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The transvectants and the integrals for Darboux

systems of differential equations

Valeriu Baltag, Iurie Calin

Abstract. We apply the algebraic theory of invariants of differential equations to
integrate the polynomial differential systems dx/dt = P1(x, y) + x C(x, y), dy/dt =
Q1(x, y) + y C(x, y), where real homogeneous polynomials P1 and Q1 have the first
degree and C(x, y) is a real homogeneous polynomial of degree r ≥ 1. In generic cases
the invariant algebraic curves and the first integrals for these systems are constructed.
The constructed invariant algebraic curves are expressed by comitants and invariants
of investigated systems.
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1 Introduction

The problem of the integrability via invariant algebraic curves for planar poly-
nomial differential systems has been investigated in many works. An ample survey
on the Darboux integrability theory for planar complex and real polynomial sys-
tems can be found in [1]. In this book the authors mentioned that the detection
of the integrable planar vector fields that are not Hamiltonian, in general, is a very
difficult problem. In several works the problem of the integrability via invariant
algebraic curves for some polynomial differential systems with degenerate infinity
has been solved [2–11]. In works [12, 13] the invariant algebraic curve for Darboux
differential systems with cubic nonlinearities has been expressed by invariants and
comitants. In paper [14] the invariant algebraic curves, the integrating factors and
some first integrals for Darboux differential systems with nonlinearities of degrees
m (2 ≤ m ≤ 7) has been constructed and expressed by invariants and comitants of
investigated systems. In paper [15] a complete classification in the coefficient space
R

12 of quadratic systems with rational first integral of degree 2 has been obtained
by using Aff(2,R)-invariants and comitants of these systems.

The main goal of this paper is to construct the invariant algebraic curves for inte-
grable planar polynomial differential systems of Darboux type by using theGL(2,R)-
invariants and the GL(2,R)-comitants of these systems [16] and classify the first
integrals in generic cases. The generic cases include the systems with coprime right
parts and exclude the linear systems.

In Section 2 we construct the main invariants and comitants for Darboux poly-
nomial systems of differential equations. The definition of the transvectant of two
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polynomials and its properties are given. The construction part of the invariant
algebraic curves of Darboux systems includes two subcases: the first one - for the
polynomial C(x, y) of odd degree and the second - for the polynomial C(x, y) of
even degree. Each subcase includes the results about forms of the invariant alge-
braic curves and the first integrals for investigated systems.

2 Darboux systems of differential equations

We consider the real systems of differential equations

dx

dt
= cx+ dy + xC(x, y) = P (x, y),

dy

dt
= ex+ fy + y C(x, y) = Q(x, y), (1)

where c, d, e, f are real coefficients and the polynomial C(x, y) has real coefficients
and degree r ∈ N

∗. This system can be written [17] in the following form

dx

dt
=

1

2

∂R

∂y
+

1

2
S x+ xC(x, y) = P (x, y),

dy

dt
= −1

2

∂R

∂x
+

1

2
S y + y C(x, y) = Q(x, y), (2)

where the GL(2,R)-invariant S and the GL(2,R)-comitants R(x, y) and C(x, y) of
the system (1) have the form

S = c+ f, R(x, y) = −ex2 + (c− f)x+ dy2, C(x, y) =

r∑

k=0

ak

(
r

k

)
xr−kyk. (3)

From the classical invariant theory [18] the definition of the transvectant of two
polynomials is well known.

Definition 1. Let f(x, y) and ϕ(x, y) be homogeneous polynomials in x and y with
real coefficients of the degrees ρ ∈ N

∗ and θ ∈ N
∗, respectively, and k ∈ N

∗. The
polynomial

(f, ϕ)(k) =
(ρ− k)!(θ − k)!

ρ!θ!

k∑

h=0

(−1)h
(
k

h

)
∂kf

∂xk−h∂yh

∂kϕ

∂xh∂yk−h

is called the transvectant of index k of polynomials f and ϕ.

Example 1. Hessian of the comitant R(x, y) has the form

H = (R,R)(2) = −1

2
[4de+ (c− f)2] = −1

2
DiscrR(x, y). (4)

Remark 1. If the polynomials f and ϕ are GL(2,R)-comitants of the degrees
ρ ∈ N

∗ and θ ∈ N
∗, respectively, for the system (1), then the transvectant of the
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index k ≤ min(ρ, θ) is a GL(2,R)-comitant of the degree ρ+ θ − 2k for the system
(1) [19]. If k > min(ρ, θ), then (f, ϕ)(k) = 0.

For every homogeneous GL-comitant K(x, y) with degree s ∈ N
∗ of the system

(1) from (2) we obtain the total derivative of K(x, y) with respect to t:

dK

dt
=
∂K

∂x
· dx
dt

+
∂K

∂y
· dy
dt

=
∂K

∂x

(
1

2

∂R

∂y
+

1

2
xS + xC

)
+

+
∂K

∂y

(
−1

2

∂R

∂x
+

1

2
yS + yC

)
= s(K,R)(1) +

s

2
KS + sKC, (5)

where (K,R)(1) is a Jacobian (the transvectant of the first index) of GL-comitants
K and R. The representation (5) shows that the derivative with respect to t of
every homogeneous GL(2,R)-comitant with the degree s ≥ 1 of the system (1) is a
GL(2,R)-comitant too.

Remark 2. If the homogeneous polynomials f , g, ϕ and ψ have the degrees m, n,
µ and 0 ( m, n, µ ∈ N

∗), respectively, with respect to x and y and l, q ∈ N, α ∈ R,
then

(αf, g)(k) = (f, αg)(k) = α(f, g)(k), (f q, f)(2l+1) = 0,

(f + g, ϕ)(k) = (f, ϕ)(k) + (g, ϕ)(k), (ψ, f)(k) = 0,

(f · g, ϕ)(1) =
m

m+ n
(f, ϕ)(1)g +

n

m+ n
(g, ϕ)(1)f.

Remark 3. If the homogeneous polynomials f and ϕ have the degrees m ∈ N
∗ and

2, respectively, with respect to x and y, then

((f, ϕ)(1), ϕ)(1) =
m− 1

m
(f, ϕ)(2)ϕ− 1

2
f(ϕ,ϕ)(2).

We shall suppose that the polynomials P (x, y) and Q(x, y) are coprime and the
polynomial C(x, y) has a nonzero degree, i.e.

R(x, y) 6≡ 0, C(x, y) 6≡ 0, degC(x, y) ≥ 1. (6)

Remark 4. From (5) for K = R(x, y) we obtain

dR

dt
= R(S + 2C), (7)

which shows that R(x, y) = 0 is an invariant algebraic curve of the system (1).

Let the polynomial C(x, y) have the degree r (r ∈ N
∗ ) with respect to x and y.

We denote by p the integer part of the number
r

2
, i.e. p =

[r
2

]
. Now we suppose the

following assumptions: if the lower index in the symbol of the sum
∑

is greater than
upper index then the sum is equal to zero; in repeated using of the transvectants a
set of the parenthesis of the type ((. . . ( will be replaced by a single parenthesis of
the form [[.
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2.1 The polynomial C(x, y) has odd degree

Let r = degC(x, y) = 2p+ 1, where p ∈ N.

Theorem 1. The system (1) with the conditions (6) has real invariant algebraic
curve Fr(x, y) = 0 of the degree r, where the polynomial Fr is expressed by invariants
and comitants of the system (1):

Fr(x, y) = 22p+1 · r! ·Rp




2

r
[[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) − [[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2) · S


+

+

p−1∑

i=0




22i+1 · r!
(r − 2i)!

·Ri




2(r − 2i)

r
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) − [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · S


 ×

×
p∏

j=i+1

(
2(r − 2j)2(R,R)(2) + r2S2

)

 − 1

r2

p∏

j=0

(
2(r − 2j)2(R,R)(2) + r2S2

)
, (8)

Proof. The polynomial Fr is a sum of two polynomials Fr(x, y) = F̂r(x, y) + F̃r,
where F̂r(x, y) is a comitant of the degree r with respect to x and y and

F̃r = − 1

r2

p∏
j=0

(
2(r − 2j)2(R,R)(2) + r2S2

)
is an invariant of the system (1).

By using the relation (5), Remarks 2 and 3, for the polynomial (8) we obtain:

dFr

dt
=
d(F̂r + F̃r)

dt
= r(F̂r , R)(1) +

r

2
F̂rS + rF̂rC =

= r22p+1 · r!




2

r2
Rp[[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1), R)(1) − 1

r
Rp[[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · S+

+
1

r
Rp[[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · S − 1

2
Rp[[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2) · S2


 +

+r

p−1∑

i=0




22i+1 · r!
(r − 2i)!




2(r − 2i)2

r2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1), R)(1) −

− (r − 2i)

r
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · S +

(r − 2i)

r
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · S−

− 1

2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · S2


 ×

p∏

j=i+1

(
2(r − 2j)2(R,R)(2) + r2S2

)

 + rF̂rC =

= r22p+1 · r!




2

r2
· r − 2p− 1

(r − 2p)
Rp+1[[C,

p+1︷ ︸︸ ︷
R)(2), . . . , R)(2) −
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− 1

r2
Rp[[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2) · (R,R)(2) − 1

2
Rp[[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2) · S2


+

+r

p−1∑

i=0




22i+1 · r!
(r − 2i)!




2(r − 2i)2

r2
· r − 2i− 1

(r − 2i)
Ri+1[[C,

i+1︷ ︸︸ ︷
R)(2), . . . , R)(2) −

− (r − 2i)2

r2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · (R,R)(2) − 1

2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · S2


×

×
p∏

j=i+1

(
2(r − 2j)2(R,R)(2) + r2S2

)

 + rF̂rC =

= −r22p+1 · r! · 1

2r2
Rp[[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2)

(
2(R,R)(2) + r2S2

)
+

+r

p−1∑

i=0




22i+1 · r!
(r − 2i)!




2(r − 2i)(r − 2i− 1)

r2
Ri+1[[C,

i+1︷ ︸︸ ︷
R)(2), . . . , R)(2) −

− 1

2r2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2)

(
2(r − 2i)2(R,R)(2) + r2S2

)

×

×
p∏

j=i+1

(
2(r − 2j)2(R,R)(2) + r2S2

)

 + rF̂rC =

= −r22p · r! · 1

r2
Rp[[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2)

(
2(R,R)(2) + r2S2

)
+

+r

p−1∑

i=0




22(i+1) · r!
(r − 2(i+ 1))!

· 1

r2
Ri+1[[C,

i+1︷ ︸︸ ︷
R)(2), . . . , R)(2) ×

p∏

j=i+1

(
2(r − 2j)2(R,R)(2) + r2S2

)

−

−r
p−1∑

i=0




22i · r!
(r − 2i)!

· 1

r2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) ×

p∏

j=i

(
2(r − 2j)2(R,R)(2) + r2S2

)

 + rF̂rC =

= r

p∑

i=1




22i · r!
(r − 2i)!

· 1

r2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) ×

p∏

j=i

(
2(r − 2j)2(R,R)(2) + r2S2

)

−

−r
p∑

i=0




22i · r!
(r − 2i)!

· 1

r2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) ×

p∏

j=i

(
2(r − 2j)2(R,R)(2) + r2S2

)

 + rF̂rC =

= −rC 1

r2

p∏

j=0

(
2(r − 2j)2(R,R)(2) + r2S2

)
+ rF̂rC = rCF̃r + rF̂rC = rC(F̂r + F̃r) = rCFr .
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So, dFr

dt
= rCFr (9)

and Fr(x, y) = 0 is a real invariant algebraic curve for (1). Theorem 1 is proved.

Example 2. For r ∈ {1, 3} we obtain the invariant algebraic curves:

F1(x, y) = 4(C,R)(1) − 2C · S − 2(R,R)(2) − S2 = 0,

F3(x, y) = 32R((C,R)(2), R)(1) − 48R(C,R)(2) · S+

+
(
4[[C,R)(1) − 2C · S

)(
2(R,R)(2) + 9S2

)
−

(
2(R,R)(2) + 9S2

)(
2(R,R)(2) + S2

)
= 0,

The next theorem classifies first integrals of the system (1) in this subcase.

Theorem 2. The system (1) with the conditions (6) has the following real first
integrals:

a) for S 6= 0, H > 0 :

∣∣∣Fr

∣∣∣
2
r ·

∣∣∣R
∣∣∣
−1

·G1 = c1, G1 = exp




2S√
2H

arctan

∂R

∂x
− y ·

√
2H

∂R

∂x
+ y ·

√
2H


 ; (10)

b) for S 6= 0, H < 0 :

∣∣∣Fr

∣∣∣
2
r ·

∣∣∣R
∣∣∣
−1

·G2 = c2, G2 =

∣∣∣∣∣∣∣

∂R

∂x
− y ·

√
−2H

∂R

∂x
+ y ·

√
−2H

∣∣∣∣∣∣∣

S
√

−2H

; (11)

c) for S 6= 0, H = 0 :

∣∣∣Fr

∣∣∣
2
r ·

∣∣∣R
∣∣∣
−1

·G3 = c3, G3 = exp

[
S[(c− f)x2 + 2(d+ e)xy − (c− f)y2]

4(d− e)R

]
; (12)

d) for S = 0 : ∣∣∣Fr

∣∣∣
2
r ·

∣∣∣R
∣∣∣
−1

= c4, (13)

where c1, c2, c3 and c4 are real constants.

Proof. If S 6= 0, then from (7) and (9) and after calculation of the derivatives
with respect to t of the functions: G1 for H > 0, G2 for H < 0 and G3 for H = 0,
we obtain

dR

dt
= R(S + 2C),

dFr

dt
= rCFr,

dG1

dt
= SG1,

d lnG2

dt
= S,

dG3

dt
= SG3. (14)

From (14) we easy obtain first integrals (10), (11) and (12).
If S = 0, the relations (7) and (9) have the forms

dR

dt
= 2RC,

dFr

dt
= rCFr. (15)

The relations (15) determine the first integral (13). Theorem 2 is proved.
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2.2 The polynomial C(x, y) has even degree

Let r = degC(x, y) = 2p, where p ∈ N
∗.

Theorem 3. The system (1) with the conditions (6) has real invariant algebraic
curve Fr(x, y) = 0 of the degree r, where the polynomial Fr is expressed by invariants
and comitants of the system (1):

Fr(x, y) = −2RpIr + rS · Φr(x, y), (16)

where

Ir = 22p · (r − 1)![[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2), (17)

Φr(x, y) =
22p−1 · r!

2!
· Rp−1




4

r
[[C,

p−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) − [[C,

p−1︷ ︸︸ ︷
R)(2), . . . , R)(2) · S


+

+

p−2∑

i=0




22i+1 · r!
(r − 2i)!

·Ri




2(r − 2i)

r
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) − [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · S


 ×

×
p−1∏

j=i+1

(
2(r − 2j)2(R,R)(2) + r2S2

)

 − 1

r2

p−1∏

j=0

(
2(r − 2j)2(R,R)(2) + r2S2

)
. (18)

Proof. The first step is to calculate the derivative
dΦr(x, y)

dt
. The polynomial

Φr(x, y) is a sum of two terms Φr(x, y) = Φ̂r(x, y)+Φ̃r, where Φ̂r(x, y) is a comitant

of the degree r with respect to x and y and Φ̃r = − 1

r2

p−1∏
j=0

(
2(r − 2j)2(R,R)(2) + r2S2

)

is an invariant of the system (1). By using the relation (5), Remarks 2 and 3, we
obtain:

dΦ

dt
=
d(Φ̂r + Φ̃r)

dt
= r(Φ̂r , R)(1) +

r

2
Φ̂rS + rΦ̂rC =

= r
22p−1 · r!

2!




8

r2
Rp−1[[C,

p−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1), R)(1) − 2

r
Rp−1[[C,

p−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · S+

+
2

r
Rp−1[[C,

p−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · S − 1

2
Rp−1[[C,

p−1︷ ︸︸ ︷
R)(2), . . . , R)(2) · S2


 +

+r

p−2∑

i=0




22i+1 · r!
(r − 2i)!




2(r − 2i)2

r2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1), R)(1) −

− (r − 2i)

r
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · S +

(r − 2i)

r
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · S−
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− 1

2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · S2


 ×

p−1∏

j=i+1

(
2(r − 2j)2(R,R)(2) + r2S2

)

 + rΦ̂rC =

= r
22p−1 · r!

2!




8

r2
· r − 2p+ 1

(r − 2p+ 2)
Rp[[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2) −

− 4

r2
Rp−1[[C,

p−1︷ ︸︸ ︷
R)(2), . . . , R)(2) · (R,R)(2) − 1

2
Rp−1[[C,

p−1︷ ︸︸ ︷
R)(2), . . . , R)(2) · S2


+

+r

p−2∑

i=0




22i+1 · r!
(r − 2i)!




2(r − 2i)2

r2
· r − 2i− 1

(r − 2i)
Ri+1[[C,

i+1︷ ︸︸ ︷
R)(2), . . . , R)(2) −

− (r − 2i)2

r2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · (R,R)(2) − 1

2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · S2


×

×
p−1∏

j=i+1

(
2(r − 2j)2(R,R)(2) + r2S2

)


 + rΦ̂rC =

= 22p · (r − 1)! ·Rp[[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2) −

−r22p−1 · r!
2!

· 1

2r2
Rp−1[[C,

p−1︷ ︸︸ ︷
R)(2), . . . , R)(2)

(
8(R,R)(2) + r2S2

)
+

+r

p−2∑

i=0




22i+1 · r!
(r − 2i)!




2(r − 2i)(r − 2i− 1)

r2
Ri+1[[C,

i+1︷ ︸︸ ︷
R)(2), . . . , R)(2) −

− 1

2r2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2)

(
2(r − 2i)2(R,R)(2) + r2S2

)

×

×
p−1∏

j=i+1

(
2(r − 2j)2(R,R)(2) + r2S2

)

 + rΦ̂rC =

= RpIr − r
22(p−1) · r!

2!
· 1

r2
Rp−1[[C,

p−1︷ ︸︸ ︷
R)(2), . . . , R)(2)

(
8(R,R)(2) + r2S2

)
+

+r

p−2∑

i=0




22(i+1) · r!
(r − 2(i+ 1))!

· 1

r2
Ri+1[[C,

i+1︷ ︸︸ ︷
R)(2), . . . , R)(2) ×

p−1∏

j=i+1

(
2(r − 2j)2(R,R)(2) + r2S2

)

−

−r
p−2∑

i=0




22i · r!
(r − 2i)!

· 1

r2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) ×

p−1∏

j=i

(
2(r − 2j)2(R,R)(2) + r2S2

)

 + rΦ̂rC =
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= RpIr + r

p−1∑

i=1




22i · r!
(r − 2i)!

· 1

r2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) ×

p−1∏

j=i

(
2(r − 2j)2(R,R)(2) + r2S2

)

−

−r
p−1∑

i=0




22i · r!
(r − 2i)!

· 1

r2
Ri[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) ×

p−1∏

j=i

(
2(r − 2j)2(R,R)(2) + r2S2

)

 + rΦ̂rC =

= RpIr − rC
1

r2

p−1∏

j=0

(
2(r − 2j)2(R,R)(2) + r2S2

)
+ rΦ̂rC =

= RpIr + rCΦ̃r + rΦ̂rC = RpIr + rC(Φ̂r + Φ̃r) = RpIr + rCΦr .

Thus, dΦr

dt
= RpIr + rCΦr. (19)

By using the relation (5) and Remark 2 for polynomial Rp we have:

dRp

dt
= r(Rp, R)(1) +

r

2
RpS + rRpC =

r

2
Rp(S + 2C). (20)

By virtue of the relations (19) and (20) for polynomial (16) we obtain:

dFr

dt
=
d(−2RpIr + rSΦr)

dt
= −2Ir

dRp

dt
+ rS

dΦr

dt
=

= −rIrRp(S + 2C) + rS(RpIr + rCΦr) = rC(−2RpIr + rSΦr) = rCFr.

So, Fr(x, y) = 0 is an invariant algebraic curve for (1). Theorem 3 is proved.

Example 3. For r ∈ {2, 4} we obtain the invariant algebraic curves:

F2(x, y) = −8R(C,R)(2) + 2S
(
4(C,R)(1) − 2C · S − 2(R,R)(2) − S2

)
= 0,

F4(x, y) = −192R2((C,R)(2), R)(2) + 4S
[
96R((C,R)(2), R)(1) − 96R(C,R)(2) · S +

+
(
4(C,R)(1) − 2C · S

)(
8(R,R)(2) + 16S2

)
−

(
8(R,R)(2) + 16S2

)(
2(R,R)(2) + S2

)]
= 0.

The next theorem is similar to Theorem 2 and classifies first integrals of the
system (1) in this subcase for S 6= 0.

Theorem 4. The system (1) with the conditions (6) and S 6= 0 has the following
real first integrals:

a) for H > 0 :

∣∣∣Fr

∣∣∣
1
p ·

∣∣∣R
∣∣∣
−1

·G1 = c5, G1 = exp




2S√
2H

arctan

∂R

∂x
− y ·

√
2H

∂R

∂x
+ y ·

√
2H


 ; (21)

b) for H < 0 :

∣∣∣Fr

∣∣∣
1
p ·

∣∣∣R
∣∣∣
−1

·G2 = c6, G2 =

∣∣∣∣∣∣∣

∂R

∂x
− y ·

√
−2H

∂R

∂x
+ y ·

√
−2H

∣∣∣∣∣∣∣

S
√

−2H

; (22)
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c) for H = 0 :

∣∣∣Fr

∣∣∣
1
p ·

∣∣∣R
∣∣∣
−1

·G3 = c7, G3 = exp

[
S[(c− f)x2 + 2(d+ e)xy − (c− f)y2]

4(d− e)R

]
, (23)

where c5, c6 and c7 are real constants.

The proof of Theorem 4 is similar to the proof of Theorem 2.
Let S = 0. The first result in this subcase for the system (1) with S = 0 is the

following theorem.

Theorem 5. The system (1) with the conditions (6) and S = 0, H = (R,R)(2) = 0
has the invariant algebraic curve Ψr(x, y) = 0 of the form

Ψr(x, y) = JrVrR+WrQr, (24)

where

Jr =
Ir

22p · (2p − 1)!
= [[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2), Qr(x, y) = [[C,

p−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1),

Vr(x, y) =
r + 1

r
R · [[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2)+

+

p−1∑

i=0




(
r

2i+ 1

)
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) − (25)

−
(

r

2i+ 2

)
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2)


 ,

Wr(x, y) =

p∑

i=0

(
r

2i

)
R · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2)−

−
p−1∑

i=0

(
r

2i+ 1

)
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1). (26)

Proof. From the first we calculate the derivative
dVr(x, y)

dt
. The polynomial Vr(x, y)

is a sum of two terms Vr(x, y) = Ṽr(x, y) + V̂r(x, y), where V̂r(x, y) is homogeneous

polynomial of the degree r+ 2 with respect to x and y and the comitant Ṽr(x, y) =

r + 1

r
R · [[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2) has the second degree with respect to x and y. By using

the relation (5), Remarks 2 and 3, we obtain:

dVr

dt
=
d(Ṽr + V̂r)

dt
= 2(Ṽr, R)(1) + 2ṼrC + (r + 2)(V̂r, R)(1) + (r + 2)V̂rC =
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= (r + 2)VrC − rṼrC + (r + 2)(V̂r , R)(1) = (r + 2)VrC − rṼrC+

+(r + 2)

p−1∑

i=0




(
r

2i+ 1

)
r − 2i

r + 2
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) +

+

(
r

2i+ 1

)
2i+ 2

r + 2
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1), R)(1)−

−
(

r

2i+ 2

)
r − 2i

r + 2
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1), R)(1) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2)−

−
(

r

2i+ 2

)
2i+ 2

r + 2
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1)


 =

= (r + 2)VrC − rṼrC+

+

p−1∑

i=0




(
r

2i+ 1

)
(r − 2i)[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) +

+

(
r

2i+ 1

)
(2i+ 1)R · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2)−

−
(

r

2i+ 2

)
(r − 2i− 1)R · [[C,

i+1︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2)−

−
(

r

2i+ 1

)
(r − 2i− 1)[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1)


 =

= (r + 2)VrC − rṼrC+

+

p−1∑

i=0

(
r

2i+ 1

)
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1)+

+

p−1∑

i=0

(
r

2i

)
(r − 2i)R · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2)−

−
p∑

i=1

(
r

2i

)
(r − 2i+ 1)R · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2) =

= (r + 2)VrC − (r + 1)RC · [[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2)+

+

p−1∑

i=0

(
r

2i+ 1

)
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1)+
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+rR · C · [[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2) −R · [[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2) · C−

−
p−1∑

i=1

(
r

2i

)
R · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2) =

= (r + 2)VrC −
p∑

i=0

(
r

2i

)
R · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2)+

+

p−1∑

i=0

(
r

2i+ 1

)
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) =

= (r + 2)VrC −Wr.

Thus, dVr

dt
= (r + 2)VrC −Wr. (27)

Now we calculate the derivative
dWr(x, y)

dt
, where Wr(x, y) is a homogeneous

comitant of the degree r + 2 with respect to x and y.

dWr

dt
= (r + 2)(Wr, R)(1) + (r + 2)WrC = (r + 2)WrC+

+(r + 2)

p∑

i=0

(
r

2i

)
r − 2i

r + 2
R · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2)+

+(r + 2)

p∑

i=0

(
r

2i

)
2i

r + 2
R · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1)−

−(r + 2)

p−1∑

i=0

(
r

2i+ 1

)
r − 2i

r + 2
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1), R)(1) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1)−

−(r + 2)

p−1∑

i=0

(
r

2i+ 1

)
2i+ 2

r + 2
[[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1), R)(1) =

= (r + 2)WrC +

p∑

i=0

(
r

2i

)
(r − 2i)R · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2)+

+

p∑

i=0

(
r

2i

)
2iR · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1)−

−
p−1∑

i=0

(
r

2i+ 1

)
(r − 2i− 1)R · [[C,

i+1︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1)−

−
p−1∑

i=0

(
r

2i+ 1

)
(2i+ 1)R · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2) =
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= (r + 2)WrC +

p−1∑

i=0

(
r

2i

)
(r − 2i)R · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2)+

+

p∑

i=1

(
r

2i

)
2iR · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1)−

−
p−1∑

i=0

(
r

2(i+ 1)

)
2(i+ 1)R · [[C,

i+1︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−(i+1)︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1)−

−
p−1∑

i=0

(
r

2i

)
(r − 2i)R · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2) =

= (r + 2)WrC +

p∑

i=1

(
r

2i

)
2iR · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1)−

−
p∑

i=1

(
r

2i

)
2iR · [[C,

i︷ ︸︸ ︷
R)(2), . . . , R)(2) · [[C,

p−i︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1) = (r + 2)WrC.

Thus, dWr

dt
= (r + 2)WrC. (28)

In analogous way for polynomial Qr(x, y) we have:

dQr

dt
= 2(Qr, R)(1) + 2QrC = 2QrC + 2[[C,

p−1︷ ︸︸ ︷
R)(2), . . . , R)(2), R)(1), R)(1) =

= 2QrC +R · [[C,

p︷ ︸︸ ︷
R)(2), . . . , R)(2) = 2QrC +RJr. (29)

By using (24), (27), (28) and (29), we obtain:

dΨr

dt
= Jr

dVr

dt
R+ JrVr

dR

dt
+
dWr

dt
Qr +Wr

dQr

dt
=

= Jr ((r + 2)VrC −Wr)R+ 2JrVrRC + (r + 2)WrCQr +Wr (2QrC +RJr) =

= (r + 4)(JrVrR+WrQr)C = (r + 4)ΨrC.

So, dΨr

dt
= (r + 4)ΨrC. (30)

and Ψr(x, y) = 0 is an invariant algebraic curve for (1). Theorem 5 is proved.

Remark 5. If H = (R,R)(2) = 0, then the following identity Wr ≡ Rp+1 · (C,C)(r)

holds. By virtue of this identity the invariant algebraic curve Ψr(x, y) = 0 can be
written in the form R ·Ψ∗

r(x, y) = 0, where Ψ∗

r(x, y) = Jr ·Vr +Qr ·Rp · (C,C)(r). So,
Ψ∗

r(x, y) = 0 is an invariant algebraic curve for the system (1) with S = 0, H = 0.

The next theorem classifies in this subcase first integrals of (1) for S = 0.
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Theorem 6. The system (1) with the conditions (6) and S = 0 has the following
real first integrals:

a) for H > 0, Ir 6= 0 :

√
H

2
· 1

Ir
· Φr

Rp
+G4 = c8, G4 = arctan

ex+ fy

y ·
√
H

2

; (31)

b) for H < 0, Ir 6= 0 :

G5 · exp

(
−
√
−2H

Ir
· Φr

Rp

)
= c9, G5 =

∣∣∣∣∣∣∣

∂R

∂x
− y ·

√
−2H

∂R

∂x
+ y ·

√
−2H

∣∣∣∣∣∣∣
; (32)

c) for H = 0, Ir 6= 0 :
Ψr · R−(p+2) = c10; (33)

d) for Ir = 0 :
Φr · R−p = c11, (34)

where c8, c9, c10 and c11 are real constants.

Proof. For Ir 6= 0 we have

d

dt

(
Φr

Rp

)
=

1

R2p
·
[
Rp · (Rp · Ir + rCΦr) − Φr · (p ·Rp−1 · 2CR)

]
=

1

R2p
·
[
Ir · R2p + 2pCΦrR

p − 2pCΦrR
p
]

= Ir. (35)

If H > 0, then
dG4

dt
= −

√
H

2
and we easy obtain first integral (31).

If H < 0, then
d lnG5

dt
=

√
−2H and we have first integral (32).

Let H = 0, Ir 6= 0. In this case by virtue of (5) and (30) we have

d
(
Ψr/R

p+2
)

dt
=

1

R2(p+2)

(
dΨr

dt
Rp+2 − Ψr

dRp+2

dt

)
=

=
1

R2(p+2)

(
(r + 4)ΨrCR

p+2 − 2(p + 2)ΨrR
p+2C

)
= 0.

So, the system (1) has first integral (33).
The first integral (34) for Ir = 0 is given by (35). Theorem 6 is proved.
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equations. Buletinul Academiei de Ştiinţe a RM, Matematica, 2003, No. 2(42), 69–86.

[18] Gurevich G. B. Foundations of the Theory of Algebraic Invariants. Noordhoff, Groningen,
1964.

[19] Driss Boularas, Calin Iu., Timochouk L., Vulpe N. T-comitants of quadratic systems:

A study via the translation invariants. Report 96-90, Delft University of Technology, Faculty
of Technical Mathematics and Informatics, 1996.

Institute of Mathematics and Computer Science
Academy of Sciences of Moldova

E-mail: vbaltag@yahoo.com, iucalin@yahoo.com

Received January 10, 2008


