by E the space of coefficients
e = (a;b) = (ak,0,ak—1,1, -+ @0k} bk,0,0k—1,1 - bok)

of system (1) and by GL(2,R) the group of center-affine transformations of the phase
space Ox, x = (z1, T2).

Applying in (1) the transformations X = gx, where X = (X7, X2), ¢ € GL(2,R),
ie.

a1 Qa2 -1 1 Q22 —O72
= ;o € R, det 0, = —-— )
1 < Qg1 Q2 ) “ (@) #0, 4 det(q) < —ag1 o1 >
we obtain the system

X1 = Pr(X1,X2), Xo=Qp(X1,Xa), (2)
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where

k
Py =on - Polg'%) + a2+ Qulg™'%) = > aj_; X1 7'X5,
=0

k
Qi = 021 - Po(q7'%) + 022 - Qulg™'x) = > bj_; , XT' X5,
i=0

The coefficients e* of the system (2) can be expressed linearly by the coefficients
of the system (1): e* = Ay (e), detA, # 0. The set A = {A)lg € GL(2,R)}
forms a 4-parameter linear group with the operation of composition. It is called the
representation of the group GL(2,R) in the space of coefficients E of system (1).

The set O(e) = {A(g)(e)| ¢ € GL(2,R} is called the GL(2,R)—orbit of the point
e € E or of the differential system (1) corresponding to this point.

Let

t ef]fp(t) 0 t 1 t t 1 0 t 1 0
q1 = < 0 1 ; 4o = 0 1 y 43 = t 1 y g = 0 ewp(t)

and G; = {¢}/|t € R} C GL(2,R), | = 1,4. Denote g = Aty ILis obvious that Ay =
{gf}, I = 1,4, are the linear representations in [E of the subgroups G; respectively.

Each of the pairs (E,{g/}), | = 1,4, corresponds to a flow defined in E by the
following systems of linear equations:

de N dgf(e) o (l) .
%_ < i ‘t:O—A '6,1—1,4. (3)

If we represent the matrix A of dimension (2k + 2) x (2k + 2) as four quadratic

blocks of dimensions (k4 1) x (k+ 1) : AY = < él,l IB;l > and if denote by O the
l l

matrix null, and by I the unity matrix, both of dimensions (k+1) x (k+1), we get :

Ay = —diag(k — 1,k —2,...,1,0,—1),B; = C, = O,
Dy = —diag(k,k —1,...,1,0);

0 0 0 0 0
E 0 0 0 0
0 k-1 0 0 0
Ad=—1 0 k-2 0o o |’

o
o
o .
—
o

By =1, Cy =0, Dy = Ay;
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0 1 0 0 0

o 0 2 0 0
R IR

0o 0 0 0 k

0 0 0 0 0

By =0, C3 =1, D3y = As;
A4 = —dz‘ag(O,l,Q,... ,k‘), B4 = C4 = O, D4 = —diag(—1,0,1,2,... ,/‘J— 1).

Let v;, | = 1,4, be the vector fields defined in E by the systems (3) and
L be the derivative in the direction of the vector v. Setting w = [u,v], where
Ly = LyLy — Ly Ly, it is easy to verify that the vector fields v;, [ = 1,4, gener-
ate a Lie algebra. Following [1, 2] the dimension of the orbit O(e) is equal to the
dimension of this algebra applying to the element e, i.e. to the rank of a matrix
My = (vi(e)|l =T1,4) of the dimensions 4 x (2k + 2). The classification of some
polynomial systems according to the dimensions of their GL(2,R)—orbits was done
in [2-11].

Denote v;(e) = (A%,A,(f)_m,...,A((]Q;BIEQ,B,(QM,...,B((]lk)), [ = 1,4. Taking
into account that v;(e) = A(!) e, the coordinates of vectors v;(e) can be represented
by coefficients of the system (1) as follows:

AW =~k —i— Darig, By, = —(k — iz, i =0,k

i

Al(fo) = byo, A,(f_)m =bp—ii— (k—i+Dag_ir1i-1,

Bl(j)) =0, B;(f_)” =—(k—i+1)bp_it1,i-1,0=1,k;

A,(ff” = —(i +1)ar—i—1,i+1, A(()i) =0,

3 . 3 .
B](ﬁ_)272 = OQk—j4q — (Z + 1)bk—i—l,i+l7 Bék) = apk, 1 =0, k — 1;

Al(f_)m. = —iag—_; Bi(f_)i,i = —(i = Dbg—is, i = 0,k.
For k£ =0 and k£ =1 the matrix M}, becomes

app 0 0 ap1 —b1o 0
boo 0 bio  bo1 — a1o 0 —b1o
M — s M =
0 0 apo ! —ao1 0 aip —bor  ao1
0 boo 0 —ap; b1o 0

By direct calculations, we obtain the following two theorems:

Theorem 1. Let k =0 and d be the dimension of the GL(2,R)—orbit O(e) of the
system (1). Then,

dZO, iﬁ P(]:QOZO and

d =2 1n other cases.
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Theorem 2. Let k =1 and d be the dimension of the GL(2,R)—orbit O(e) of the
system (1). Then,

dZO, iﬁ alo—bol = apil :b10:0 and

d =2 1in other cases.

Let GCD(P,Q) be the greatest common divisor of the polynomials P and Q.
The main result of this paper is the following theorem.

Theorem 3. If the dimension of the GL(2,R)—orbit of the differential system (1)
is smaller than four, then deg(GCD(P,Q)) > k — 1.

Next, in this work we will suppose that

k>2 and |Pg(z1,22)| + |Qk(z1,22)| £ 0. (4)

2 One lemma

Let 7 € {0,1,2,...,k}. Consider the polynomial

k—1

f221$k+22$ + .o+ 24, z€e€C,i=1k+1 (5)

and the (k +1) x (k + 1)-matrix A defined by :

di,i—l = (k‘—i—l—Q)flfg, i=2,k+1; di,i-ﬁ-l =—i, i=1,k;
=k —-1T—i+ D)+ (T —i+ )&, i=1k+1; (6)
ay =0, |Z_l| > 1,

where &1, & are constant. It is easy to show that

k <rank(A) <k+1. (7)
Lemma 1. If the vector
Z = (21,22,...,Zk+1)tr (8)
s a solution of the equation .
AZ =0, (9)
then (5) has the form
f=c (x+&)" @+ &), (10)

where ¢ 1s a constant.

Proof. Without loss of generality we can assume that 7 € {0, 1, 2, ..., [k/2]}, where
by [k/2] we denoted the integer part of the number k/2.
Let R=AZ = (F1,...,7k41)"", where Z = (Z1,...,%41)" and
i-1 '
a=) ooiora g, (1)

pn=0
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ifl1<i<rt41;

_ Yo g, (12)
©n=0
fr+1<i<k-—7+1and
k—i+1 '
22: Z 017;‘:77'_4‘/1 107’ /,152 T+pu— 15; o (13)

itk—17+1<i<k+1. R
We will prove that the vector Z with the coordinates (11)—(13) is a solution of
the equation (9).

a) Let 1 <14 < 7. Taking into consideration (6) and (11), we obtain:

F1=ai2-Z+anz = —((k—7)+75&) +(E—1)& +75) -1 =0;

s s o - - s : i— =2 o pi—p—1 o1
Fi = Qi1 Zi41 + Gig—1Z2i-1 + Q% = =121 + (K —1+2) g Ol O™ e+

i—1 i—1
=i+ )Y GITICRE T (- 1) Yo T g =
©n=0 ©n=0
i—1 .
= —ifig+(k—i+2)) O iorT T e+
pn=1
i—1 . '
k= —i+1) Y CIETICRET + (k— 7 — i+ 1)CLLCN 9+
pn=1

Hr—it1) Z Cylerg T T T + (r— i+ )0, O =

:_Zzz+1+z —i+2)C Z“ 10“1 (k‘—T—z—l—l)C’Z“ 10“4-

H(r—it 1)0;:*;05—1]&-%5 +iCy T CRE 8] +iC)_ CreYes =

i— L .
. i . pli — )
=iz + > C iy [(k; —i+2)- . +
= (k—1—i4+p+1)(r—p+1)

L= p
k—17—14+p+1
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i—1
+iC,_, CRE1E) +iC)_ CLEYE) = —iZig1 +i <0,i_702£i£8 +Y o Cpherg T
p=1
+C,3_Tci§?§;> i 4B = .
b) ¢ = 7 + 1. From formulae (6), (11) and (12) we get:

Tr41 = dr—i—l,‘rgr + a'r—l—l,r—i—lg'r-l—l - ELT+1,T+2§T+2 = (k -7+ 1)616257'"’_

+(k—27) Y Cprere e — (r 4 1) opTt ome T el =
pn=0 pn=0
= (k— 7+ Doz, + (k—2r) Y Cprore ey
pn=1

—(r4+ 1)) O e TR = (k- T+ D)€ &E+
pn=1

T—1
T— U k=2r+upu+1 7—pu

+ E k—2 —(T+1 .

&52“:0 [( 7—)qul (T+1) T— W p+1

|cretorgtg -

=k -7+ 1)&&z — (E—17+1)6&2 =0.

c) T+ 2 < i< k— 7. In this case the formulae (6) and (12) give us:
Ti = —1Zi+1 + (k‘ — 1+ 2)616222'_1 + [(k -7 -1+ 1)61 + (T — 1+ 1)62]22' =
= —iZip + (k—i+2)Y Cp i Pore e
n=0

Hr—i+ 1)y Cptrorg T T g T (k- — i+ 1) Y CpiT Ot T =
pu=0 ©n=0

T 7—1
= —iZi+(k—i+2) Y CIRTROrG TR TG T (r—it1) Y o org T e
p=1 n=0

t(k—T—i+ 1) OO e+ (k— T — i+ )CILE =
pn=1

. i . (i —p)p
—iZ1 + 0L 6+ [(k —i+2) : +
= (k—7—i4+p+1)(r—p+1)
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) K ; i p i—p i—ph opt
- 1)——— k—1— 1 w _
+(r—i+ )T—M+1+( T—i+ )k—T—i+N+1:|Ck_TCT§1 &,

= —1iZi4+1 + 1241 = 0.

d)i=k—7+1. From (6), (12) and (13) we obtain:

Frorpr = (T+1) Y CREICHGTT 1M — (k—27) " Cp ey T -
n=0

pn=0
-1 T—1
—(h =T 1) Y CGIlorg TG T = (1) Y oplore T e -
©=0 ©=0
71 -1
—(k‘ — 27’) Z C’;:_chlfglf_T—ﬂgéH'l _ (k‘ — T+ 1) Z C],L;_TC;L_L—I—lgf—T—Mgg—l—l _
=0 pu=0

7—1

k—1— —
— Iz k—7—pept1 H pl
_;Ck—rcﬁgl 62 |:(T+1)ﬁ_(k_27-)_(k_7—+1)m _O

e)k—T1+2<i<k+1.

k—i+2
Fo=—iZi + (k—i+2) Y CpTRTRorRgm Ty
©n=0

k—i+1
k=T —i+1) Y CITIOITG T T
©n=0

k—i+1
Hr—i+1) Y oyl o e 2
n=0
k—i+1 ' '
St i) X OO G
p=1

k—i
=T =i 1) Y G ORI
©n=0

k—i+1

Hr—it1) Y CITIOrG TG T = it
p=1

k—i .
+ Y CimTr g [(k PP Gl ) [ Gt )
©=0

(hi—pt Dt 1)
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=T+ u ) T— U
_ — 1
k—z’—u+1+(T i )u+1

+(k—T1—i+1) = —iZi41 + 1241 = 0.

Hence, taking into account (7), the rank of the matrix A is equal to k
and therefore the general solution of the matrix equation (9) has the form
Z ={cZ|c e C}. O

Corollary 1. If Z=a (Z =Db), where

a = (ako, ag—1,1,---»aok) (b = (bro, b—1.1,-., box)), (14)

is a solution of the matriz equation (9) then the first (second) equation of (1) has
the form

i=c (z+&Y)" @+ &y), G=c (z+&Y) (@ + &y)).

3 Proof of Theorem 3

Applying to the system (1) the transposition of coordinates

Ty — T2, T2 — X1 (15)

we obtain
i1 = Qk(72,71), T2 = Pr(z2,71). (16)
Denote by vj, I = 1,4, the vector fields associated to the differential

system (16).

Remark 1. The equalities avy + Bvo +7v3+dvy = 0 and dvi +yvi+Bvi+av) =0
are equivalent.

By Remark 1, in order to determine the orbits of dimension two and three it is
sufficient to examine the following two cases:

vi—0vy =0, avi+ vy —v3+dvy=0.

3.1 The case v; — vy, = 0.
Let vi(e) — ovy(e) =0 or
(AN —54W)e = 0. (17)
Because e # 0 (see (4)) the equality (17) is realized for those § for which det(A™") —
SAM) =0, ie.

k
—(k—1)*(1+k8)@ + k) [[I(v — D)o +v — K> =0.
v=2
By the assumption (4), k& > 2. If 6 = —1/k (0 = —k), then det(Dy — dD4) # 0
(det(A1 — 6A4) # 0), but the matrix Ay — 0A4 (D1 — 0D4) has on the principal
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diagonal unique element equal to zero and this element is placed on (k + 1,k + 1)
((1,1)). In these cases equality (17) leads us to the systems

¥y = agprh, 29 = 0; (18)

@1 =0, @y = byozh. (19)

Let 6 = (k —v)/(v — 1). For this 6 both matrixes A — §A44 and Dy — 0Dy
have on the principal diagonal only one element equal to zero: first on the cells
(v,v), v =2,k, and second on the cells (v+1,v+1), v = 2 k. Taking into account
(17), we obtain the systems

. . k— -1
1 = Qg—p+1,0-121 F, @y = bk‘—l/,l/x2 -, F = xy V:Eg , V=2, k. (20)

Remark 2. Substitutions (15) reduce system (19) to one of the form (18).

3.2 The case vy = av; + vy + dvy.

In this subsection we will determine the systems (1), k& > 2, for which there exist
numbers «, 6 and § such that

vy = avi + [Bva + dug. (21)
Denote
M =AB) —aqAM — AP — AW a = (ay,...,a0r), b= (bro,- .. box) -

Then

M = < _12] é), A:Ag—@Al—ﬁA2—5A4, DZA—F(O[—&)I, e:(a,b)‘

We have to find «, 8 and § such that the matrix equation

Aa = —b,
Me=0 " or {[A+(a—5)1]b:5a (22)
have nontrivial solutions with respect to e.
From (22) it follows that a and b verify the same matrix equation:
SZ =0, (23)

where S = A% + (a — §)A + BI, dimS = (k+1) x (k+ 1), and Z is the vector (8).
The matrix S has the following elements:

sin=(k—1Dka® —ad—0), sip=-2k—-1)a, s13=2;

S21 = 2]{7(143 — 1)0[6, S99 = (k‘ — 1) [(k‘ — 2)0[2 + ad — 3ﬁ] s
So3 = —4 [(k‘ —2)a+ 5] , Soq4 = 0;
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siico=(k—i+2)(k—i+3)08% sii1=2k—i+2)[(k—i+1a+ (i—2)p,
sii=[(k—)a+(i—1)8][(k—i+Da+(i—2)05] —[(2i —1)k—2(i —1)% - 1B,
siir1 = —2i[(k —d)a+ (i = 1)3], sizeo =i(i+1), =2,k —1;
sph2 = 608% spp_1=A4[a+ (k—2)0]- B, spr = (k—1)[ad + (k —2)6? — 30],
Skkt1 = —2k(k — 1)6;

Sk1k—1= 20, sp1k = 2(k — 1)683, spi1p41 = (k — 1)(k6* — ad — B);
8i;=0,4,7=1k+1,]i —j| >2.
The rank of S verifies the inequalities k — 1 < rank(S) < k + 1 and the
determinant (A = det(S5)) is equal to

A = (k- 1B+ ad)[(k + 1)28 — (o — k6) (ko — 6)]x
m—2

HO [(27 +1)?B+ ((m + jla+ (m — j = 1))x (24)
=

((m —j = Da+ (m +4)d)]?

if k = 2m and
A = dm(a + 6)2(8 + ad)2[(k + 1)28 — (o — k8)(ka — 6)]x
T 152 + ((m+ d)a -+ (m — )9)x (25)

((m = g)a+ (m+ 5)d)]?
if k=2m+ 1.

Denote

_ _ 2 _
A172:A—5 oz:l:\/(c; a) 4ﬁ[.

We have that A1As = AsAy, k <rankA;2 <k+1 andin (23) that S = As4;.
Hence, every solution of the matrix equation

A\Z =0 (26)
or
AyZ =0 (27)

is also a solution of the equation (23).

Next we will analyse each of the cases when the determinant A of the matrix
S is equal to zero and will indicate the systems (1) of which coefficients (14) verify
the matrix equation (23), i.e. each of the vectors a and b verifies at least one of the
equations (26), (27).

3.2.1. 3= (a— ké)(ka —6)/(k +1)2. Let

&= (a—kd)/(k+1), &= (ka—0)/(k+1).
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Then ﬁ = 5152 and

A=A+ &I, Ay=A+&l. (28)
Setting in (6) 7 = k, we obtain that A = A;. Therefore, detA; = 0 and
ker Ay = {cZq|c = const}, where Z; has coordinates (11).

If Ay # Aj, ie. a+ 6 # 0, then from (24), (25) and A = detS = detA; -
detAs it follows that detAs # 0. Thus, in this case, in order that the dimension of
the GL(2,R)—orbit of the system (1) be smaller than four it is necessary that its
coefficients (14) (a and b) verify the equation (26). By Lemma 1 f = ¢(z + &)* and
by Corollary 1, we have

X1 =c1 - F(x1,22), ¥9 = co - F(x1,22); ¢1,co0 = const,
(29)
F=[(k+ 1)z + (ko — 8)zy]*.

3.2.2. = —ad. In this case, we put & = o, o = —d. Then A; = A+ al, Ay =
A — 61 and setting in (6) 7 = 0 (7 = 1), we have that A] = A (A = A) and
f=cl@+&)k (f =clr+ &)z +&)). If 7 =0 (7 = 1) the vector Zy (Z2)
with the coordinates (12) ((12), (13)) is a solution of the equation (26) ((27)). The
solutions Z1 and Zs are linear independent and therefore ¢1Zq +csZs; ¢1,c9 = const,
is the general solution of (23). This implies (1) to have the form

1 = (axq + bxe)F(x1,x2), 2o = (cx1 + dxg)F (21, 22);

(30)

a, b7 C,d = CO’I’LSt, F(x1,:1;‘2) = (;Ul + a$2)k‘—l

3.2.3. k = 2m,
B=—((m—j—Da+(m+j)8)((m+ja+(m—j—1)38)/(2 +1)* j=0,m—2.
Let

& = —[(m—j—1a+(m+7)0d/(2j +1),
2 = [(m+j)a+ (m—j—1)0]/(2j +1).
Then 8 = &§1§2 and the equalities (28) hold. Setting in (6) 7 = m +j (7 = m +

j + 1), we obtain that A = a; (A = ag), and the relations (11)—(13) lead us to the
polynomial

f=cle+ &) @t &)™ (f=ca+&)" 7 @ - a)" ).

Hence, for 7 = m — j (1 = m — j — 1) the vector Z; (Z2) with the coordinates
(11)—(13) is a solution of the equation (26) ((27)). The vectors Z; and Zy are linear
independent which implies the differential system (1) to be written as:

r = (al’l + bl‘Q) - F 1y = (Cl’l + dl‘Q) - F,
F=[2j+ Dz —((m—j—Da+ (m+j)8)a]™ 7 x (31)

(25 + D1+ ((m+fa+ (m—j —1)8)x]™ | j=0,m—2.
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3.2.4. Let k =2m + 1 and 8 = £1&, where
& = —[(m —j)a+ (m+7)d] /(2j),
& = [(m+j)a+ (m—j)d]/(2)), j=1,m—-1

In these conditions equalities (28) hold. If 7 = m+j (r = m + j + 1), then
the vector Z; (Z3) with the coordinates (11)—(13) is a solution of the equation (26)
((27)) and the polynomial (5) looks as:

f=clz+&)™ I a4+ &)™ (f = (o + &)™ (v — &)™),

The solutions ¢1 Z3 + c2 Za; c1c2 = const of the equation (23) lead us to the following
System
r = (axl + bl‘Q) - F, 2y = (C:E1 —|—d$2) - F,

F = [2jx1 — ((m — j)a =+ (m + 7)8)x2)™ 7 x (32)
2jz1 + (M + j)a+ (m — §)8)ze]™ ™, j=T,m—1.
3.2.5. a+ 5 =0. Let

(5:—047 61204—\/052— 7622044—\/052_5'

Substituting in (11)—(13) 7 = m (7 = m + 1), we obtain that the vector Z; (Z2)
with these coordinates is a solution of the equation (26) ((27)), where A; and A,
are given in (28). The polynomial f looks as:

f=clx+&)" M @+&)™ (f =cla+&)"(x+&)"™.
This case leads us to the following differential system
T = (al’l + bl‘Q) P 2y = (Cl‘l —|—dl‘2) - F,

F = (23 + 2azy 29 + Ba3)™.

Theorem 3 is proved.
From proving Theorem 3 follows
Theorem 4. In order that the dimension of the GL(2,R)—orbit of the system (1)

be smaller than four it is necessary (up to transformation (15)) that the system (1)
have one of the forms (18),(20),(29)-(33).
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