
BULETINUL ACADEMIEI DE ŞTIINŢE
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The GL(2, R)−orbits of the homogeneous polynomial

differential systems

Driss Boularas, Angela Matei, Alexandru Şubă

Abstract. In this work, we study the generic homogeneous polynomial differential
system ẋ1 = Pk(x1, x2), ẋ2 = Qk(x1, x2) under the action of the center-affine group of
transformations of the phase space, GL(2, R). We show that if the dimension of the
GL(2, R)− orbits of this system is smaller than four, then deg(GCD(Pk, Qk)) ≥ k−1.
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1 Center-affine transformations

We consider the system

ẋ1 = Pk(x1, x2), ẋ2 = Qk(x1, x2), (1)

where Pk, Qk are homogeneous polynomials of degree k:

Pk =
∑

i+j=k

aijx
i
1x

j
2, Qk =

∑

i+j=k

bijx
i
1x

j
2.

Denote by E the space of coefficients

e = (a;b) = (ak,0, ak−1,1, ..., a0k ; bk,0, bk−1,1, ..., b0k)

of system (1) and by GL(2, R) the group of center-affine transformations of the phase
space Ox, x = (x1, x2).

Applying in (1) the transformations X = qx, where X = (X1,X2), q ∈ GL(2, R),
i.e.

q =

(

α11 α12

α21 α22

)

; αij ∈ R, det(q) 6= 0, q−1 =
1

det(q)

(

α22 −α12

−α21 α11

)

,

we obtain the system

Ẋ1 = P ∗

k (X1,X2), Ẋ2 = Q∗

k(X1,X2), (2)
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where

P ∗

k = α11 · Pk(q
−1x) + α12 · Qk(q

−1x) =

k
∑

i=0

a∗k−i,iX
k−i
1 Xi

2,

Q∗

k = α21 · Pk(q
−1x) + α22 · Qk(q

−1x) =

k
∑

i=0

b∗k−i,iX
k−i
1 Xi

2.

The coefficients e∗ of the system (2) can be expressed linearly by the coefficients
of the system (1): e∗ = Λ(q)(e), detΛ(q) 6= 0. The set Λ = {Λ(q)|q ∈ GL(2, R)}
forms a 4-parameter linear group with the operation of composition. It is called the
representation of the group GL(2, R) in the space of coefficients E of system (1).

The set O(e) = {Λ(q)(e)| q ∈ GL(2, R} is called the GL(2, R)−orbit of the point
e ∈ E or of the differential system (1) corresponding to this point.

Let

qt
1 =

(

exp(t) 0
0 1

)

, qt
2 =

(

1 t
0 1

)

, qt
3 =

(

1 0
t 1

)

, qt
4 =

(

1 0
0 exp(t)

)

and Gl = {qt
l | t ∈ R} ⊂ GL(2, R), l = 1, 4. Denote gt

l = Λ(qt

l
). Il is obvious that Λl =

{gt
l}, l = 1, 4, are the linear representations in E of the subgroups Gl respectively.

Each of the pairs (E, {gt
l}), l = 1, 4, corresponds to a flow defined in E by the

following systems of linear equations:

de

dt
=

(

dgt
l (e)

dt

)

|t=0 = A(l) · e, l = 1, 4. (3)

If we represent the matrix A(l) of dimension (2k + 2) × (2k + 2) as four quadratic

blocks of dimensions (k + 1) × (k + 1) : A(l) =

(

Al Bl

Cl Dl

)

and if denote by O the

matrix null, and by I the unity matrix, both of dimensions (k+1)× (k+1), we get :

A1 = −diag(k − 1, k − 2, . . . , 1, 0,−1), B1 = C1 = O,
D1 = −diag(k, k − 1, . . . , 1, 0);

A2 = −

















0 0 0 · · · 0 0
k 0 0 · · · 0 0
0 k − 1 0 · · · 0 0
0 0 k − 2 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 1 0

















,

B2 = I, C2 = O, D2 = A2;
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A3 = −

















0 1 0 0 · · · 0
0 0 2 0 · · · 0
0 0 0 3 · · · 0
· · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · k
0 0 0 0 · · · 0

















,

B3 = O, C3 = I, D3 = A3;

A4 = −diag(0, 1, 2, . . . , k), B4 = C4 = O, D4 = −diag(−1, 0, 1, 2, . . . , k − 1).

Let vl, l = 1, 4, be the vector fields defined in E by the systems (3) and
Lv be the derivative in the direction of the vector v. Setting w = [u,v], where
Lw = LuLv − LvLu, it is easy to verify that the vector fields vl, l = 1, 4, gener-
ate a Lie algebra. Following [1, 2] the dimension of the orbit O(e) is equal to the
dimension of this algebra applying to the element e, i.e. to the rank of a matrix
Mk =

(

vl(e)| l = 1, 4
)

of the dimensions 4 × (2k + 2). The classification of some
polynomial systems according to the dimensions of their GL(2, R)−orbits was done
in [2–11].

Denote vl(e) = (A
(l)
k0, A

(l)
k−1,1, . . . , A

(l)
0k ;B

(l)
k0 , B

(l)
k−1,1, . . . , B

(l)
0k ), l = 1, 4. Taking

into account that vl(e) = A(l) ·e, the coordinates of vectors vl(e) can be represented
by coefficients of the system (1) as follows:

A
(1)
k−i,i = −(k − i − 1)ak−i,i, B

(1)
k−i,i = −(k − i)bk−i,i, i = 0, k;

A
(2)
k0 = bk0, A

(2)
k−i,i = bk−i,i − (k − i + 1)ak−i+1,i−1,

B
(2)
k0 = 0, B

(2)
k−i,i = −(k − i + 1)bk−i+1,i−1, i = 1, k;

A
(3)
k−i,i = −(i + 1)ak−i−1,i+1, A

(3)
0k = 0,

B
(3)
k−i,i = ak−i,i − (i + 1)bk−i−1,i+1, B

(3)
0k = a0k, i = 0, k − 1;

A
(4)
k−i,i = −iak−i,i, B

(4)
k−i,i = −(i − 1)bk−i,i, i = 0, k.

For k = 0 and k = 1 the matrix Mk becomes

M0 =









a00 0
b00 0
0 a00

0 b00









, M1 =









0 a01 −b10 0
b10 b01 − a10 0 −b10

−a01 0 a10 − b01 a01

0 −a01 b10 0









.

By direct calculations, we obtain the following two theorems:

Theorem 1. Let k = 0 and d be the dimension of the GL(2, R)−orbit O(e) of the
system (1). Then,

d = 0, iff P0 = Q0 = 0 and
d = 2 in other cases.
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Theorem 2. Let k = 1 and d be the dimension of the GL(2, R)−orbit O(e) of the
system (1). Then,

d = 0, iff a10 − b01 = a01 = b10 = 0 and
d = 2 in other cases.

Let GCD(P,Q) be the greatest common divisor of the polynomials P and Q.
The main result of this paper is the following theorem.

Theorem 3. If the dimension of the GL(2, R)−orbit of the differential system (1)
is smaller than four, then deg(GCD(P,Q)) ≥ k − 1.

Next, in this work we will suppose that

k ≥ 2 and |Pk(x1, x2)| + |Qk(x1, x2)| 6≡ 0. (4)

2 One lemma

Let τ ∈ {0, 1, 2, ..., k}. Consider the polynomial

f = z1x
k + z2x

k−1 + . . . + zk+1, zi ∈ C, i = 1, k + 1 (5)

and the (k + 1) × (k + 1)-matrix Ã defined by :

ãi,i−1 = (k − i + 2)ξ1ξ2, i = 2, k + 1; ãi,i+1 = −i, i = 1, k;

ãii = (k − τ − i + 1)ξ1 + (τ − i + 1)ξ2, i = 1, k + 1;
ãil = 0, |i − l| > 1,

(6)

where ξ1, ξ2 are constant. It is easy to show that

k ≤ rank(Ã) ≤ k + 1. (7)

Lemma 1. If the vector
Z = (z1, z2, ..., zk+1)

tr (8)

is a solution of the equation
ÃZ = 0, (9)

then (5) has the form
f = c · (x + ξ1)

k−τ (x + ξ2)
τ , (10)

where c is a constant.

Proof. Without loss of generality we can assume that τ ∈ {0, 1, 2, ..., [k/2]}, where
by [k/2] we denoted the integer part of the number k/2.

Let R̃ = ÃZ̃ = (r̃1, . . . , r̃k+1)
tr, where Z̃ = (z̃1, . . . , z̃k+1)

tr and

z̃i =

i−1
∑

µ=0

Ci−µ−1
k−τ Cµ

τ ξi−µ−1
1 ξµ

2 , (11)



48 D.BOULARAS, A.MATEI, A. ŞUBĂ

if 1 ≤ i ≤ τ + 1;

z̃i =
τ

∑

µ=0

Ci−µ−1
k−τ Cµ

τ ξi−µ−1
1 ξµ

2 , (12)

if τ + 1 < i ≤ k − τ + 1 and

z̃i =

k−i+1
∑

µ=0

Ci−τ+µ−1
k−τ Cτ−µ

τ ξi−τ+µ−1
1 ξτ−µ

2 , (13)

if k − τ + 1 < i ≤ k + 1.
We will prove that the vector Z̃ with the coordinates (11)−(13) is a solution of

the equation (9).

a) Let 1 ≤ i ≤ τ. Taking into consideration (6) and (11), we obtain:

r̃1 = ã12 · z̃2 + ã11z̃1 = −((k − τ)ξ1 + τξ2) + ((k − τ)ξ1 + τξ2) · 1 = 0;

r̃i = ãi,i+1z̃i+1 + ãi,i−1z̃i−1 + ãi,iz̃i = −iz̃i+1 + (k − i + 2)

i−2
∑

µ=0

Ci−µ−2
k−τ Cµ

τ ξi−µ−1
1 ξµ+1

2 +

+(k − τ − i + 1)

i−1
∑

µ=0

Ci−µ−1
k−τ Cµ

τ ξi−µ
1 ξµ

2 + (τ − i + 1)

i−1
∑

µ=0

Ci−µ−1
k−τ Cµ

τ ξi−µ−1
1 ξµ+1

2 =

= −iz̃i+1 + (k − i + 2)

i−1
∑

µ=1

Ci−µ−1
k−τ Cµ−1

τ ξi−µ
1 ξµ

2 +

+(k − τ − i + 1)

i−1
∑

µ=1

Ci−µ−1
k−τ Cµ

τ ξi−µ
1 ξµ

2 + (k − τ − i + 1)Ci−1
k−τC

0
τ ξi

1ξ
0
2+

+(τ − i + 1)

i−2
∑

µ=0

Ci−µ−1
k−τ Cµ

τ ξi−µ−1
1 ξµ+1

2 + (τ − i + 1)C0
k−τCi−1

τ ξ0
1ξ

i
2 =

= −iz̃i+1 +
i−1
∑

µ=1

[(k − i + 2)Ci−µ−1
k−τ Cµ−1

τ + (k − τ − i + 1)Ci−µ−1
k−τ Cµ

τ +

+(τ − i + 1)Ci−µ
k−τCµ−1

τ ]ξi−µ
1 ξµ

2 + iCk−τ−i
k−τ C0

τ ξi
1ξ

0
2 + iC0

k−τC
i
τξ

0
1ξi

2 =

= −iz̃i+1 +

i−µ
∑

µ=1

Ci−µ
k−τC

µ
τ

[

(k − i + 2) ·
µ(i − µ)

(k − τ − i + µ + 1)(τ − µ + 1)
+

+(k − τ − i + 1) ·
i − µ

k − τ − i + µ + 1
+ (τ − i + 1) ·

µ

τ − µ + 1

]

ξi−µ
1 ξµ

2 +
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+iCi
k−τC

0
τ ξi

1ξ
0
2 + iC0

k−τC
i
τξ

0
1ξ

i
2 = −iz̃i+1 + i

(

Ci
k−τC

0
τ ξi

1ξ
0
2 +

i−1
∑

µ=1

Ci−µ
k−τC

µ
τ ξi−µ

1 ξµ
2 +

+C0
k−τC

i
τξ

0
1ξi

2

)

= −iz̃i+1 + iz̃i+1 = 0.

b) i = τ + 1. From formulae (6), (11) and (12) we get:

r̃τ+1 = ãτ+1,τ z̃τ + ãτ+1,τ+1z̃τ+1 − ãτ+1,τ+2z̃τ+2 = (k − τ + 1)ξ1ξ2z̃τ+

+(k − 2τ)

τ
∑

µ=0

Cτ−µ
k−τ Cµ

τ ξτ−µ+1
1 ξµ

2 − (τ + 1)

τ
∑

µ=0

Cτ−µ+1
k−τ Cµ

τ ξτ−µ+1
1 ξµ

2 =

= (k − τ + 1)ξ1ξ2z̃τ + (k − 2τ)
τ

∑

µ=1

Cτ−µ
k−τ Cµ

τ ξτ−µ+1
1 ξµ

2−

−(τ + 1)

τ
∑

µ=1

Cτ−µ+1
k−τ Cµ

τ ξτ−µ+1
1 ξµ

2 = (k − τ + 1)ξ1ξ2z̃τ+

+ξ1ξ2

τ−1
∑

µ=0

[

(k − 2τ)
τ − µ

µ + 1
− (τ + 1)

k − 2τ + µ + 1

τ − µ
·
τ − µ

µ + 1

]

Cτ−µ−1
k−τ Cµ

τ ξτ−µ−1
1 ξµ

2 =

= (k − τ + 1)ξ1ξ2z̃τ − (k − τ + 1)ξ1ξ2z̃τ = 0.

c) τ + 2 ≤ i ≤ k − τ. In this case the formulae (6) and (12) give us:

r̃i = −iz̃i+1 + (k − i + 2)ξ1ξ2z̃i−1 + [(k − τ − i + 1)ξ1 + (τ − i + 1)ξ2]z̃i =

= −iz̃i+1 + (k − i + 2)

τ
∑

µ=0

Ci−µ−2
k−τ Cµ

τ ξi−µ−1
1 ξµ+1

2 +

+(τ − i + 1)

τ
∑

µ=0

Ci−µ−1
k−τ Cµ

τ ξi−µ−1
1 ξµ+1

2 + (k − τ − i + 1)

τ
∑

µ=0

Ci−µ−1
k−τ Cµ

τ ξi−µ
1 ξµ

2 =

= −iz̃i+1+(k−i+2)

τ
∑

µ=1

Ci−µ−2
k−τ Cµ

τ ξi−µ−1
1 ξµ+1

2 +(τ−i+1)

τ−1
∑

µ=0

Ci−µ−1
k−τ Cµ

τ ξi−µ−1
1 ξµ+1

2 +

+(k − τ − i + 1)

τ
∑

µ=1

Ci−µ−1
k−τ Cµ

τ ξi−µ
1 ξµ

2 + (k − τ − i + 1)Ci−1
k−τ ξi

1 =

−iz̃i+1 + iCi
k−τξ

i
1 +

τ
∑

µ=1

[

(k − i + 2)
(i − µ)µ

(k − τ − i + µ + 1)(τ − µ + 1)
+
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+(τ − i + 1)
µ

τ − µ + 1
+ (k − τ − i + 1)

i − µ

k − τ − i + µ + 1

]

Ci−µ
k−τC

µ
τ ξi−µ

1 ξµ
2 =

= −iz̃i+1 + iz̃i+1 = 0.

d) i = k − τ + 1. From (6), (12) and (13) we obtain:

r̃k−τ+1 = (τ + 1)
τ

∑

µ=0

Cµ+1
k−τ Cµ

τ ξk−τ−µ
1 ξµ+1

2 − (k − 2τ)
τ

∑

µ=0

Cµ
k−τC

µ
τ ξk−τ−µ

1 ξµ+1
2 −

−(k − τ + 1)
τ−1
∑

µ=0

Cτ−µ−1
k−τ Cµ

τ ξk−2τ+µ+1
1 ξτ−µ

2 = (τ + 1)
τ−1
∑

µ=0

Cµ+1
k−τ Cµ

τ ξk−τ−µ
1 ξµ+1

2 −

−(k − 2τ)

τ−1
∑

µ=0

Cµ
k−τC

µ
τ ξk−τ−µ

1 ξµ+1
2 − (k − τ + 1)

τ−1
∑

µ=0

Cµ
k−τC

µ+1
τ ξk−τ−µ

1 ξµ+1
2 =

=

τ−1
∑

µ=0

Cµ
k−τC

µ
τ ξk−τ−µ

1 ξµ+1
2

[

(τ + 1)
k − τ − µ

µ + 1
− (k − 2τ) − (k − τ + 1)

τ − µ

µ + 1

]

= 0.

e) k − τ + 2 ≤ i ≤ k + 1.

r̃i = −iz̃i+1 + (k − i + 2)

k−i+2
∑

µ=0

Ci−τ+µ−2
k−τ Cτ−µ

τ ξi−τ+µ−1
1 ξτ−µ+1

2 +

+(k − τ − i + 1)

k−i+1
∑

µ=0

Ci−τ+µ−1
k−τ Cτ−µ

τ ξi−τ+µ
1 ξτ−µ

2 +

+(τ − i + 1)

k−i+1
∑

µ=0

Ci−τ+µ−1
k−τ Cτ−µ

τ ξi−τ+µ−1
1 ξτ−µ+1

2 =

−iz̃i+1 + (k − i + 2)

k−i+1
∑

µ=1

Ci−τ+µ−2
k−τ Cµ

τ ξi−τ+µ−1
1 ξτ−µ+1

2 +

+(k − τ − i + 1)

k−i
∑

µ=0

Ci−τ+µ−1
k−τ Cµ

τ ξi−τ+µ
1 ξτ−µ

2 +

+(τ − i + 1)

k−i+1
∑

µ=1

Ci−τ+µ−1
k−τ Cµ

τ ξi−τ+µ−1
1 ξτ−µ+1

2 = −iz̃i+1+

+

k−i
∑

µ=0

Ci−τ+µ
k−τ Cµ

τ ξi−τ+µ
1 ξτ−µ

2

[

(k − i + 2)
(i − τ + µ)(τ − µ)

(k − i − µ + 1)(µ + 1)
+
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+(k − τ − i + 1)
i − τ + µ

k − i − µ + 1
+ (τ − i + 1)

τ − µ

µ + 1

]

= −iz̃i+1 + iz̃i+1 = 0.

Hence, taking into account (7), the rank of the matrix Ã is equal to k
and therefore the general solution of the matrix equation (9) has the form
Z = {cZ̃|c ∈ C}.

Corollary 1. If Z = a (Z = b), where

a = (ak0, ak−1,1, ..., a0k) (b = (bk0, bk−1,1, ..., b0k)), (14)

is a solution of the matrix equation (9) then the first (second) equation of (1) has
the form

ẋ = c · (x + ξ1y)k−τ (x + ξ2y)τ , (ẏ = c · (x + ξ1y)k−τ (x + ξ2y)τ ).

3 Proof of Theorem 3

Applying to the system (1) the transposition of coordinates

x1 → x2, x2 → x1 (15)

we obtain
ẋ1 = Qk(x2, x1), ẋ2 = Pk(x2, x1). (16)

Denote by v∗

l , l = 1, 4, the vector fields associated to the differential
system (16).

Remark 1. The equalities αv1 +βv2 +γv3 +δv4 = 0 and δv∗

1 +γv∗

2 +βv∗

3 +αv∗

4 = 0
are equivalent.

By Remark 1, in order to determine the orbits of dimension two and three it is
sufficient to examine the following two cases:

v1 − δv4 = 0, αv1 + βv2 − v3 + δv4 = 0.

3.1 The case v1 − δv4 = 0.

Let v1(e) − δv4(e) = 0 or

(A(1) − δA(4))e = 0. (17)

Because e 6= 0 (see (4)) the equality (17) is realized for those δ for which det(A(1) −
δA(4)) = 0, i.e.

−(k − 1)2(1 + kδ)(δ + k)

k
∏

ν=2

[(ν − 1)δ + ν − k]2 = 0.

By the assumption (4), k ≥ 2. If δ = −1/k (δ = −k), then det(D1 − δD4) 6= 0
(det(A1 − δA4) 6= 0), but the matrix A1 − δA4 (D1 − δD4) has on the principal
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diagonal unique element equal to zero and this element is placed on (k + 1, k + 1)
((1, 1)). In these cases equality (17) leads us to the systems

ẋ1 = a0kx
k
2 , ẋ2 = 0; (18)

ẋ1 = 0, ẋ2 = bk0x
k
1. (19)

Let δ = (k − ν)/(ν − 1). For this δ both matrixes A1 − δA4 and D1 − δD4

have on the principal diagonal only one element equal to zero: first on the cells
(ν, ν), ν = 2, k, and second on the cells (ν + 1, ν + 1), ν = 2, k. Taking into account
(17), we obtain the systems

ẋ1 = ak−ν+1,ν−1x1 · F, ẋ2 = bk−ν,νx2 · F, F = xk−ν
1 xν−1

2 , ν = 2, k. (20)

Remark 2. Substitutions (15) reduce system (19) to one of the form (18).

3.2 The case v3 = αv1 + βv2 + δv4.

In this subsection we will determine the systems (1), k ≥ 2, for which there exist
numbers α, β and δ such that

v3 = αv1 + βv2 + δv4. (21)

Denote

M = A(3) − αA(1) − βA(2) − δA(4), a = (ak0, . . . , a0k) , b = (bk0, . . . , b0k) .

Then

M =

(

A I
−βI D

)

, A = A3 − αA1 − βA2 − δA4, D = A + (α − δ)I, e = (a,b) .

We have to find α, β and δ such that the matrix equation

Me = 0 or

{

Aa = −b,
[A + (α − δ)I]b = βa

(22)

have nontrivial solutions with respect to e.
From (22) it follows that a and b verify the same matrix equation:

SZ = 0, (23)

where S = A2 + (α − δ)A + βI, dimS = (k + 1) × (k + 1), and Z is the vector (8).
The matrix S has the following elements:

s11 = (k − 1)(kα2 − αδ − β), s12 = −2(k − 1)α, s13 = 2;

s21 = 2k(k − 1)αβ, s22 = (k − 1)
[

(k − 2)α2 + αδ − 3β
]

,

s23 = −4 [(k − 2)α + δ] , s24 = 6;
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si,i−2 = (k − i + 2)(k − i + 3)β2, si,i−1 = 2(k − i + 2)[(k − i + 1)α + (i − 2)δ]β,

si,i = [(k − i)α + (i − 1)δ] · [(k − i + 1)α + (i − 2)δ] − [(2i − 1)k − 2(i − 1)2 − 1]β,

si,i+1 = −2i[(k − i)α + (i − 1)δ], si,i+2 = i(i + 1), i = 2, k − 1;

sk,k−2 = 6β2, sk,k−1 = 4[α + (k − 2)δ] · β, sk,k = (k − 1)[αδ + (k − 2)δ2 − 3β],

sk,k+1 = −2k(k − 1)δ;

sk+1,k−1 = 2β2, sk+1,k = 2(k − 1)δβ, sk+1,k+1 = (k − 1)(kδ2 − αδ − β);

sij = 0, i, j = 1, k + 1, |i − j| > 2.

The rank of S verifies the inequalities k − 1 ≤ rank(S) ≤ k + 1 and the
determinant (∆ = det(S)) is equal to

∆ = (k − 1)4(β + αδ)2[(k + 1)2β − (α − kδ)(kα − δ)]×

m−2
∏

j=0
[(2j + 1)2β + ((m + j)α + (m − j − 1)δ)×

((m − j − 1)α + (m + j)δ)]2

(24)

if k = 2m and

∆ = 4m4(α + δ)2(β + αδ)2[(k + 1)2β − (α − kδ)(kα − δ)]×

m−1
∏

j=1
[4j2β + ((m + j)α + (m − j)δ)×

((m − j)α + (m + j)δ)]2

(25)

if k = 2m + 1.

Denote

A1,2 = A −
δ − α ±

√

(δ − α)2 − 4β

2
I.

We have that A1A2 = A2A1, k ≤ rankA1,2 ≤ k + 1 and in (23) that S = A2A1.
Hence, every solution of the matrix equation

A1Z = 0 (26)

or
A2Z = 0 (27)

is also a solution of the equation (23).
Next we will analyse each of the cases when the determinant ∆ of the matrix

S is equal to zero and will indicate the systems (1) of which coefficients (14) verify
the matrix equation (23), i.e. each of the vectors a and b verifies at least one of the
equations (26), (27).

3.2.1. β = (α − kδ)(kα − δ)/(k + 1)2. Let

ξ1 = (α − kδ)/(k + 1), ξ2 = (kα − δ)/(k + 1).
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Then β = ξ1ξ2 and
A1 = A + ξ1I, A2 = A + ξ2I. (28)

Setting in (6) τ = k, we obtain that Ã = A1. Therefore, detA1 = 0 and
kerA1 = {cZ1|c = const}, where Z1 has coordinates (11).

If A2 6= A1, i.e. α + δ 6= 0, then from (24), (25) and ∆ = detS = detA1 ·
detA2 it follows that detA2 6= 0. Thus, in this case, in order that the dimension of
the GL(2, R)−orbit of the system (1) be smaller than four it is necessary that its
coefficients (14) (a and b) verify the equation (26). By Lemma 1 f = c(x+ ξ2)

k and
by Corollary 1, we have







ẋ1 = c1 · F (x1, x2), ẋ2 = c2 · F (x1, x2); c1, c2 = const,

F = [(k + 1)x1 + (kα − δ)x2]
k .

(29)

3.2.2. β = −αδ. In this case, we put ξ1 = α, ξ2 = −δ. Then A1 = A+αI, A2 =
A − δI and setting in (6) τ = 0 (τ = 1), we have that A1 = Ã (A2 = Ã) and
f = c1(x + ξ1)

k (f = c2(x + ξ1)
k−1(x + ξ2)). If τ = 0 (τ = 1) the vector Z1 (Z2)

with the coordinates (12) ((12), (13)) is a solution of the equation (26) ((27)). The
solutions Z1 and Z2 are linear independent and therefore c1Z1+c2Z2; c1, c2 = const,
is the general solution of (23). This implies (1) to have the form







ẋ1 = (ax1 + bx2)F (x1, x2), ẋ2 = (cx1 + dx2)F (x1, x2);

a, b, c, d = const, F (x1, x2) = (x1 + αx2)
k−1.

(30)

3.2.3. k = 2m,

β = −((m − j − 1)α + (m + j)δ)((m + j)α + (m − j − 1)δ)/(2j + 1)2, j = 0,m − 2.

Let
ξ1 = −[(m − j − 1)α + (m + j)δ]/(2j + 1),

ξ2 = [(m + j)α + (m − j − 1)δ]/(2j + 1).

Then β = ξ1ξ2 and the equalities (28) hold. Setting in (6) τ = m + j (τ = m +
j + 1), we obtain that Ã = a1 (Ã = a2), and the relations (11)−(13) lead us to the
polynomial

f = c(x + ξ1)
m−j(x + ξ2)

m+j
(

f = c(x + ξ1)
m−j−1(x − ξ2)

m+j+1
)

.

Hence, for τ = m − j (τ = m − j − 1) the vector Z1 (Z2) with the coordinates
(11)−(13) is a solution of the equation (26) ((27)). The vectors Z1 and Z2 are linear
independent which implies the differential system (1) to be written as:























ẋ1 = (ax1 + bx2) · F, ẋ2 = (cx1 + dx2) · F,

F = [(2j + 1)x1 − ((m − j − 1)α + (m + j)δ)x2]
m−j−1 ×

[(2j + 1)x1 + ((m + j)α + (m − j − 1)δ)x2]
m+j , j = 0,m − 2.

(31)
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3.2.4. Let k = 2m + 1 and β = ξ1ξ2, where

ξ1 = − [(m − j)α + (m + j)δ] /(2j),

ξ2 = [(m + j)α + (m − j)δ] /(2j), j = 1,m − 1.

In these conditions equalities (28) hold. If τ = m + j (τ = m + j + 1), then
the vector Z1 (Z2) with the coordinates (11)−(13) is a solution of the equation (26)
((27)) and the polynomial (5) looks as:

f = c(x + ξ1)
m−j+1(x + ξ2)

m+j (f = c(x + ξ1)
m−j(x − ξ2)

m+j+1).

The solutions c1Z2 + c2Z2; c1c2 = const of the equation (23) lead us to the following
system























ẋ1 = (ax1 + bx2) · F, ẋ2 = (cx1 + dx2) · F,

F = [2jx1 − ((m − j)α + (m + j)δ)x2]
m−j ×

[2jx1 + ((m + j)α + (m − j)δ)x2]
m+j , j = 1,m − 1.

(32)

3.2.5. α + δ = 0. Let

δ = −α, ξ1 = α −
√

α2 − β, ξ2 = α +
√

α2 − β.

Substituting in (11)−(13) τ = m (τ = m + 1), we obtain that the vector Z1 (Z2)
with these coordinates is a solution of the equation (26) ((27)), where A1 and A2

are given in (28). The polynomial f looks as:

f = c(x + ξ1)
m+1(x + ξ2)

m (f = c(x + ξ1)
m(x + ξ2)

m+1).

This case leads us to the following differential system







ẋ1 = (ax1 + bx2) · F, ẋ2 = (cx1 + dx2) · F,

F = (x2
1 + 2αx1x2 + βx2

2)
m.

(33)

Theorem 3 is proved.

From proving Theorem 3 follows

Theorem 4. In order that the dimension of the GL(2, R)−orbit of the system (1)
be smaller than four it is necessary (up to transformation (15)) that the system (1)
have one of the forms (18),(20),(29)–(33).
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Chişinău, 2001 (in Russian).

[3] Braicov A.V., Popa M.N. The GL(2, R)−orbits of differential system with homogeneites

second order. The Internationals Conference ”Differential and Integral Equations”, Odessa,
September 12–14, 2000, p. 31.

[4] Boularas D., Braicov A.V., Popa M.N. Invariant conditions for dimensions of

GL(2, R)−orbits for quadratic differential system. Bul. Acad. Sci. Rep. Moldova, Math., 2000,
No. 2(33), 31–38.

[5] Boularas D., Braicov A.V., Popa M.N. The GL(2, R)−orbits of differential system with

cubic homogeneites. Bul. Acad. Sci. Rep. Moldova, Math., 2001, No. 1(35), 81–82.

[6] Naidenova E.V., Popa M.N. On a classification of Orbits for Cubic Differential Systems.

Abstracts of ”16th International Symposium on Nonlinear Acoustics”, section ”Modern group
analysis” (MOGRAN-9), August 19-23, 2002, Moscow, p. 274.

[7] Naidenova E.V., Popa M.N. GL(2, R)−orbits for one cubic system. Abstracts of ”11th
Conference on Applied and Industrial Mathematics”, May 29-31, 2003, Oradea, Romania,
p. 57.
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