BULETINUL ACADEMIEI DE STIINTE

A REPUBLICII MOLDOVA. MATEMATICA
Number 1(56), 2008, Pages 4-18

ISSN 1024-7696

The transvectants and the integrals for Darboux
systems of differential equations
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Abstract. We apply the algebraic theory of invariants of differential equations to
integrate the polynomial differential systems dz/dt = Pi(z,y) + zC(x,y), dy/dt =
Q1(z,y) + yC(z,y), where real homogeneous polynomials P; and @1 have the first
degree and C(z,y) is a real homogeneous polynomial of degree > 1. In generic cases
the invariant algebraic curves and the first integrals for these systems are constructed.
The constructed invariant algebraic curves are expressed by comitants and invariants
of investigated systems.
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1 Introduction

The problem of the integrability via invariant algebraic curves for planar poly-
nomial differential systems has been investigated in many works. An ample survey
on the Darboux integrability theory for planar complex and real polynomial sys-
tems can be found in [1]. In this book the authors mentioned that the detection
of the integrable planar vector fields that are not Hamiltonian, in general, is a very
difficult problem. In several works the problem of the integrability via invariant
algebraic curves for some polynomial differential systems with degenerate infinity
has been solved [2-11]. In works [12,13] the invariant algebraic curve for Darboux
differential systems with cubic nonlinearities has been expressed by invariants and
comitants. In paper [14] the invariant algebraic curves, the integrating factors and
some first integrals for Darboux differential systems with nonlinearities of degrees
m (2 <m <7) has been constructed and expressed by invariants and comitants of
investigated systems. In paper [15] a complete classification in the coefficient space
R'2 of quadratic systems with rational first integral of degree 2 has been obtained
by using Af f(2,R)-invariants and comitants of these systems.

The main goal of this paper is to construct the invariant algebraic curves for inte-
grable planar polynomial differential systems of Darboux type by using the GL(2, R)-
invariants and the GL(2,R)-comitants of these systems [16] and classify the first
integrals in generic cases. The generic cases include the systems with coprime right
parts and exclude the linear systems.

In Section 2 we construct the main invariants and comitants for Darboux poly-
nomial systems of differential equations. The definition of the transvectant of two
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polynomials and its properties are given. The construction part of the invariant
algebraic curves of Darboux systems includes two subcases: the first one - for the
polynomial C(z,y) of odd degree and the second - for the polynomial C(z,y) of
even degree. Each subcase includes the results about forms of the invariant alge-
braic curves and the first integrals for investigated systems.

2 Darboux systems of differential equations

We consider the real systems of differential equations

d
d_f =cz +dy+2C(z,y) = P(z,y),

dy
o = er T fy+yClz,y) = Qz.y), (1)
where ¢,d, e, f are real coefficients and the polynomial C'(x,y) has real coefficients

and degree r € N*. This system can be written [17] in the following form

de _ la_R+%Sx+xc<x,y> = P(z,y),

dt 20y
dy  19R 1 _
== _§%+§Sy+y0(x,y)—Q($7y)a (2)

where the GL(2,R)-invariant S and the GL(2,R)-comitants R(z,y) and C(z,y) of
the system (1) have the form

S=c+f, Rz,y)=—er’+(c—flz+dy*, C(z,y) = Zak <;>x’"_kyk. (3)
k=0

From the classical invariant theory [18] the definition of the transvectant of two
polynomials is well known.

Definition 1. Let f(z,y) and ¢(z,y) be homogeneous polynomials in z and y with
real coefficients of the degrees p € N* and § € N*, respectively, and k € N*. The
polynomial

k

W _ (=R —R) o~ (k)9S e
(£,%) 210! };( U\ 1) aeirayh ooy

is called the transvectant of index k of polynomials f and ¢.

Example 1. Hessian of the comitant R(x,y) has the form
@ _ _1 2 _1py
H = (R,R) :—5[4de+(c—f) ] :—iDlsch(x,y). (4)

Remark 1. If the polynomials f and ¢ are GL(2,R)-comitants of the degrees
p € N* and 6 € N*, respectively, for the system (1), then the transvectant of the
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index k < min(p,#) is a GL(2,R)-comitant of the degree p 4+ 6 — 2k for the system
(1) [19]. If k& > min(p, #), then (f,)*) = 0.

For every homogeneous GL-comitant K (x,y) with degree s € N* of the system
(1) from (2) we obtain the total derivative of K (z,y) with respect to ¢:

%—a_K.d_x_FaK dy a_K 18_R+1S_|_C’

dt ~ 9zr dt 9y dt 0z \2 oy v

OK ((10R 1

— - = s(K, RV + 2K K

+8y < 392 yS+yC’> s(K,R) —1—2 S+ sKC, (5)

where (K, R)M) is a Jacobian (the transvectant of the first index) of GL-comitants
K and R. The representation (5) shows that the derivative with respect to ¢ of
every homogeneous GL(2,R)-comitant with the degree s > 1 of the system (1) is a
GL(2,R)-comitant too.

Remark 2. If the homogeneous polynomials f, g, ¢ and i have the degrees m, n,
wand 0 (' m, n, p € N*), respectively, with respect to  and y and l,q € N, o € R,
then

(af,9)® = (f ag)® = a(f 9™, (e, pHEHD o,
(f+9.0)% =% +(g,9)®, (¥, HP

(f- 9.0 m+nﬁ¢)g+—:—@wWV

Remark 3. If the homogeneous polynomials f and ¢ have the degrees m € N* and
2, respectively, with respect to x and y, then

1) o _m—1 @, 1 2)
((f,9),0) ——Tn(ﬁ@ @ 2ﬂ%w)-

We shall suppose that the polynomials P(x,y) and Q(z,y) are coprime and the
polynomial C'(x,y) has a nonzero degree, i.e.

R(z,y) 20, Clz,y) £0,  degC(z,y) > 1. (6)
Remark 4. From (5) for K = R(x,y) we obtain

dR

— = R(S+20), (7)

which shows that R(z,y) = 0 is an invariant algebraic curve of the system (1).

Let the polynomial C(z,y) have the degree r (r € N* ) with respect to = and y.
We denote by p the integer part of the number g, ie p= [g} . Now we suppose the
following assumptions: if the lower index in the symbol of the sum ) is greater than
upper index then the sum is equal to zero; in repeated using of the transvectants a

set of the parenthesis of the type ((...( will be replaced by a single parenthesis of
the form [.
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2.1 The polynomial C(x,y) has odd degree
Let r=degC(z,y) =2p+ 1, where p € N.

Theorem 1. The system (1) with the conditions (6) has real invariant algebraic
curve F,.(x,y) = 0 of the degree r, where the polynomial F, is expressed by invariants
and comitants of the system (1):

p p

Fo(z,y)=2%+ .pl.RP | Z[C,R)P, ... R)P RV —[C,R)?,... R)?P .5 | +
T

p—1 2i+1 ; /—}% /—}%
27l [ 20r = 20) @ @ p)® @ @
+; T R ——IC.R)® ... R RV —[CRP,.. R)® .5 | x
p 1 r
< T (o-20*R 0@ +25%) | - S [[ (20 -2 @B +125%), )
j=it1 =0

~ ~

Proof. ;fhe polynomial F, is a sum of two polynomials F,.(z,y) = F.(z,y) + F,

where F,(x,y) is a comitant of the degree r with respect to z and y and

- 1 P
F, = ~ 3 T (2(r — 25)*(R, R)® + r25?) is an invariant of the system (1).
j=0
By using the relation (5), Remarks 2 and 3, for the polynomial (8) we obtain:

dF, d(F, + F,)

=r(F.,R)M + gﬁTS +rE.C =

dt dt
p p
—_—— —_———
= 22l Lyl %RP[[C, R)? ... R® R R)D _ %RP[[O, R ... RP RW .54

p p

1 —_——— 1 —_——
+-R'[C, R)® ... R® RW.g5_ SRIC, R)® ... R®.s%| +

i

—_——
R[C,R)?,....R)® R)W R)V —

. |22t [ 2(r — 20)?
5
(o —20)! 2

i=0

. ——— ) PR S
_ (T‘ _T 22) Ri[[c, R)(2)’ .. ,R)(2)’ R)(l) -S4+ @Rlﬂc, ]_%)(2)7 o ]%)(2)7 R)(l) S
1 . —— P ~
- SRICR, R 8 x ](20 =202 (R B +28%) | 4 rFC =
Jj=i+1

p+1

2 r—2p-—

1 ’ \
— .92p+1 p+1 (2) (2 _
r2 r! 2 =) RPTHC,R)'?,...,R)



8 VALERIU BALTAG, IURIE CALIN

p p

1 —_— 1 —_———
——5R'[C, R)® ... .R® . (R R® — SRIC, R)® ... R®.s%| +

i+l
P—Ll 1 52i41 2 ; —_——
2 el | 2(r—20)° r—20—1_,
: RTC,R)P,....R)® —
+T; (r — 2i)! r2 (r — 2i) [C R, B)

(r—2i) D) B) @ _ Lo ) @ . g2

p

< I (200 =28 B)® +125%) | +rF.C =
p
P
_p920 Ly %RP[[C, R)(2), o ,R)(Q) (2(R, R)(2) + TZSZ) +
r
i+1

» i ' ' —_——
22t [ 2(r — 20)(r — 20 — 1)Ri+l[[C’ R® ... R —

(r — 24)! 72

1 . —_—
_ L pire @ @ (9(r _ 92 @) 4,262
S RC. R, R) (2(7“ 2i)%(R, R) —i—rS) X
p ~
< 11 (2(r—2j)2(R,R)(2)+r252) +rEC =
j=it1

p
1 —_——
= —r2 L S RIC R, R (2R R 41257 +

i+1

+1~Z§ 92(i41) | iRiJrl[[O R)® R)® x ﬁ (2(r—2j)2(R R)(2)+r252)
; (r—2G+1)! 2 ’ T 1 )
=0 j=itl
p—1 R
- =R )2 _ (2) | ,.2a2 5o~
T;{rm r2R[[CR) A XH( r—2j)*(R,R) +TS) +rEC =
p - : (2 5 2)
! 2 2 2 2 2
T; (r — 2i)! r_ZR[[CR) o B) XE(2(T—21) (R, R) +r5)
p 2 | ,_/Z_\
=R )2 _ 2) | ,.2a2 5o~
T; (r —2i)! r2R[[CR) A XH( r—2j)*(R,R) +TS) +rEC =
1P

=10~ (2(7’ —2/)%(R,R)® + r252) +7F.C = rCF, + rF,C = rC(F, + F,) = rCF,.
j=0
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So, dF,
dt
and Fy(z,y) = 0 is a real invariant algebraic curve for (1). Theorem 1 is proved.

=rCF, (9)

Example 2. For r € {1,3} we obtain the invariant algebraic curves:
Fi(z,y)=4(C,R)M —20 -5 —2(R,R)® — 52 =0,
F3(z, y) = 32R((C, R)®, R)M) — 48R(C, R)® - S+
+ (416, RV — 20 - 5) (2R, R)® +98%) - (2R, ) +95°) (2(R, B + 57) =0,

The next theorem classifies first integrals of the system (1) in this subcase.

Theorem 2. The system (1) with the conditions (6) has the following real first
integrals:
a) for S#0, H>0:

OR —
F% ‘R‘_l Gi=c, Gy=exp 25 arctan%_ e (10)
r . . 1=C 1= e -~ N
) 8R ?
V2H — +y-V2H
ox
b) for S#0, H<O:
S
2 -1 a_Fi_y'\/_2I{ -
FTT"R‘ -Gy =cy, Ga= g}% ; (11)
8—x+y~\/—2H

c) forS#0, H=0:

F, . : ‘R‘_l -G3 =c3, G3=exp [S[(C — ) +42((dd_—|_:))]€y ml Gl §'8 ; (12)
d) for S=0: 2 _1
Bl (R( = ¢, (13)

where c1,co,c3 and cq4 are real constants.

Proof. If S # 0, then from (7) and (9) and after calculation of the derivatives
with respect to ¢ of the functions: G; for H > 0, Gy for H < 0 and G3 for H = 0,
we obtain

dR - dFr - dGl - dlnGg - ng -

From (14) we easy obtain first integrals (10), (11) and (12).

If S =0, the relations (7) and (9) have the forms
dR dF,
" _9 - — F,. 1
i RC, o rC (15)

The relations (15) determine the first integral (13). Theorem 2 is proved.
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2.2 The polynomial C(x,y) has even degree
Let r=degC(z,y) =2p, where p € N*.

Theorem 3. The system (1) with the conditions (6) has real invariant algebraic
curve Fy.(z,y) = 0 of the degree r, where the polynomial F, is expressed by invariants
and comitants of the system (1):

Fr(z,y) = —2RPI. +rS - ®,(z, y), (16)
where
p
—~
I, =27 . (r = 1)C,R)?,...,R)?, (17)
p—1 p—1
2201 . | N caw A
B (2,y) = —; LRV Z[C,R)P, ... RP R —[C,R)P,... . RP .5 |+
. T
p—2 2i+1 | ) ) ; /—}% /_}%
P e (2022 e @ po _ e @, R .5 |
P (r —2i)! r

X H (2 = 2)%(R, B +1252) TZH( (r= 22 (R, ) +128%) . (18)
j=1+1

Proof. The first step is to calculate the derivative The polynomial

d®,(z,y)

N ~ dt -~

®,(x,y) is a sum of two terms ®,.(z,y) = @, (x,y)+ P,, where ®,(x,y) is a comitant
~ p—1

of the degree r with respect to z and y and ®, = —% T (2(r — 25)*(R, R)® +r25?)
T j=0

is an invariant of the system (1). By using the relation (5), Remarks 2 and 3, we
obtain:

dd  d(D, + D, - - -
_ Ao+ @) ):r(q>r,R)<1>+gq>TS+r<I>rO:

dt dt
p—1 p—1
_ — —
77,2217 Loyl éRp—l[[O RO R R gD _ ERp—l[[C R, ... R RD. 5+
= 72' 3 s goeoy s s r ’ LR ’

p—1 p—1

P —— 1 ——
2 pp1 @) @ py1).g_ Lpp @) @ . g2
+RCR),. RPN S — SRC R, RS |

P=2 | 52541 N2 :
2 b 20r =202 L T o)
N e e U CRURNRNURN RN R
=0 :

A i

(r — 20) (r— )Rz[[c RO, RO RN .-

—_——
—fRi[[O,R)(Q),... R® R .5+
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%

1 . —_——— p—1 N
- 531[[0,3)(2),...,3)(2).52 < | (2(r—2j)2(R,R)(2)+7’282) +7®,C =
j=i+1
p
221 [ 8 r—2p+1 — o
= — RP[C,R)?,...,R)® —

T r2 (r—2p+2) € ’)™,..., R)

p—1 p—1

4 — 1 —
——RPHC,R)?,...,R)P (R, R)® - ZRF[C,R)?,... R)? . &2
2 [C,R)™,....,R)"™ - (R, R) 5 [C,R)™,....,R) +

141
p—2 2i4+1 N2 . —
2 sl | 2(r — 2i) T_zl_1Ri+1[[C,R)(2),...,R)(2) 3

(r — 20)! 2 (r—20)

< 1 (20 = 20)2(R, R +1282) | +18,C =

p

—~
=2% . (r—1)!-RP[C,R)?,...,R)® —

p—1
22r—1 .yl 1 —
Tt g IGR® @) @ 4 22
T oz LG R, R) (8(R,R) +r5)+
2 141
p— 2141 . X P G
92i+1 . | 2(7"—22)(7"—22—1)Ri+1[[C’R)(2)7.“7R)(2) B

—H‘Z (r — 24)! 72

=0

%

1 . —_———
L pite @ @ (9(r — 22 @) 4,262
S RIC. R, R) (2(7’ 21)%(R, R)® + r2$ ) x

p—1
X H (2(r —2§)%(R,R)® + 7‘252) +7r®,.C =
Jj=i+1
p—1
= Rl -1 SRR, R (3R R)® +125%) +
. T

= 22041 . | [ 2 2 2 2 2 a2

i+1

p—2 21 P p—1
2.l 1 R
- T B RICR® @ C 92 (R R + 1282 _
2 ey #RIGRP. . R ] (20 = 2))2(R, )@ +1282) | +78,C =
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%

p—1 2% — e P11
2«0l 1 .
_ po L g @) B) N2 @) 202
RP1, +T1§:1 2 rzR [C,R)*) ... ,R)®) x jlzli (2(7’ 2j)°(R, R)*™ + 178 )

%

=1l 52 —_— -l
24t . pl 1 . ~
= SRICR)P,... . R® x [] (2(7’ — 2))%(R,R)® + 7232) 41,0 =
j=i

AN T

=0

1 P2t ~
_ PP _ e 92 2 4 ,2q2 _
= RI, 10— [] (2(r 2j)2(R, R)® + 125 ) +78,C

=0

= R?I, 4+ rC®, + r®,C = RPI, + rC(®, + ®,) = R’I, + rC®,.
Thus, d;;“ = RPI, 4+ 1C®,. (19)

By using the relation (5) and Remark 2 for polynomial RP we have:
% = r(R?, R)V + LRS + rRPC = LRI(S +20). (20)

By virtue of the relations (19) and (20) for polynomial (16) we obtain:
_9RP P
dir _ d(—2R I;t—l— rS®,) _ —217»% +TSdC<lI;T _

= —rI,RP(S +2C) +rS(RPI, + rC®,) = rC(—2R"I, + rS®,) = rCF,.
So, Fy(x,y) = 0 is an invariant algebraic curve for (1). Theorem 3 is proved.
Example 3. For r € {2,4} we obtain the invariant algebraic curves:
Fy(z, y) = —8R(C,R)® + 28 (4(0, RW —2¢.8 —2(R,R)® — 32) —0,
Fy(z, y) = —192R*(C, R)®, R)® 145 [963((0, R, RV —96R(C,R)? - S +
+ (4(0, RV —2C. 5) (S(R, R)® 1652) - (S(R, R)® 1652) (2(R, R)® 52)} ~0.

The next theorem is similar to Theorem 2 and classifies first integrals of the
system (1) in this subcase for S # 0.

Theorem 4. The system (1) with the conditions (6) and S # 0 has the following
real first integrals:

a) for H>0:
OR —
kG ‘R‘_l G G 25 o, V'V (21)
o -G = cs, 1 =eXp | —=arctan 55— | ;
V/ OR
2H IE Ly Vel
ox
b) for H<O:
S
1 1 8—R—y'v—2H -
Frp"R‘ ‘G2:C6, GQZ gﬁ N (22)
— 4y-v—2H
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¢) for H=0:

S[(e = fz* +2(d + e)zy — (¢ = f)y’]
4d—-e)R

% -1
IR

F

-G3=c7, G3=exp , (23)

where cs,cg and c; are real constants.

The proof of Theorem 4 is similar to the proof of Theorem 2.
Let S = 0. The first result in this subcase for the system (1) with S = 0 is the
following theorem.

Theorem 5. The system (1) with the conditions (6) and S =0, H = (R,R)? =0
has the invariant algebraic curve ¥,(x,y) = 0 of the form

\Ijr(l'ay) = JrVrR+Wrer (24)

p
e e
Vi) = LR 10RO, RO
p—1 i p—i—1
+2 <2 H)[{(LR)@), R [C R R R (25)
=0
) p—i—1
——f
_ " 2) @ @ ) )
<2i+2>[[C’R) oo, R R) IC,R)¥,...,R) ,
p X Pl
W, (z,y) = Z <2,>R. [C,R)?,....R®.[C,R)?,... R)® -

% p—i—1

p-1 e e e e
T
-> <2Z, N 1) [C,R)?, ..., R RV .[C,R)?P,....R)PD RV, (26)
=0

dVi(z,y)
dt

is a sum of two terms V,(z,y) = V,(z,y) + ‘Z(m,y), where ‘Z(m,y) is homogeneous

polynomial of the degree r + 2 with respect to x and y and the comitant V,.(z,y) =
D

Proof. From the first we calculate the derivative . The polynomial V,.(z,y)

r—+1

——f
R-[C, R)(z), . ,R)(z) has the second degree with respect to x and y. By using

the relation (5), Remarks 2 and 3, we obtain:

v, _dVe+ V) _,

T = Ve, B +2V,C + (r +2)(Vo, B)® + (r + 2)V,C =
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= (r+2)V,C —1V,C + (r +2)(Vs, B = (r + 2)V;C — 7V,C+

1 p—i—1
p—1
- —_— o~
Hrr2 ) <2¢+1) r+2[[ PR RO R, R, R)Y
i=0

i p—i—1

r 21+ 2
(2) R® . (2) (1) (1) _
+(2¢+1>r+2HC’R) ..., R .[C.R?, ... R RV R)

p—i—1
! N /—H
r r—
_<2i+2) T+2[[ LR R RV RV [C, R, ... R -
p—i—1

r 21+ 2
_ (2i . 2> 2 DO RO 0. R, RO RO

= (r+2)V,C — rV,C+

4 p—i—1
p—1 —_————— ,_/_\
.
py @ R)® R® RO
+; <2i+1)(r HC,R)P,... R R .[C,R)P,... . R RV 4

+(m:1>@”*”RWCJﬂ@w~rm@*ﬂaR%”VHJaQ—
1+1 p—i—1
T .
- <2Z + 2) (T B 2Z N 1)R ’ [[O’ R)(Q)’ Tt R)(Q) ! [[Ov R)(Q)a e aR)(Q)_

% p—i—1

e N A
T‘ .
‘(%+J“‘”—”WﬁW%~ﬁW%mmmam®wwanmm -

= (r+2)V,C = rV,C+

i

p—i—1
+”z§ (2 + 1) R, R® R [ R, mE, R+
p—1 @ p—i
+> (;) (r—2)R-[C,R)?,...,R)? .[C,R)?,... R)P—
pZ:O i p—i
h p
=(r+2)V,.C - (r+1)RC- ﬂaer
S — ,_zt;,
+z; (21+1> [C,R)?,... . R RV .[C,R)P,.... R R+
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p p
—~ —~
+rR-C-[C,R)?,....R)® —R.[C,R)?,... R .C-
-1 7 p—1i

- Z (;,)R JC,R)® .. R . [C,R)P, ... R)? =
=1

i p—1i

p
=(r+2)V,C =Y (;_)R JC,R® ... RP . [C,R)P, ... RP+
7
i=0

i p—i—1
p_l — D
-
+ E (2i+ 1) [C,R)®,... R RV .[C,R)?,.... R R)D =
i=0
= (r +2)V,.C — W,.

Thus, dv;
dt

=(r+2)V,.C - W,. (27)

aw,
Now we calculate the derivative M, where W,.(z,y) is a homogeneous

comitant of the degree r 4+ 2 with respect to x and y.

dg; = (r+2)(We, )Y + (r +2)W,C = (r + 2W,C+

7 p—1i

p : —_— —_———
—9
+Hr+2)) <2’;> : ‘R-[C,R)P,...,R)P RV .[C,R)?,... R)P+

7 p—1i

P .
r 21
+(r+2)) <2Z> Sh [C,R)?, ... ,R)P . .[C,R)?,...,R)P RV _

i p—i—1

p-1 _ 9 —~~ —_—~
—(r+2) (,r )T 200 R, RO, RO, RN [ R)D,... R, RV—

% p—i—1

—~~
[c, R)(Q), N .,R)(Q),R)(l) -[c, R)(Q), . ,R)(2),R)(1),R)(l) —

7 p—1i
P —

—_——
=(r+2W,C+> (;) (r—2)R-[C,R)? ..., R RWY.[C,R)?P, ... R+

7 p—1i

p P
T .
+Z (21) 2%R-[C,R)?,... . R .[C,R)?, . .. R)® R)M_

i+1 p—i—1
p—1

r .
- (22, N 1> (r—2i—1)R-[C,R)?,.... AP .[C,R)?,... R)P R)D_

7 p—1i
p—1

e e
T‘ .
N (2i + 1) (2i+1)R- [[C, R)(Q), .. ,R)(Q)’ R)(l) . [[C’ R)(Q)7 L R)(Q) _
=0
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(3 p—1
= (r+2)W,C + Z ( ) r—2)R-[C,R)?,.... AP R .[C,R)?, ... RP+
» [3 p—1
+Z< )21R~[[C, R) R .[C,R)?,....R)® RV
1=1
i+1 p—(i+1)
p—1 —~ —
—2(2 ) (i+1)R-[C,R)?,....RP.[C,R)?,... . R)P RV _
=0
1 p—1i
p—1 —~ /—H
—Z( ) (r—2)R-[C,R)?,.... R RV .[C,R)?,... R =
1 p—1i

= (r+2)W, C+Z< >22R [C,R)?,....R)?.[C,R)?,...,R)?P RV _

7 p—1i

p
— Z <2TZ) 2iR-[C,R)? ..., R)? . [C,R)P,... R)D R = (r +2)W,C.
=1
Th
s dzl? — (r+ 2)W,C. (28)

In analogous way for polynomial @Q,(z,y) we have:

p—1

dQ, ——N————
Qr _ 2(Q,, )W +2Q,C =2Q,.C +2[C,R)?,...,R)? RV R)D =

dt

p

—_———
=2Q,C+R-[C,R)?,....R)? =2Q,C + RJ,. (29)
By using (24), (27), (28) and (29), we obtain:

i, v, dR w49 _
G = g Bt Vet QT o

= J, ((r +2)V,C — W,) R+ 2J,V,RC + (r + 2)WTC’QT + W, (2Q,C + RJ,) =
= (r+4)(J,V,R+W,Q,)C = (r + 4)¥,C.

So, dv,
dt

and ¥, (x,y) = 0 is an invariant algebraic curve for (1). Theorem 5 is proved.

Remark 5. If H = (R, R)® =0, then the following identity W, = RP+!.(C, )"

holds. By virtue of this identity the invariant algebraic curve ¥, (z,y) = 0 can be

written in the form R-WU¥(x,y) = 0, where ¥ (z,y) = J. -V, + Q.- RP - (C,C)"). So,

U*(z,y) = 0 is an invariant algebraic curve for the system (1) with S =0, H = 0.
The next theorem classifies in this subcase first integrals of (1) for § = 0.

= (r+4)%,C. (30)
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Theorem 6. The system (1) with the conditions (6) and S = 0 has the following

real first integrals:
a) for H>0, I, #0:

H 1 &,
\ 5 + Gy =cg, G4 = arctan cxt+ 1y, (31)

2 I, Rr '
Y- 5

SH & o _y.v=2H
r Ox
Gs'eXp<— 7 -ﬁ>:cg, Gs = | 9R ;
r Iy 2H
8az+y

b) for H<O0, I, #0:

c) for H=0, I, #0:
U, - R0 = ¢ (33)

d) for I, =0:
Q.- R7P =cn, (34)

where cg, cg, c19 and c11 are real constants.

Proof. For I, # 0 we have

d [ ® 1
(2T = _— . |RP.(RP. _ P, . (p- RP~L. —
= ( Rp) = [R (RP -1, + rC®,) — @, - (p- R 203)]
1
e [IT-R2p+2pC¢>er—2pC<I>TRP ~ I, (35)

d |H
If H >0, then % =\ and we easy obtain first integral (31).

dl
If H <0, then I;tGS =+/—2H and we have first integral (32).

Let H =0, I, # 0. In this case by virtue of (5) and (30) we have

d (¥, /RP+?) _ 1 AUy sy, dRPT2
dt R20+2) \ dt "odt

= ey ((r+ DUCR? = 2(p +2) 0, R7C) = 0.

So, the system (1) has first integral (33).
The first integral (34) for I, = 0 is given by (35). Theorem 6 is proved.
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