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Properties of one-sided ideals of pseudonormed rings
when taking the quotient rings

S. A. Aleschenko, V.I. Arnautov

Abstract. Let ¢ : (R,¢) — (J/%\7 «SA) be an isomorphism of pseudonormed rings. The
§(a-b)

30) V
exists a pseudonormed ring (R,é) such that (R,£) is a left ideal in (R, f) and the

inequalities < £(p(a)) < &(a) are fulfilled for any a,b € R\ {0} iff there

isomorphism ¢ can be extended up to an isometric homomorphism & : (ﬁ@) —

(R.8).
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We will think that a pseudonormed ring is a ring R which may be non-associative
and has a pseudonorm, i.e. a real function £ (r) such that the following conditions
are satisfied: {(—r) =&(r) > 0; (r) =0iff r = 0; £ (11 +72) < & (r1) + & (r2) and
§(r1-1r2) <&(r1) - € (re) for any 71,72 € R.

The following isomorphism theorem is often applied in algebra and, in particular,
in the ring theory:

If A is a subring of a ring R and [ is an ideal of the ring R then the quotient
rings A/ (ANI) and (A4 I)/I are isomorphic rings. In particular, if ANT =0
then the ring A is isomorphic to the ring (A + I) /I, i.e. the rings A and (A+1) /I
possess identical algebraic properties.

Since when studying the pseudonormed rings it is necessary to take into account
properties of pseudonorms besides algebraic properties there is a need to consider
isomorphisms which keep pseudonorms instead of ring isomorphism. Such isomor-
phisms are called isometric isomorphisms.

Taking into consideration this fact the above specified isomorphism theorem not
always takes place for pseudonormed rings. As it is shown in Theorem 2.1 from
[1] it is impossible to tell anything more than performance of an inequality in case
ANI=0.

Therefore it is necessary to impose additional conditions on the ring A. For
example, the cases when A is an ideal or one-sided ideal of the pseudonormed ring
(R, &) are considered.
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The case when A is an ideal of pseudonormed ring (R, £) was investigated in [1].
The present article is a continuation of the article [1]. The case when A is an
one-side ideal of the pseudonormed ring (R, §) is investigated in the present article.
Definition 1. A homomorphism ¢ : (R,§) — (E,E) of pseudonormed rings is

called an isometric homomorphism if £ (p(r)) = inf{&(r+a) |a € kere} for all
r € R.

Remark 1. It is clear that if an isometric homomorphism is an isomorphism then it
is an isometric isomorphism in usual sense.

Remark 2. If I is a closed ideal of a pseudonormed ring (R, &) then the canonical
homomorphism! ¢ : (R,&) — (R, &) /I is an isometric homomorphism, and if ¢ :

(R, &) — (ﬁ, 5) is an isometric homomorphism of pseudonormed rings and I = ker ¢

then the pseudonormed rings (R\, 5) and (R, &) /I are isometrically isomorphic.

Definition 2. Let (R,¢) and (E, é\) be pseudonormed rings. By analogy with the
definition in [1], an isomorphism ¢ : (R,§) — (ﬁ, é‘\) is said to be a semi-isometric

isomorphism on the left (on the right) if there exists a pseudonormed ring (ﬁ, §> such
that the pseudonormed ring (R, &) is a left (right) ideal of the pseudonormed ring

(é, é) and the isomorphism ¢ can be extended up to an isometric homomorphism
5 (7.E) - (R9)

Theorem 1. Let (R,§) and (ﬁ,g\) be pseudonormed rings and ¢ : (R,§) — (ﬁ, é\)
be an isomorphism. Then the following statements are equivalent:

1. The isomorphism @ is a semi-isometric isomorphism on the left;

§(b-a)
¢ (a)

3. There exists a pseudonormed ring (E, £~> such that the pseudonormed ring

2. The inequalities < E(p (b)) < £(b) are fulfilled for any a,b € R\ {0};

(R,€) is a left ideal of the pseudonormed ring (E, £~> and the isomorphism
can be extended up to an isometric homomorphism @ : <§,é> — (R\, 5), and
(ker 3)? = {0}.

Proof. 1 = 2. Let ¢: (R,§) — (E, é\) be a semi-isometric isomorphism on the

left. Then there exists a pseudonormed ring (E, E) such that the pseudonormed

!i.e. homomorphism ¢ : R — R/I such that € (r) = r 4 I.
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ring (R, &) is a left ideal of the pseudonormed ring (E, E) and the isomorphism ¢

can be extended up to an isometric homomorphism § : (E &) — (ﬁ é\)

Let a,b € R and € > 0. Since ¢ is an extension of the isomorphism ¢ then
RnNker p = ker ¢ = {0}, and as R is a left ideal of R and ker & @ is an ideal of R then
d-a € RNkerp = {0} for any d € ker ¢, i.e. (kerp)-a = 0.

Since @ : <R 5) <R 5) is an isometric homomorphism then & (g (b)) < 3 (b) =

(b) and there exists an element ¢ € ker @ such that £(b+c¢) < £ (3 (b)) + ¢
(p(b)) +e. Soasc-a€kerp-a=0 then

§(b-a)=E(b-a)=E(b-atca)=E((b+¢)-a) <Eb+c)E(a) =
§b+0)-¢(a) < (Ep®) +2) € (a).

Since € > 0 is any number then £ (b-a) < g(cp (b)) - € (a). It means that

&
§

<&(p(d) <E().

Hence 1 = 2 is proved. O

Proof. 2 = 3. Let (R,§) and (ﬁ, £A> be pseudonormed rings and ¢ : (R,§) —

% < E(p (1) < £ (b) are

(E, é\) be an isomorphism such that the inequalities

fulfilled for any a,b € R.
We shall lead the proof to some stages.

I. Construction of the ring R and checking some of its properties.

I.1. Let’s consider a discrete ring R such that its additive group is the direct
sum of the additive groups of the rings R and R, and the multiplication is certain
as follows: (r1,71) - (re,72) = (r1 - 12,0 (r1) - T2).

1.2. It is easy to notice that Ris a ring with respect to these operations of
addition and multiplication, and the set R’ = {(r,0)|r € R} is a left ideal of R.

1.3. Let’s define the mapping o : R — R as follows o () = (r,0) for any r € R.
It is easy to notice that @ : R — R’ = {(r,0)|r € R} is a ring isomorphism. Hence,
if we identify an element r € R with the element (r,0) € R’ then we can suppose
that R is a left ideal in the ring R.

L4. Let’s define the mapping ¢ : R — R as follows o (r,7) = @ (r). It’s easy
to notice that ¢ : R — R is a ring homomorphism, and (considering 1.3.) ¢ (r) =
©(r,0) = ¢(r) for any r € R, i.e. @|p = ¢. Since kerp = {(0,?)|?€ é} then
(ker $)* = 0.

II. Definition of a pseudonorm E and checking some of its properties.
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IL1. Let’s define the real function € on the ring R as follows: & (r,7) =
E(r—9 ™t (M) +E£(7).

11.2. Let’s verify that £~ is a pseudonorm.

It is easy to notice that & (—7) = £ () > 0 for any 7 € R and & (7) = 0 if and
only if 7 = 0, i.e. the first and second conditions of the definition of the pseudonorm
are valid. Let 71 = (r1,71),72 = (r2,72) € R. Then

T +7T2) = E((r,71) + (ro, 7)) = E((r1 + 70, 71 +72)) =
=&(ri+ra— LT+ 7)) + IGER)
=E(ritr—¢ ' (7 ) 901(?))+€(7’1+7‘2)
<E(r— T (F) +E(ra— 97 (7)) + E(F) + € (F2) = £ () + € (7).

+&(
Besides that, because the inequalities & (b- a) < & (¢ (b)) - € (a) and € (¢ (a)) < € (a)
for any a,b € R are true (see the statement 2 of formulation of the theorem) we

e EF-T2) = E((r,71) - (re, 7)) = E((r1 - 72,0 (r1) - F2)) =
=¢(rm— @ (p(r) 7)) +E(p(r) - T) =
=€&(rro—r1- 9 (R)) +E(p(r1) T2) =
§(r- (r2— 97" (7)) +€(p(r1) 7o) <
<E(p () &(ra—@ " (7)) +E(p(r1) - T2) =
=E(p(r)) £ (ra— " (7R2)) + E€((p (r) —F1+71) - 72) <
<E(p(r) - (ra— ot (7)) +E((p(r) —F1) - Ta) + €(F1L-T) <
<E(p(r)) - E(ra— @ (7)) +E(p(r) — 1) - £(F2) + (1) - € (F) <
<€) E(ra— o (F)) +E(r— ¢t (1) - E () + (1) - E(72) =

E(r— L (7)) - E(F2) +E(F1) - E(F) <
<E(p(r) —7)-&(ra— @ (F)) +E(F1) - € (ra— 7" (7)) +
E(r—p (M) L) +E(F1) - L () <
E(ri—¢ 7 (F) € (ra—9 (7)) +E(F) £ (ra— 97" (F2)) +
E(ri—¢ 7 (7)) -€(F) +E(F) - €(72) =
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Hence the function E satisfies also the last condition of definition of pseudonorm. It
means that ¢ is a pseudonorm on the ring R.

IL.3. Since £ (r) = £ (r,0) = £ (r) + £ (0) = £ (r) for any r € R then aR =¢.

I1.4. Let’s verify that ¢ : (E, E) — (]%, é\) is an isometric homomorphism, i.e.
E@F) = inf{g('f—i—ﬁ)"d € ker@} for any 7 € R.

Let 7 = (r,7) € R. Then 7, = (0, (1) — 7) € ker &, and

inf{g(FJrﬁ)"deker&} <EF+T) =E((rnF) + (0,0 (r) — 7)) =

=T +o(r)—T)=£(re(r) =
(M) +€(p (1) = (e (r) =E@F (7).

On the other hand, since £ (b)) < £ (b) for any element b € R, then for any element

a = (0,a) € ker ¢ we have

EF+a)=E((r+0,F+a)=E(rF+a)=E(r—¢ ' (F4a) +EF+a) >

>E(p(r—¢ ' F+a)) +{F+a) = (v
=E(p(r)—T—a+7+a)=E(p(r) =€@[).

It means that inf { € (7 + a)\a eker} > £
Thus, inf{g('f—k'd)‘ﬁeker(ﬁ} = (3

isometric homomorphism.
Hence 2 = 3 is proved. O

X

For completion of the proof of the theorem it is necessary to verify that 3 = 1.
But this is obvious because the pseudonormed ring (R, §) which is specified in the
statement 3 satisfies all conditions from Definition 2.

Passing to antiisomorphic rings 2 from Theorem 1 easily follows:

Theorem 2. If (R,§) and (ﬁ,é\) are pseudonormed rings and ¢ : (R,§) — (]%, é\)
s an isomorphism then the following statements are equivalent:

1. The isomorphism ¢ is a semi-isometric isomorphism on the right;
§(b-a)
¢ (b)

2If R and R’ are rings then a mapping ¢ : R — R’ is called an antiisomorphism when it is an
isomorphism of the additive groups of these rings and < (a - b) =< (b) - 5 (a) for any a,b € R.

2. The inequalities < &(p(a)) < £ (a) are fulfilled for any a,b € R\ {0};
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3. There exists a pseudonormed ring (fé,é) such that the pseudonormed ring
(R, &) is a right ideal of the pseudonormed ring (E, 5) and the isomorphism ¢
can be extended up to an isometric homomorphism o : (E, {) — (]%, é\), and
(ker 3)* = {0}.

From Theorems 1 and 2 of the present article follows

Corollary 1. If (R,&) and (]%, é\) are pseudonormed rings and an isomorphism

v (R,§) — (R, is a semi-isometric isomorphism on the left and a semi-isometric

isomorphism on the right then it is semi-isometric.

Remark 3. The ring R which is constructed by the proof 2 = 3 (see the proof
of Theorem 1) is associative when the rings R and R are associative. Therefore
Theorems 1 and 2 also are true for associative rings.
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