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Classification of Aff (2, R)-orbit’s dimensions for
quadratic differential system
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Abstract. Affine invariant conditions for Aff (2, R)−orbit’s dimensions are defined
for two-dimensional autonomous quadratic differential system.
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Consider two-dimensional quadratic differential system

dxj

dt
= aj + aj

αxα + a
j
αβxαxβ (j, α, β = 1, 2), (1)

where the coefficient tensor a
j
αβ is symmetrical in lower indices in which the complete

convolution holds.

Consider also the group Aff (2, R) of affine transformations given by the equali-
ties:

x̄1 = αx1 + βx2 + h1, x̄2 = γx1 + δx2 + h2, ∆ = det

(

α β

γ δ

)

6= 0,

where α, β, γ, δ, h1 , h2 take real values.

Further will use the notations

a1 = a, a2 = b, a1
1 = c, a1

2 = d, a2
1 = e, a2

2 = f, a1
11 = g, a1

12 = h,

a1
22 = k, a2

11 = l, a2
12 = m, a2

22 = n, x1 = x, x2 = y.
(2)

According to [1] and taking into consideration (2), the representation operators of
the group Aff (2, R) in the space of coefficients and variables of the system (1) will
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take the form

X1 = x
∂

∂x
+ a

∂

∂a
+ d

∂

∂d
− e

∂

∂e
− g

∂

∂g
+ k

∂

∂k
− 2l

∂

∂l
− m

∂

∂m
,

X2 = y
∂

∂x
+ b

∂

∂a
+ e

∂

∂c
+ (f − c)

∂

∂d
− e

∂

∂f
+ l

∂

∂g
+

+(m − g)
∂

∂h
+ (n − 2h)

∂

∂k
− l

∂

∂m
− 2m

∂

∂n
,

X3 = x
∂

∂y
+ a

∂

∂b
− d

∂

∂c
+ (c − f)

∂

∂e
+ d

∂

∂f
− 2h

∂

∂g
− k

∂

∂h
+

+(g − 2m)
∂

∂l
+ (h − n)

∂

∂m
+ k

∂

∂n
,

X4 = y
∂

∂y
+ b

∂

∂b
− d

∂

∂d
+ e

∂

∂e
− h

∂

∂h
− 2k

∂

∂k
+ l

∂

∂l
− n

∂

∂n
,

X5 =
∂

∂x
− c

∂

∂a
− e

∂

∂b
− 2g

∂

∂c
− 2h

∂

∂d
− 2l

∂

∂e
− 2m

∂

∂f
,

X6 =
∂

∂y
− d

∂

∂a
− f

∂

∂b
− 2h

∂

∂c
− 2k

∂

∂d
− 2m

∂

∂e
− 2n

∂

∂f
.

(3)

The operators (3) form a six-dimensional Lie algebra [1]. Let ã = (a, b, ..., n) ∈
E12(ã), where E12(ã) is the Euclidean space of the coefficients of the right-hand
sides of the system (1). Denote by ã(q) the point from E12(ã) that corresponds to
the system, obtained from the system (1) with coefficients ã by a transformation
q ∈ Aff (2, R).

Definition 1. Call the set O(ã) = {ã(q)|q ∈ Aff(2, R)} the Aff(2, R) – orbit of the
point ã for the system (1).

It is known from [1] that

dimRO(ã) = rankM1, (4)

where M1 is the following matrix

M1=

















a 0 0 d −e 0 −g 0 k −2l −m 0
b 0 e −c+f 0 −e l −g + m −2h + n 0 −l −2m

0 a −d 0 c−f d −2h −k 0 g − 2m h − n k

0 b 0 −d e 0 0 −h −2k l 0 −n

−c −e 2g −2h −2l −2m 0 0 0 0 0 0
−d −f 2h −2k −2m −2n 0 0 0 0 0 0

















, (5)

constructed on coordinate vectors of operators (3). Denote by ∆i,j,k,l,m,n the mi-
nor of the 6th order of the matrix M1, constructed on columns i, j, k, l, m, n

(i, j, k, l,m, n ∈ {1, . . . , 12}).

For the system (1) from [2], [4] are known the following center-affine comitants
and invariants
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I1 = aα
α, I2 = aα

βaβ
α, I3 = aα

p aβ
αqa

γ
βγεpq, I4 = aα

p a
β
βqa

γ
αγεpq,

I5 = aα
p aβ

γqa
γ
αβεpq, I7 = aα

pra
β
αqa

γ
βsa

δ
γδε

pqεrs, I8 = aα
pra

β
αqa

γ
δsa

δ
βγεpqεrs,

I9 = aα
pra

β
βqa

γ
γsa

δ
αδε

pqεrs, K3 = aα
βaβ

αγxγ , K4 = aα
γa

β
αβxγ ,

K5 = a
p
αβxαxβxqεpq, K6 = aα

αβa
β
γδx

γxδ, K7 = aα
βγa

β
αδx

γxδ,

K11 = ap
αaα

βγxβxγxqεpq, K12 = aα
βaβ

αγa
γ
δµxδxµ, K13 = aα

γa
β
αβa

γ
δµxδxµ,

K17 = aα
βνa

β
αγa

γ
δµxδxµxν , K21 = apxqεpq, K23 = apa

q
αβxαxβεpq.

(6)

According to [3], write a transvectant of index k for binary forms f and ϕ as
follows

(f, ϕ)(k) =

k
∑

h=0

(−1)h
(

k

h

)

∂kf

∂xk−h∂yh

∂kϕ

∂xh∂yk−h
. (7)

According to [4], the transvectant (7) on two comitants of the system (1) is a comi-
tant (invariant) of this system too.

For the system (1) from [4] will use the following transvectants

T5 = (C,K)(2), T16 = (C,D)(1), (8)

where C = K5, D = I1K1K2 +K2K3−K2K4 + 1
2I2

1K5−
1
2I2K5−I1K11−2K2

1K21 +
4K6K21 − 2K7K21, K = 1

2(K2
1 − K7).

Denote by ã(τ) the point from the space E12(ã), that corresponds to the system ,
obtained from the system (1) with coefficients ã by the transformation of translation
τ : x = x̄ + x0, y = ȳ + y0. It is evident ã(τ) = ã(x0, y0). According to [6], if I(ã) is
the center-affine invariant of the system (1), then the polynomial

K(ã, x, y) = I(ã(x0, y0))|{x0=x,y0=y}

is a affine comitant of this system. Then considering (6), we construct the following
affine comitants:

Afi(ã, x, y) = Ii(ã(x0, y0))|{x0=x,y0=y} (i = 3, 4, 5). (9)

Lemma 1. For β 6= 0, the rang of matrix M1 is equal to six, where

β = 27I8 − I9 − 18I7 (10)

and I8, I9, I7 are from (6).

Proof. We suppose the contrary β 6= 0, and all minors of the sixth order of the
matrix M1 are zero. We observe that β is the discriminant of the cubic form K5. It
is known [2] that for β 6= 0 there exists a linear transformation of the system (1).
Such that the comitant K5 from (6) evaluated for the transformed system takes the
form:
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K5 = x(x2 + δy2), (δ = ±1, l = −1, k = 0, g = 2m, n = 2h − δ). (11)

In case of (10) we obtain ∆3,4,7,8,9,10 = −16δh4 = 0, δ 6= 0, this implies h = 0.
Taking into consideration h = 0, we obtain ∆3,6,7,9,11,12 = −16δ4m2 = 0, this implies
m = 0. Taking into consideration m = 0, we obtain ∆5,6,9,10,11,12 = 8δ4 6= 0. We
obtain a contradiction. Lemma 1 is proved.

Lemma 2. For K5 6≡ 0, β = 0, the rang of matrix M1 is equal to six if and only if

Af2
5 + T 2

5 + T 2
16 + Kom2 6≡ 0, (12)

where

Kom ≡ I1K
2
1 (2K2

1K2 − 2K2K6 − K1K11) − 2K3
1 (K2K4 + 2K7K21)+

+4K1K
2
6K21 + K2

1 [2K4K11 + K2K13 + 2K23(K6 + K7)] − 4K2
6K23,

(13)

and I1,K1,K2,K4,K5,K6,K7,K11,K12,K13,K16,K17,K21,K23 are from (6), T5, T16

are from (8), β is from (9), Af5 is affine comitant of the system (1).

Proof. It is known from [2] that for K5 6≡ 0 and β = 0 there exists such affine
transformation exists that the comitant K5 will take the form:

K5 = x2(x + δy), (δ = 0, 1; l = −1, k = 0, g = 2m + δ, n = 2h). (14)

Let (12) be not true. It is easy to verify that in case (14) T5 ≡ 8h2δy + 8h(3h −
2mδ− δ2)x, from T5 ≡ 0 we have h = 0. Taking into consideration h = 0 in the case
(14), we obtain Af5 ≡ −d(δ2 + 4mδ + 5m2). From Af5 ≡ 0 it follows

d[δ + (1 − δ)m] = 0, (δ = 0, 1) (15)

In the case δ = 1 from (15) we obtain d = 0, T16 ≡ 6m(cf +ef−f2−2am−2bm)x4,
and Kom is the CT comitant [5], Kom ≡ (1 + 3m)3(cf + ef − f2 − 2am− 2bm)x6.

It is evident if T16 ≡ Kom ≡ 0, we obtain:

h = d = cf + ef − f2 − 2am − 2bm = 0. (16)

In the case when δ = 0 from (15) we obtain: m = 0, Kom ≡ 0, T16 ≡ 6dfx4 −
6d2x3y or d = 0, Kom ≡ 27m3(cf − f2 − 2am)x6, T16 ≡ 6m(cf − f2 − 2am)x4. It
is evident if T16 ≡ Kom ≡ 0 it follows:

h = d = m(cf − f2 − 2am) = 0. (17)

It is easy to verify that in cases (16), (17) all 6th order minors of the matrix M1 are
equal to zero. The necessity of Lemma 2 is proved.

Prove the sufficiency. In the case when (14) holds for δ = 1 we obtain:
∆3,4,7,8,11,12 = −8h4, for h = 0 ∆1,3,4,6,7,11 = 2d3(1 + 3m)2, ∆4,5,6,10,11,12 = −8dm4;
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for h = d = 0 ∆2,5,6,10,11,12 = 4m3(cf + ef − f2 − 2am − 2bm), ∆2,3,5,7,10,11 =
2(1 + 2m)(1 + 3m)(cf + ef − f2 − 2am − 2bm).

In the case when (14) holds for δ = 0 we obtain: ∆3,4,7,8,10,11 = −24h4, for h = 0
∆1,3,4,6,7,11 = 18d3m2; for h = m = 0, ∆1,3,4,5,7,10 = 2d3. If h = d = 0, we obtain
∆2,3,5,7,10,11 = 12m2(cf − f2 − 2am). Lemma 2 is proved.

Lemma 3. For K5 ≡ 0, the rang of matrix M1 is equal to six if and only if
Af4(Af4 − Af3) 6≡ 0, where Af3, Af4 are affine comitants of the system (1).

Proof. For K5 ≡ 0, according to (2), (6) (l = k = 0, g = 2m, n = 2h) we obtain
that Af4(Af4 − Af3) ≡ 27(eh2 + chm + fhm − dm2)2, and all 6th order minors of
the matrix M1 consist of the factor expession eh2 + chm− fhm− dm2. Taking into
consideration the above mentioned proof of the Lemma 3 follows.

From Lemmas 1,2,3 follows:

Theorem. The dimension of Aff(2, R)-orbit of the system (1) is equal to six if
and only if

β 6= 0, or

β = 0, K5(Af2
5 + T 2

5 + T 2
16 + Kom2) 6≡ 0, or

β = 0, K5 ≡ 0, Af4(Af4 − Af3) 6≡ 0,

where K5 from (6), T5, T16 from (8), β from (9), Kom from (13), Af3, Af4, Af5

from (9) are affine comitants of the system (1).

The authors tender thank Professor N.I. Vulpe for help and effective discussion
of the results of the paper.
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