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Classification of GL(2, R)-orbit’s dimensions for the

differential system with cubic nonlinearities

V.Orlov

Abstract. Center-affine invariant conditions for GL(2, R)-orbit’s dimensions are
defined for two-dimensional autonomous system of differential polynomial equations
with cubic nonlinearities.
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Consider two-dimensional differential system with cubic nonlinearities

dxj

dt
= aj

αxα + a
j
αβγxαxβxγ (j, α, β, γ = 1, 2), (1)

where the coefficient tensor a
j
αβγ is symmetrical in lower indices in which the comp-

lete convolution holds.
Consider also the group of center-affine transformations GL(2, R) given by the

equalities

x̄1 = αx1 + βx2, x̄2 = γx1 + δx2, ∆ = det

(

α β

γ δ

)

6= 0.

Further will use the notations

a1

1 = c, a1

2 = d, a2

1 = e, a2

2 = f, a1

111 = p, a1

112 = q, a1

122 = r,

a1

222 = s, a2

111 = t, a2

112 = u, a2

122 = v, a2

222 = w, x1 = x, x2 = y. (2)

According to [1] and taking into consideration (2) the representation operators
of the group GL(2, R) in the space of coefficients of the system (1) will take the form

D1 = −d
∂

∂d
+ e

∂

∂e
+ 2p

∂

∂p
+ q

∂

∂q
− s

∂

∂s
+ 3t

∂

∂t
+ 2u

∂

∂u
+ v

∂

∂v
;

D2 = −e
∂

∂c
+ (c − f)

∂

∂d
+ e

∂

∂f
− t

∂

∂p
+ (p − u)

∂

∂q
+

+(2q − v)
∂

∂r
+ (3r − w)

∂

∂s
+ t

∂

∂u
+ 2u

∂

∂v
+ 3v

∂

∂w
;

c© V.Orlov, 2008

116



CLASSIFICATION OF GL(2, R)-ORBIT’S DIMENSIONS . . . 117

D3 = d
∂

∂c
+ (f − c)

∂

∂e
− d

∂

∂f
+ 3q

∂

∂p
+ 2r

∂

∂q
+

+s
∂

∂r
+ (3u − p)

∂

∂t
+ (2v − q)

∂

∂u
+ (w − r)

∂

∂v
− s

∂

∂w
;

D4 = d
∂

∂d
− e

∂

∂e
+ q

∂

∂q
+ 2r

∂

∂r
+ 3s

∂

∂s
− t

∂

∂t
+ v

∂

∂v
+ 2w

∂

∂w
. (3)

The operators (3) form a four-dimensional reductive Lie algebra [1].

Let ã = (c, d, ..., w) ∈ E12(ã), where E12(ã) is the Euclidean space of the coeffi-
cients of the right-hand sides of the system (1). Denote by ã(q) the point from E12(ã)
that corresponds to the system, obtained from the system (1) with coefficients ã by
a transformation q ∈ GL(2, R).

Definition 1. Call the set O(ã) = {ã(q)|q ∈ GL(2, R)} the GL(2, R)-orbit of the
point ã for the system (1).

Definition 2. Call the set M ⊆ E12(ã) the GL(2, R)-invariant if for any point
ã ∈ M its orbit O(ã) ⊆ M .

It is known from [1] that

dimRO(ã) = rankM1, (4)

where M1 is the following matrix

M1 =









0 −d e 0 2p q 0 −s 3t 2u v 0
−e c−f 0 e −t p−u 2q−v 3r−w 0 t 2u 3v

d 0 f−c −d 3q 2r s 0 3u−p 2v−q w−r −s

0 d −e 0 0 q 2r 3s −t 0 v 2w









, (5)

constructed on coordinate vectors of operators (3).

The following comitants and invariants for system (1) are known from [2]

P1 = aα
αβγxβxγ , P2 = a

p
αβγxαxβxγxqεpq,

P3 = aα
pαβa

β
qγδx

γxδεpq, P4 = aα
αβγa

β
δµθx

γxδxµxθ, P5 = aα
βγδa

β
αµθx

γxδxµxθ,

P6 = aα
αpra

β
γδqa

γ
βνsx

δxνεpqεrs, Q1 = ap
αa

q
βγδx

αxβxγxδεpq,

Q2 = aα
βa

β
αγδx

γxδ, Q3 = aα
γa

β
αβδx

γxδ, Q7 = aα
βaβ

pαγaγ
qηµxηxµεpq,

K2 = aα
βxβxγεαγ , I1 = aα

α, I2 = aα
βaβ

α,

J1 = aα
αpra

β
βqsε

pqεrs, J2 = aα
βpra

β
αqsε

pqεrs, J4 = aα
pruaβ

γqsa
γ
αβυεpqεrsεuυ. (6)
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Theorem 1. The dimension of GL(2, R)-orbit of the system (1) is equal to

4 for K2P1P2[K
2
2
(2P 2

1
− 6P4 + 4P5) + 2K2P2(Q3 − Q2)+

+2P1P2(4Q1 − 3K2P1) + 2P 2
2
(2Q3 + J1P1)] 6≡ 0, or

P1P2(3P1P3 − 2J1P2) 6≡ 0, K2 ≡ 0, or

P2(J2P5 − J4P2) 6≡ 0, K2 ≡ P1 ≡ 0, or

K2[P
2
2
(I2

1
− I2) + 2Q2

1
+ 3K2

2
P5 + 2P2Q1I1] 6≡ 0, P1 ≡ 0, or

K2P1Q7 6≡ 0, P2 ≡ 0 ;

3 for K2P1P2 6≡ 0, K2

2
(2P 2

1
− 6P4 + 4P5) + 2K2P2(Q3 − Q2)+

+2P1P2(4Q1 − 3K2P1) + 2P 2

2
(2Q3 + J1P1)] ≡ 0, or

P 2
2
(I2

1
− I2) + 2Q2

1
+ 3K2

2
P5 + 2P2Q1I1 ≡ P1 ≡ 0, K2P2 6≡ 0, or

J2P5 − J4P2 ≡ K2 ≡ P1 ≡ 0, P2P5 6≡ 0, or

P1P2 6≡ 0, 3P1P3 − 2J1P2 ≡ K2 ≡ 0, or

P2 ≡ K2 ≡ 0, J1 6= 0, or

P2 ≡ Q7 ≡ 0, K2P1(P1Q1 + P6) 6≡ 0;

2 for P2 ≡ Q7 ≡ P1Q1 + P6 ≡ 0, P 2
1

+ K2
2
6≡ 0, or

P2 ≡ P1 ≡ 0, K2 6≡ 0, or

P2 6≡ 0, P1 ≡ P5 ≡ K2 ≡ J2P5 − J4P2 ≡ 0, or

P2 ≡ K2 ≡ 0, J1 = 0, P1 6≡ 0;

0 for P1 ≡ P2 ≡ K2 ≡ 0,

where P1, P2, P3, P4, P5, P6, K2, Q1, Q2, Q3, Q7, I1, I2, J1, J2, J4 are

from (6).
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