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Singularly perturbed Cauchy problem for abstract
linear differential equations of second order
in Hilbert spaces
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Abstract. We study the behavior of solutions to the problem
el (1) + Avue () + () + Aoue(t) = F(1), ¢ >0,
{ug(O) =wo, uL(0)=1u1,
in the Hilbert space H as € — 0, where A; and Ag are two linear selfadjoint operators.
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1 Introduction

Let H be a real Hilbert space endowed with scalar product (-,-) and norm | - |.
Let V C H be a real Hilbert space which is endowed with norm || - || such that the
inclusion is dense and continuous. Let V =V, NVy, and A; : D(A;)) =V, — H,
1= 20,1, be two linear selfadjoint operators such that

((Ao + z—:Al)u,u) >A|ul?], weV, ~>0, (1)

for some € < 1 and €A; generates a Cp- semigroup {S(t,¢),t > 0} with the following
two properties:
ApS(t,e)u = S(t,e)Aou,Vu € V. (2)

36 > 0:|S(t, e)ul > olul,u € V. (3)
Consider the following Cauchy problem, which will be called (Px):

{E(ué’(t) + Alua(t)) +ul(t) + Aoue(t) = f(t), t>0,
ue(0) = ug, ul(0) = uq,

where ¢ > 0 is a small parameter, u, f : [0,00) — H. We will investigate the
behavior of solutions u.(t) to the perturbed system (P.) as e — 0. We will establish

a relationship between solutions to the problem (P:) and the corresponding solutions
to the following unperturbed system, which will be called (Fp):

{v’(t) + Agu(t) = f(t), t>0,
v(0) = uyp.
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2 A priori estimates for solutions to the problems (P.) and (F,)
In this section we remind the existence theorems for the solutions to the problems
(P:) and (Pp) and give some a priori estimations for them.

Definition 1. We say a function u € L?(0,T,V), with v’ € L*(0,T, V') is a solution

of (Pv) if
(', v) + (Agu,v) = (f,v)

for each ve V and a.e. time 0 <t <T, and
u(0) = up.

Definition 2. We say a function v € L*(0,T,V), with ' € L?(0,T,H) and u" €
L2(0,T, V') is a solution of (P:) if

E(“’//a U> + E(Aluv ?}) + (Ul, U) + (A0u7 ?}) = (f7 'l))
for each ve V and a.e. time 0 <t <T, and
U(O) = Uuo, ’LL/(O) = Ui,

where (,) express the pairing between H and H'.

Theorem A [1]. Let T > 0. If condition (1) is fulfilled, f € WY1(0,T; H), ug € V,
then there exists a unique solution v € WH>°(0,T; H) of the problem (Py) such that

[o(t)] + [v'(t)] < C(T,uo, f,7), ¢ €[0,7].

Theorem B [1, 2]. Let T > 0. If condition (1) is fulfilled, f € WH1(0,T; H),
ug € V,uy € H, then there exists a unique solution of the problem (P-) such that
us € C(0,T;V), u. € C(0,T; H)N L>®(0,T;V), u? € L*(0,T; H). Moreover, for u
the following estimate

’ue(t)‘ + ’ulg(t)‘ < C(T7 U(),Ul,f, ’Y)? te [07T]7

15 true.

3 Relation between solution to the problems (P.) and (FPp)

Now we are going to establish the relationship between the solution of the prob-
lem (P:) and the corresponding solutions of the problem (Fy). This relationship was
inspired by the work [2]. To this end we defined the kernel of transformation which
realizes this relationship.

For € > 0 denote

1
2/me

K(t7 7, 6) = (Kl (t7 7, 6) + 3K2(t7 T, 6) - 2K3(t7 T, 6)) )
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where 3t— 27y (27
Kl(t,T,E):exp{ " })\( 2\/€_t),
Ky(t,1,e) = exp{gt LGT})\(?\Z_;—),
Ks(t,1,e) = exp{g})\(;\tgt), A(s) = /:O e~ dn.

The properties of kernel K (¢, 7,¢) are collected in the following lemma.
Lemma 1 [2]. The function K(t,T,e) possesses the following properties:
(i) For any fizede >0 K € C({t >0} x {r > 0}) NC®(R+ X Ry);

(i) Ki(t,1,e) =eKr(t,7,6) — K- (t,7,¢), t>0,7>0;

1
(iii) K(0,7,¢) = 2—exp{ — 2L}, T>0; eK,(t,0,e) — K(t,0,e) =0,t>0;
5 £

(iv) For each fized t > 0, s,q € N there exist constants Ci(s,q,t,e) > 0 and
Cy(s,q,t) > 0 such that

|0fOIK (t,7,¢)| < C1(s,q,t,€) exp{—Ca(s,q,t)T/c}, T >0;

(v) Let € be fized, 0 < ¢ < 1 and H is a Hilbert space. For any ¢ : [0,00) — H
continuous on [0,00) such that |p(t)] < M exp{Ct}, t > 0, the relation

lim K(t,1,e)p(r)dr = / e Tp(2eT)dr,
is valid in H;
(vi) [[CK(t,m,e)dr =1, t>0; K(t,7,e)>0, t>0, 72>0;

(vii) Let f € WH°(0,00; H). Then there exists a positive constant C' such that
| - /0 K(t,7,0)f(T)dr|| < OVEQ+VDIF lrsooestny, 205
(viii) There exists C > 0 such that
t 00 ]
/ / K(T,H,e)exp{ — —}d@dﬂ' <Ce t>0, e>0.
0 Jo €

Denote by K(t,7,¢) = K(t,1,€)S(t,¢).

Theorem 1. Suppose that Ay satisfies condition (2). If f € L*(0,00; H) and
us € W2°(0,00; H) N L>(0,00; V), is the solution to the problem (P.), then the
function vo. which is defined as

voe(t) = /OOO K(t,T,e)us(T)dr
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is the solution to the problem:

{ Ué)a(t) + AOUOE(t) = fO(t7€)7 t>0,
UOE(O) = Pes

where

folt,e) = Fot,e) + /O Kt e) f(r)dr,

Fy(t,e) = \/—_[2exp{3t})\< é) —A(% é)]S(t,a)ul,
Ye = /000 e Tue(2eT)dr.

Moreover, vo. € W2(0,00; H) N L>®(0,00; V).

Proof. Integrating by parts,using the properties of Cy- semigroups, (ii), (iii) from
Lemma 1 and (2) we get:

%gw:(Ammmﬂ@%umﬁC:AwKﬁmﬁwm@%umﬂ-
—i—/o K(t,7,e)S (t,e)uc(T)dT =
:/WEKW@JJ)—KﬂLﬂQWGJMAﬂw$

0
+ /OO K(t,1,6)S (t,e)us(1)dr = e K (t,7,€)S(t, €)uc (T)|5°—
0
- /OO eK, (t,7,6)S(t, e)ul(r)dr — K(t,7,¢)S(t, e)uc(T)|5°+
0

+Amen@5@@¢wmﬂ-

+ /000 K(t,71,e)S (t,e)u.(1)dr = [eK,(t,T,e) — K(t,7,8)]S(t, e)uc (7)|5°—
—eK(t,1,6)S(t, e)ul(T)|&° + /OO eK(t,1,6)S(t,e)ul (1)dr+
0
/ K(t,7,e)S(t,e)ul(T)dr + /oo K(t,7,e)S (t,e)u-(r)dr =
0
= [eK(t,0,e) — K(t,0,¢)]S(t,&)uc(0) + eK(t,0,2)S(t, e)u; +

+ /Ooo K(t,7,e)S(t,e)(eu (T) + /' (7))dT + /OOO K(t,1,e)S (t, e)uc(7)dr =

=eK(t,0,e)S(t,e)ui+
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+ /000 K(t,7,e)S(t,e)(f(1) — Aous (1) — eAyus(7))dT+
—i—/o K(t,7,e)S (t,e)uc(T)dr =
=eK(t,0,e)S(t,e)uy + /OO K(t,1,e)S(t,e) f(T)dT — Aguo:(t)+

0
+ /OO K(t,1,¢)[S(t,e)uc(1) — eALS(t, e)uc(7)]dT =
0
=eK(t,0,¢)S(t,e)u; + /oo K(t,7,e)S(t,e) f(T)dT — Agvpe(t) =
0

= F()(t,E) + /OOO K(t,T,E)S(t,E)f(T)dT — A()U()E(t).

Thus v (t) satisfies the equation from Theorem 1.
The initial condition is a simple consequence of property (iii) from Lemma 1.
Theorem 1 is proved.

4 The limit of solutions to the problem (P.) as € — 0

In this section we will study the behavior of solutions to the problem (F:)
as € — 0.

Lemma 2. Let Ay and A; satisfy the conditions (1) and (2).
If ug € V,uy, f € WH*(0,T; H) then the estimate:

IS(t, e)ue(t) — voe(t)] < C(T,up,u1, f,v,m)Ve, tel0,T],
15 true.

Proof. According to the Cp-semigroup theory there exists a constant v; > 0 such
that

1S5(t,€)| < (T,e). (4)

Using the last mentioned property of S(¢,¢), Theorem B and the property(vii) of
Lemma 1 we can easy obtain:

|S(t, e)ucs(t) — /000 K(t,1,e)us(1)dr| < |S(t,e)||ue(t) — /000 K(t,r,e)ucs(r)dr| <

< /71|u€(t)_/ K(t77—7€)u€(7—)d7—| < /5(1_‘_\/%) H f/ HL“’(O,T:H)S O(T7 uOvulvalya’Yl)'
0

Lemma 2 is proved.
To prove the following result we need to remember an important inequality:
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Lemma A [4]. Let ¢ € L'(a,b)(—00 < a < b < 00) with ¢ >0 a. e. on (a,b) and
¢ be a fized real constant. If h € C|a,b] verifies

_h2 —c+/¢ s)ds, ¥t € [a, b,

then .
Bt) < || + / (s)ds, ¢ € [a, ]
also holds.

Lemma 3. Let the operators Ay, A1 satisfy conditions (1)- (3).
If ug, Ayug € V,uy € H, f, A1 f € WH°(0,T; H) then the estimate:

|S(t,e)v(t) — voe(t)| < C(T,up, w1, f,7,m,)vVe, tel0,T]
18 true.
Proof. Let v(t) be the solution to the problem (P). We will denote by w(t) =
S(t,e)v(t). Thus
w'(t) = S'(t,e)v(t) + S(t,e)v (t) = cA1S(t, e)v(t)+
+S(t, ) (t) = eAyw(t) + S(t,e)[f(t) — Apv(t)] =
=cAjw(t) + S(t,e) f(t) — ApS(t,e)v(t) = cAjw(t) + S(t,e) f(t) — Agw(t),

and
w(0) = 5(0,2)v(0) = v(0) = up.
So we obtained the following Cauchy problem for w(t):

{ w'(t) + (Ao — eAn)w(t) = S(t,e) f(),
w(0) = ug.

To estimate |S(t,e)v(t) — vo-(t)| we denote by R.(t)=w(t) — voe(t). Then for R.(t)
we get the following Cauchy problem:

{ RL(t) + AgR(t) = eAyw(t) + S(t,e) f(t) — fo(t), t>0
RE(O) = Ug — Pe

Then taking scalar product of last equation with R.(¢) and integrating on [0,t],
by Lemma A we get:

RO < O o = gl +1/00) [ |erte) +8(r007(r) - fo(r)]ir] <

< o)luo - ool +1y/C) [ learwlar + e [ R lar+
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+1/C(T / ‘S T,e)f / K(1,pu,e)S(r,e)f (,u)du)‘dT], 0<t<T. (5
Now step by step we will estimate all terms in the right of inequality (5).

In what follows we will denote by C all constants depending on T', ug, u1, f, 7y, 1.
In conditions of Theorem B we can estimate the difference

2eT
|U0—905|—‘/ " (ue(2e7) — o d7‘</ / lul(p)|dp < Ce. (6)

Using the property (vii) from Lemma 1 we have
St = [ KEmsra (i <

<Istral|fr) = [ K] <

< NVEL+ VO | 150 (0,00 = CV/E. (7)

In [2] it is also shown that
t ~
/ 7 Fy(r, &)|dr < Celuy| < Ce. (8)
0

To estimate |Ajw(t)| we will consider now the (FPy) problem and will apply to it
the operator A; to obtain:

{ At (t) + ArAou(t) = Aif(t),t > 0 (9)
A1v(0) = Ajup.

In condition (2) we can observe that

S(h, &) Agu(t) — Agu(t) AoS(h, e)o(t) — Agu(t)

“Ardon(®) = im h = h -
= }ILIII%) AOS(}% 6)21;:) — U(t) = EA()Al?J(t)

Thus, denoting by y(t) = Ajv(t) we can write the problem for y

{ y'(t) + Aoy(t) = A1 f(t),t >0
y(0) = Aquo.

If Ayug € V, Arf € WHY0,T, H), then by Theorem B we obtain the estimate

But
[Arw(t)] = [A1S(t,e)v(t)] < nlAw(t)] = nly(t)| < C. (10)
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From estimates (5)-(10) we finally obtain the estimate

‘Ra(t)‘ S \/EC(T7 Uop, U1, f7’Y7’Yl)-

Lemma 3 is proved.

Theorem 2. Let T > 0. If up, Ajug € V,uy € H, f,A1f € Wh(0,T; H) and
Ao, A1 satisfies conditions (1)-(3) then the estimate:

|’LL€(t)—U(t)| SO(UO,Uhfa%Vla(S)\/Ea te [07T]7 0<ex1

18 true.
The proof of this theorem is a simple consequence of Lemmas 1 and 2. Indeed

ue(t) — v(t)| < 515t Yue(t) — S(t,o(t)] <

< <[S( eue(t) — voe (D)) + St €)v(t) = voe ()] < VEC(T, uo, ua, f,7,m,6).

ST

Theorem 3. Let T > 0. If
ug, Ao, Ao, Ay Agug, uy, f(0), A1 f(0) €V, f,Arf € W>®(0,T; H)
and Ag, A1 satisfies conditions (1)-(3), then the estimate
[l (t) =/ (£) + he™ 2| < VEC(uo, ur, f,7.7,6),

is true, where h = f(0) —u; — Aguo.

Proof. Denote by z.(t) = ul(t) + he™¢. Then for ze(t) we get the following Cauchy
problem:

{ 2/ (t) + 2L(t) + (Ao + e A1)z (t) = f'(t) + e < (Ao + AR, t>0 ()
2(0) = f(0) — Agug, 2'(0) = —Ajuy.

As Agug, f(0) €V, f € W?2*(0,T; H), according to Theorem 1 the function

wie(t) = / K(t,7,¢)ze(7)dT
0
is the solution to the problem:

wlls(t) + A0w1€(t) = Fy (t7€)7 t>0,
wi:(0) = [;° e Tz (2e7)dr,
where -
Fi(te) = / K(t,7,2) [ (7)dr + e~ = (Ay + e A1 h]dr—
0
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L {21/ Ay Dl
Denoting by v1(t) = v/(t), (Py), for v1 we have the problem (Puy):

{v’l(t) + Agui(t) = f/(t), t>0,
(%1} (0) = f(O) — Aou().

If wo(t) = S(t,e)vi(t), then (Pv;) becomes

{ wh (t) + [Aog — eAi]wac(t) = S(t, &) f'(t), t>0,
w2e(0) = f(0) — Aguo.

Let Ric(t) = wie(t) —wa-(t). Then, using (12) and (13) we get the following Cauchy
problem for it:

(13)

{ Ri_(t) + AgRic(t) = Fy(t,e) — S(t,e) f'(t) — eAywac(t), t>0, (14)

Ri(0) = [ e [27 2L(0)dfdr.

Taking scalar product of (14) with Ri.(t), integrating on [0,¢] and using Lemma
A we get the estimate

t
Ri)] < e (IR0 + [ e
0

Fy(r,e) — S(r,e)f'(1) — eAywac(7) ‘dT). (15)

As we can see in (11) z.(t) is the solution to a second order Cauchy problem which
is similar to (P:). So, in conditions of this theorem, using Theorem B, the following
estimate is true:

|ze ()] < C(If lw2eo 0,115 [ Aotio|, [Aruo|,v) = C.

Ry (0 \_(/ /%T d0d7‘<CE

From properties (vii), (viii) and (4) it follows:

t
0

Then

Fy(r.2) = S(r,2)]'(r)|dr < /0 ‘o

/Ooo K(r,p,e) f' (u)dp— S(r,e)f ‘dﬂ—

t 0
+ / / K (7, 1,€)e™ | (Ag + £A1)h|dpdr+
0 JO

[ b /2 -y D s e

< O [VEQ + VOIS ooz + & + Vel douol | < CVE.
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To estimate | Ajwa.(t)| we will apply A; to (Pvy) and denote by y;(t) = Ajvy(t)
to get

{ yi(t) + Aoyi(t) = A1 f'(t), t>0
Y1 (0) = Alf(O) + A1 Agug.

As Ay Agug, A1 f(0) € V, A1 f € W2>(0,T; H), Theorem A implies the estimate
()] < C(T', v, A1 Aouo, AL f).
Consequently,
|eAywae ()] = el A1 S (¢, e)v1(t)] < em[Ar1i(t)] = emlya(8)] < eC.
Using the last three inequalities from (15) follows the estimate
|R1-(t)| < Cve, 0<t<T. (16)

From property (vii) from Lemma 1 and (4) it follows:
1S(t,2) 2 (t) — wie (8)] = S(t 2)2 (8) — / K(t, 7, )z (1)dr| <
0

<NCA+ VY || 2 =< VEC. (17)
Finally, using condition (3) and estimates (16), (17) we get

L (8) = v/ (t) = he =] = |zo() — v (1)] < %IS(tje)zs(t) = S(te)un(t)] <

< %“S(t,s)ze(t) —wie(t)] + |wie(t) — S(t,e)vi(t)]| < VeC(uo,ur, f,7,71,0)-

Theorem 3 is proved.
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