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1 Introduction

In the paper the quasilinear total differential equations [3] of the form
y'h = a(t)hy + (b(t) + Ag(t,y))h  (h € E) (1)

with a real parameter A by the nonlinearity and with a regular homogeneous part
are investigated. Here: a € C(P,L(E,L(T,T))), b € C(P,L(E,T)), g € C(P x
T,L(E,T)), y € C(P,T)is an unknown map; E is a normed real space; T is a Banach
space (real or complex); P C E is an open set; the prime ’ means the operation of
taking a bounded derivative (derivative Frechet). By C(X,Y) we designate the
space of all continuous maps of the space X in the space Y endowed with the
uniform structure of compact convergence (compact open topology); by L(X,Y")
we designate the space of all linear continuous maps of the normed space X in the
normed space Y with the natural operator norm.

For such equations some sufficient conditions of the existence of bounded, com-
pact, Lagrange stable, concordant and uniformly concordant solutions are estab-
lished. Earlier similar problems for ordinary differential equations (E = P = R)
and multidimensional differential equations, for ¥ = P = R"™ and T = R™, were
considered in [1,4,8]. The Lagrange stability, concordance and uniform concordance
are considertd relative to some semigroup S C P, in contrast to [1,4, 8], where
S = E. The peculiarity of our researches is that dynamical systems (transformation
groups or semigroups) are not used.

We propose also some general approach to the research of quasilinear equa-
tions, based on the concept of a regular, generally speaking, many-valued map. We
consider regular maps in the first section of this paper. In the second section we
indicate some applications of results obtained in the first section to the quasilinear
equations (1).
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2 Regular maps

The concept of a regular map naturally arises when abstracting from the concrete
type of the regular equation. Under a regular ordinary differential equation we
understand such an ordinary differential equation y’ = a(t)y that for an arbitrary
bounded function f : R — R" there exists a unique bounded solution ¢ : R — R"
of the equation y' = a(t)y + f(t). It is known [7] (Theorem 51. A) that for the
regular equation y' = a(z)y there is a constant r > 0 such that sup,cp [|¢(t)] <
rsupep || f(t)|l, where ¢ is a bounded solution of the equation y' = a(t)y + f(¢) with
the bounded function f. Close connection between a regular and an exponential
dichotomy is known, too [2,7].

By the research of quasilinear equations y' = a(t)y + b(t) + f(t,y) sometimes
one of crucial is the following property of linear equations: if ; is a solution of
the equation y' = a(t)y + b;(t) (i = 1,2), then ¢1 — 9 is a solution of the equation
y' = a(t)y+ (b1 —b2)(t). Besides with homogeneous equations of the form y' = a(t)y,
generally speaking, a many-valued map naturally associates that to each function b
puts in correspondence the set of solutions of the equation vy’ = a(t)y + b(t). The
last two facts in combination with definition of a regular homogeneous equation will
be taken as a basis in the definition of a regular map.

Definition 1. Let X, Y be normed real spaces, 2¥ be a family of all subsets of Y,
r>0. Amap q: X — 2 is called weakly r-regular if:

1) Ve € X q(z) # 0;
2) Vo,y € X q(z) —q(y) C q(z —y);
3) Ve e X Yy eq(z) |yl <r-[z.

A weakly r-reqular map is called r-reqular if it is a one-valued map.

Let’s give some examples of regular maps.

Example 1. Let X = Y be the space of bounded maps from C(R, R™) with
the norm sup and the map a € C(R, L(R™, R™)) be such that the differential
equation y’ = a(t)y is regular. Then there is a positive number r such that the map
q: X — 2Y defined by the rule

p €q(f) <= ¢'(t) = at)p(t) + f(t) (t€R)
is r-regular.

Example 2. Let E and T be Banach spaces, a € L(F,L(T,T)) be a permutable
operator (i.e. ahak = akah for Vh,k € E) such that (Sp a)e does not intersect with
the imaginary axis of the complex plane for some vector e € E of the unit norm; X
be the space of all continuously differentiable bounded maps f : E — L(E,T) with
the norm sup which satisfy the condition A{ahf(t)k — f'(t)kh} = 0 for Vh,k,t € E;
Y be the space of all continuous bounded maps £ — T with the norm sup. And let
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r = 2¢/a, where ¢ > 0 and a > 0 are constants for which [|G¢(t)|| < ¢ - exp(—alt])
(t € R); Ge be the main Green function of the operator ae [3]. Then, as it follows
from the theorem 12.2 of [3], the map ¢ : X — 2¥defined by the rule

p € q(f) = ¢(t)h = al®)he(t) + f(O)h (¢, h € E)

is r-regular (by the symbol A everywhere in the paper we designate the operation of
taking the skew-symmetric part of bilinear operator: A{Chk} = 1/2(Chk — Ckh)
(C € Lyo(E, F))).

Example 3. Let 1 <p, g < oo, 1/p+1/qg=1; D C R™ be a bounded closed set,

My = (mesD)%; X =Y =L,(D); K:Dx D — R be a measurable function such
that for some number M > 0 and for almost all t € D,

(/D K (t,5)|? ds)% < M

the number A is such that |A\| < 1/(MMy); r = 1/(1 — |[\|M Mj). Then the map
q: X — 2Y defined by the rule

o€ alf) = lt) = F(t) + A /D K(t,s)p(s)ds (t € D)

is r-regular.

Theorem 1. Let Y be a complete space; q : X — 2Y be a weakly r-reqular map;
b€ X and the map B : Y — X satisfies the Lipschitz condition with the constant L.
Then for VYA, |A| < 1/(rL), in'Y there is an element x for which xx € q(b+AB(z)));
in addition ||zx|| <7 - ||b+ AB(zy)||. The element xy is determined uniquely if q is
an r-reqular map. In the last case xx may be found as the limit of the sequence

Y1, Y2, Yns (2)
forYy; € Y and for any n > 1 y, = q(b+ AB(yn-1))-

Proof. Let A be such that |\ < 1/(rL). Let’s designate by Hy : Y — Y the
choice function for the composition fy o ¢ where f) : Y — X is defined by the rule:
fa(x) = b+ AB(z). We shall prove that H) is a contraction map. Let xj,z9 € Y.
Then

H,\(azl) — HA(xQ) S q(b + )\B(xl)) — q(b + )\B(I’Q)) C q()\(B(xl) — B(xg))),
ie. Hy(z1) — Hx(z2) € q(AB(x1) — B(x2)). Then
[Hx(z1) = Hx(z2)|| < r[[A(B(21) — B(@2))|| < r[A|L||z1 — 22|,
ie. |[Hx(z1) — Hx(z2)|| < 7|A|L||z1 — x2||. Since r|A|L < 1, then the map H) is
contracting. By virtue of the completeness of the space Y, according to the Banach
contracting principle, there exists a unique x) such that Hy(z)) = x). Therefore
zx € q(b+ AB(z))). It is clear that x) does not depend on the choice function H),

hence, it is determined uniquely as the limit of the sequence (2) if ¢ is a r-regular
map.
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Theorem 2. Let Y be a complete space; q : X — 2 be a weakly r-reqular map;
be X; xz € qb);d>0; Vf be a closed §-neighbourhood of x and the map B :
Y — X satisfies the Lipschitz condition on V with the constant L. Then for
Y, A\ < Xo = 8/(rLé +7ly), where Iy = ||B(2)|, in VO there is an element xy for
which z) € q(b+ AB(xy)); in addition ||x)|| < r-||b+ AB(x))||. The element x) is
determined uniquely if q is an r-reqular map. In the last case xx may be found as
the limit of the sequence (2) which begins at an arbitrary point y; € V2.

Proof. Let A €] — Xg, Xo[, 2z € V2 and y € q(b+ AB(z)). Since = € ¢(b), then
y—x € ¢(AB(z)). Hence

ly — 2ll < rINIBE)I < rIN(IB() - B@)l + |B@)Il) <
< PIA(Lllz = 2l + 1) < PIAI(LS 4+ 1) < 4,

i.e. |ly—x| <, therefore y € V9. We have proved that for Vz € V., q(b+AB(2)) C
V:f . Therefore the composition fy o g, where f) : Vf — X is defined by the rule:
fr(x) =b+AB(z), is a map V — 22 . Let’s designate by Hy : V2 — V2 the choice
function for the composition fy o ¢. We shall also prove that H) is a contraction
map. Let x1,29 € Vm‘s. Then

Hy(21) — Hx(x2) € q(b+ AB(x1)) — q(b + AB(x2)) C q(A(B(z1) — B(x2))),
ie. Hy(xz1) — Hx(x2) € q(A(B(x1) — B(x2))). Then
[Hx(z1) = Hx(z2)[| < rl[A(B(z1) = B(z2))|| < r[A|Lllz1 — 22,

ie. |[Ha(z1) — Hx(z2)|| < r|A|L|jz1 — x2||. Since r|A|L < 1, then the map H)
is contracting. According to the Banach contracting principle there is a unique
Ty € Vf such that Hy(x)) = x. It is clear that x) is the required element.

Definition 2. Let X C ZP and F : Y x P — W be a map. The map f : PxW — Z
is called F-admissible if forVx € Y, the map f*, where f*(t) = f(t, F(x,t)) (t € P),
belongs to X.

From Theorems 1 and 2 for X € Z¥ and B(y) = f¥ (y € Y) as a corollary we
obtain the following two theorems.

Theorem 3. Let X C Z¥, q : X — 2Y be a weakly r-reqular map, b € X,
f:PxXW — Z be a F-admissible map, L € R and the following conditions be
satisfied:

1) Y is a complete space;
2) Vy,z €Y |[fY = fF < L-ly— 2]

Then for VA, || < 1/(rL), inY there is an element x) such that z) € q(b+Af™>);
in addition ||zx|| < 7 - [|[b 4+ Af*>|. The element xy is determined uniquely if q is
a r-reqular map. In the last case x) may be found as the limit of the sequence
Y1, Y2, s Yn, -+, where y1 is an arbitrary element from Y and for any n > 1,

Yn = q(b+ Af¥n—1)).
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Theorem 4. Let X C Z¥, ¢ : X — 2Y be a weakly r-regular map, b € X,
f:PxW — Z be an F-admissible map, L € R, § > 0 and the following conditions
are satisfied:

1) Y is a complete space;
2) V2 is a closed §-neighbourhood of x € q(b);
3) Vy.z € VP IfY = Al < L-ly — =]

Then for VA, |N| < 6/(r(Lé + 11)), where Iy = || f*||, in VO there is an element
x) for which x) € q(b+ \f*); in addition ||z)]| < r - ||b+ Nf**||. The element xy
is determined uniquely if q is an r-reqular map. In the last case xx may be found
as the limit of the sequence y1,y2, -+ ,Yn, -, where y1 is an arbitrary element from
V3 and for any n > 1, y, = q(b+ Af¥-1)).

Theorem 5. Let Z, W be normed spaces, X C Z¥, q : X — 2Y be a weakly
r-reqular map, f : P x W — Z be an F-admissible map, b € X, x € q(b), Vlfz(m P)
be a closed §-neighbourhood of F(x,P); AS ={y |y €Y and F(y, P) C Vg(x P)}. If
the following conditions are valid:

1) AS is a complete subset of the space Y ;

2) Vg € X |lgll < supep lg@®)]l;

3) f satisfies the Lipschitz condition in the second argument with the constant Lq
on the set VI‘;(LP) and F satisfies the Lipschitz condition in the first argument
with the constant Lo;

4) SUP(t,s)ePx P Hf(t,F(a:,s))H <l €R,

then for YA, |A| < Ao = 6/(rLa(L16 +11)), in the set A there is an element x
for which x) € q(b+ Af*™); in addition ||xx|| < r - ||b 4+ Af*>||. The element xy is
determined uniquely if q is an r-regular map. In the last case x) may be found as
the limit of the sequence yi,Y2, " ,Yn, -, where Y1 is an arbitrary element from
A% and for any n > 1, y, = q(b+ Af¥n-1)).

Proof. Let z € A3, |\| < Ao and y € ¢(b+ Af?). Then y — x € q(\f?). Therefore
lly — z|| < 7|A||f?]|. Since z € A2, for arbitrary ¢t € P there exists p; € P such that
|F'(z,t) — F(x,pt)|| <. Then for Vs € P

|F(y,s) — F(x,s)|| < Lally — || < r[A|Lg|| f7]| < rLa|Al Sup I f(t, F(z1))| <
€
< rLa| Al full_g(Hf(t,F(Z,t)) — [t F(z,p))ll + 1 £t F(x,p))|l) <
S
< rLa|A|(Ls sup [ F'(2,t) — F(x,py)|| + 1) < rLa|A[(L10+11) <6,
te

ie. |F(y,s) — F(x,s)| <6. Hence y € A2. We have proved that g(b+ Af?) C AS
for Vz € A2. Therefore the composition fy o g, where fy : A> — X is defined by
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the rule: fi(z) = b+ Af?, is a map A5 — 242, Let’s designate by Hy : AS — A}
choice function of this map. We shall also prove that H) is a map of contraction.
Let x1,29 € A‘;. Then

Hy(z1) — Hx(x2) € q(b+ Af™) = q(b+ Af*?) C q(A(f** = f72)),
ie. Hy(z1) — Hx(z2) € g(A(f* — f*2)). Therefore
[Hx (1) = Hx(@2)[| < r[A(F™ = 7)) <
< (Al sup 1f(t, F(z1,t)) = f(E, F(x2,1))] <
< AL Sup [1F(z1,t) = F(xg, t]| < r|A|LiLyfz1 — 22,
ie. |[Hx(z1) — Ha(z2)|| < rLiLo|A|||x1 — x2]]. Since rLjLa|A| < 1 then the map

H, is contracting. By virtue of the completeness of the set A% there exists unique
Ty € A‘; for which Hy(z)) = x. It is clear that x) is the required element.

3 Quasilinear equations

Lemma 1. Let the space E be quasicomplete; P be a connected convex set if the
space E is finite-dimensional and P = E if the space E is infinite-dimensional; K be
a compact set from T; X € R; I be a directional set and for Vi € I, p; is a solution
of the total differential equation

y'h = ai(X)hy + (bi(z) + Agi(x,y))h (h € E), 3)

and @;(P) C K and lim;(a;,b;, g;) = (a,b,g) in C(P,L(E, L(T,T))) x C(P,L(E,T))
xC(P xT,L(E,T)). Then:

1) the set {y;|i € I} is compact;

2) the limit ¢ of an arbitrary subnet of the net {¢;} is a solution of the total
differential equation

y'h=a(X)hy + (b(z) + Ag(z,y)h (h € E) (4)

and o(P) C K.

Proof. We shall define for Vi € I the maps f; : PxT — L(E,T) and f: PxT —
L(E,T) by the rules: for ¥(z,y) € P x T, Vh € E, fi(x,y)h = a;(x)hy + (b;j(x) +
Agi(z,y))h and f(x,y)h = a(z)hy + (b(x) + A\g(z,y))h. It is clear that for Vi € I,
the equation (3) is equivalent to the equation

y' = fi(z,y) (5)

and the equation (4) is equivalent to the equation

y = flz,y). (6)
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Let’s prove that lim; f; = f in C(P x T, L(E,T)). Let € be an arbitrary positive
number, @) X M be an arbitrary compact set from P x T, m* = sup,,e |||
e1 = e/(m* 4+ |A| + 1). Since lim;(a;,b;,9;) = (a,b,g) then there exists ig € I such
that for arbitrary ¢ > ig, (t,n) € @ x M and h € E, ||h|| < 1, the following relations
are fulfilled

[(ai(t) — a(t))nll <ex, [[(b:i(t) — b(t))h]| < e1 and [|(gi(t,m) — g(t, m))h]| < e1.
From these relations for i > ig, (t,m) € Q@ x M and h € E, ||h]| < 1, we shall receive

[(fi(t,m) — f(t.m))h|| =

= lla;(t)hm + (bi(t) + Agi(t, m))h — a(t)hm — (b(t) + Ag(t,m))h| <

< |(ai(t) = a(t))hm|| + [|(bi(t) — b(¢)A]| + |Al][(gi(t, m) — g(t,m))h|| <
<em* +e1 +|Aer =,

ie. |[(fi(t,m)— f(t,m))h|| < e. The proof also means that lim; f; = f. At this
point, since the equations (3) is equivalent to the equation (5) and the equation (4)
is equivalent to the equation (6), then our lemma follows from Lemma 2 [5].

Further by S we designate a subsemigroup of the group F, 0 € S C P and
S+ P C P. To each map f from the spaces of maps under consideration and to every
s € S with the help of the shift o in the argument from P we put in correspondence
some map fs which is defined as follows. If f : P — Y then fs(p) = f(s+p) (p € P).
If f: PxT —Y then fs(p,t) = f(s+p,t) (p € P, t€T). By fS we designate the
set {fs|se€ S}

Definition 3. The solution ¢ of the equation (1) is called to compact if the set o(P)
18 compact.

If X is the set of maps on which the operation of a semigroup S is defined with
the help of the shift o, then the map f € X is called Lagrange S-stable if the set S
18 compact.

The following proposition contains some sufficient conditions of Lagrange
S-stable solutions of the equation (1).

Proposition 1. Let the map f be defined by the rule: f(x,y)h = a(x)hy + (b(z) +
Ag(z,y))h ((x,y) € PxT,h € E). A compact solution ¢ of the equation (1) is
Lagrange S-stable if one of the conditions is valid:

1) the map ¢ is uniformly continuous.

2) the set f(P,(P)) is bounded.

3) f is Lagrange S-stable, the space E is quasicomplete, P is a connected convex
set if the space E is finite-dimensional and P = E if the space E is infinite-
dimensional.
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Lemma 2. Let K C T be a compact set, g: P x T — L(E,T). If for Vk € K the
set g(P, k) is compact and the map g satisfies the Lipschitz condition in the second

argument on K, then the set g(P,K) is compact. The set G(P,K) for VG € gS is
compact, too.

Proof. Let L be the Lipschitz constant of g. For the proof of the compactness of
the set g(P, K) it is sufficient to prove that from every sequence {g(t;, k;)}, where
(tiyk;) € P x K, it is possible to single out a subsequence of Cauchy. Let € > 0 be
an arbitrary number, {(¢;,k;)} C P x K. By virtue of the compactness of K there
is a subsequence {k; } C K such that lim; k;, = k € K. Then for number /4L there

is a number [; € N such that for VI > [q,

|ki, — k|| < e/4L. (7)

By virtue of the compactness of the set g(P, k) we consider that 3lim; g(¢;,, k) = go.
Then for the number £/4 there is [y € N such that for VI > [s,

llg(ti, k) — goll < e/4. (8)

Let Iy = max(l1,l2) and [ > lgp > lp. With the account of relations (7) and (8) we
obtain

lg(ti,, ki) — g(ti,, ki)l < gty ki) — g(ta, B)|| +
+lg(ti, k) = goll + lg(ts,, k) — goll + lg(ti,, k) — g(ts,, ki) || <
< L-|ky — k| +e/d+e/4+L- |k, — k| <e,

ie. [lg(ty, ki) — g(ti,, ki,)|| < e for VI,p > ly. The proof means that {g(t;,k;)} is a
Cauchy sequence. So, the set g(P, K) is compact. If G € gS, then G = lim g;, for
some net {t;} C S. Therefore for V(t,k) € P x K, G(t, k) = lim ¢, (t, k) € g(P, K),

hence, the set G(P, K) is compact.

Lemma 3. Let W C T and g|w be the contraction of the map g : P xT — L(E,T)
on the set P x W. If:

1) for Yy € W, the map g is uniformly continuous on P x {y} and the set g(P,y)
18 compact;

2) g satisfies the Lipschitz condition in the second argument on W,
then the map g|lw is Lagrange S-stable.

Proof. By virtue of Ascoli theorem it is sufficient to prove equicontinuity of the
family of maps {g:|w | t € S} on each compact set from P x W. Beforehand we shall
prove that for an arbitrary compact set K C W the map g is uniformly continuous
on the set P x K. Let K C W be a compact set and the map g be non-uniformly
continuous on the set P x K. Then there is an ¢y > 0 such that for an arbitrary
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natural i there are elements (t1,k%) and (5, k%) in P x K for which the following
relations are fulfilled

(85, k1) — (t, kb)|| < 1/ (9)
and
lg(t, k1) — g(t5, k3)|| > eo- (10)

Let L be a Lipschitz constant of g. From the relation (9) the relation ||k¢ — k|| < 1/i
follows. Therefore by virtue of the compactness of K we may consider that lim; k¢ =
lim; k% = k € K. In that case for number g9/(3L) there will be a natural number i,
such that for arbitrary ¢ > ¢; the following relations are fulfilled

Ik = kIl < eo/(3L), |Iky — kll < eo/(3L). (11)
From the relation (9) also follows the relation
It — 3]l < 1/i. (12)

Since the map g is uniformly continuous on P X {k}, then for /3 there is a number
0 > 0 such that for V(t1, k), (t2, k) € P x {k} from the relation ||(¢t1, k) — (t2, k)| <
the following relation follows

lg(t1, k) — g(ta, k)| <eo/3. (13)

Let a natural number is be such that 1/is < 6. Then for an arbitrary i > is, by
virtue of the relations (12) and (13), the following relation is fulfilled

lg(t1, k) — g(t5, k)| < €0/3. (14)

Let ig = max(i1,i2). For i > ig, the relations (11) and (14) are simultaneously
fulfilled. Therefore for ¢ > i

llg( ’i,ﬁi) — g( ’é?ké)H < g i;k’i) —g(t4, k)| + lg( k) —g(th, k)| +
+llg(ty, k) — g(ty, k3)|| < LI|k] — k[l +e0/3 + L[k — k|| <
< L€0/(3L) + 60/3 + LEO/(?)L) = €0,

ie. |lg(ti,kY) — g(th, kb)|| < eo. The obtained relation contradicts the relation (10).
So, the map ¢ is uniformly continuous on the set P x K for an arbitrary compact
set K C W. Let D be an arbitrary compact set from P x W and the compact set
MxK C PxWissuchthat D C M x K. Andlete > 0,t € S, (m,k) € D and 0 be
a number corresponding to the number € by virtue of an uniform continuity of g on
the set P x K. We shall assume that (my, k1) € D and ||(m1, k1) —(m, k)| < J. Then
|(t +mi, k1) — (t +m, k)| < 0. Therefore ||g(m1, k1) — g:(m, k)| < e. The proof
means equicontinuity of the family of maps {g:|w | t € S} at the point (m, k) € D.
In that case the family of maps {¢:|w | t € S} is equicontinuous on D.
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Lemma 4. If the map g: P x T — L(E,T) satisfies the Lipschitz condition on the
second argument in a set W from T with the Lipschitz constant L, then any map
from glw S satisfies the Lipschitz condition in the second argument on W with the
Lipschitz constant L.

Proof. The proof is obvious.

Let’s introduce the concept of concordance of maps and we shall describe shortly
its purpose.

Let X and Y be some spaces of maps on which the operation of the semigroup
S is defined with the help of shift o, U[X] and U[Y] be uniform structures of spaces
X and Y respectively; o € X, f €Y.

Definition 4. We say that ¢ is S-concordant with f if for every index o € U[X]
there is an index v € U[Y] such that s € S and (f, fs) € v implies (p,ps) € a. We
say that ¢ is uniformly S-concordant with f if for every index oo € U[X] there is an
index v € U[Y] such that s,t € S and (fi, fs) € v imply (¢, ps) € .

The essence of the concept of S-concordance is that if ¢ is S-concordant with
f and f has certain property of the recursiveness, then ¢ has this property of the
recursiveness, too. Let’s explain this in more details.

Let [S] be some class of subsets from S, f € X (or f €Y).

The map f is called [S]-recursive if for an arbitrary index a € U[X] there is a
set A € [S] for which (f, fo) € «, for all a € A. The set fS is called [S]-recursive if
for an arbitrary index o € U[X] there is a set A € [S] for which (fs, fs+a) € , for
all s € S and a € A.

And let ¢ € X, f € Y. Then: 1) If ¢ is S-concordant with f and the map f is
[S]-recursive, then the map ¢ is [S]-recursive, too. 2) If ¢ is uniformly S-concordant
with f and the set fS is [S]-recursive, then the set ¢S is [S]-recursive, too.

The last definitions and proposition are well concordant with the facts known
for dynamic systems [1].

As concrete definitions of [S]-recursivenesses various types of Poisson stability of
maps, in particular, Poisson SQ-stability, Poisson SP-stability, SQ-recurrentness in
sense of Birkhoff, S@Q-almost periodicity in sense of Bohr (here @ is a subset from
S, P is some family of subset of S). We shall give corresponding definitions, for
p € C(P,T) (for more details see [1, 6]).

A map ¢ is Poisson SQ-stable if for arbitrary ¢ > 0, a compact set A from P
and arbitrary q € Q there is p € Q for which ||p(a) —p(a+q+p)|| < e, for alla € A.

If a map is Poisson SQ-stable for arbitrary () € P, then it is called as Poisson
SP-stable.

A map ¢ is SQ-recurrent in sense of Birkhoff if for arbitrary € > 0 and a compact
set A from P there is a compact set K C ) such that for Vq € Q 3k € K for which
llp(a) — pla+q+ k)| <e, for all a € A.
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A map ¢ is SQ-almost periodic in sense of Bohr if for arbitrary € > 0 and a
compact set A from P there is a compact set K C () such that for Vg € Q dk € K
for which [|¢(s+a) —p(s+a+q+ k)| <e, forall s € S and a € A.

Thus, if it is established that some solution ¢ of the equations is S-concordant
(uniformly S-concordant) with the right-hand side f of this equation and the map
f is Poisson SQ-stable, or Poisson SP-stable, or SQ-recurrent in sense of Birkhoff
(SQ-almost periodic in sense of Bohr), then the solution ¢ is respectively Poisson
SQ-stable, or Poisson SP-stable, or SQ-recurrent in sense of Birkhoff (SQ-almost
periodic in sense of Bohr), too.

Definition 5. Let a € C(P,L(E,L(T,T))). The total differential equation
yh=a(t)hy (h€E) (15)

is called weakly regular (regular) of type 1 with the constant r > 0 if for an arbitrary
bounded map b € C(P,L(E,T)) the equation

y'h = a(t)hy +b(t)h  (h € E) (16)

has a compact (unique compact) solution x € C(P,T). In addition, for an arbitrary
compact solution x of the equation (16) is valid the estimation

sup [|z(¢)[| < 7 - sup [[b(#)]]- (17)
teP teP

Theorem 6. Let for the equation (1) the following conditions be fulfilled:

1) the equation (15) is weakly reqularly of type 1 with the constant r;

2) the map b is bounded;

3) there is tg € T' for which the set g(P,to) is bounded;

)
)
)
4)

the map g satisfies the Lipschitz condition in the second argument with the
Lipschitz constant L.

Then for an arbitrary A, |A\| < 1/(rL), the equation (1) has a compact solution
x\ € C(P,T) and for it the estimation is valid

sup [lzx(8)|| < 7 -sup[|b(t) + Ag(t, zA(2))]]- (18)
teP teP
If in addition to the conditions 1) —4) of our theorem the following condition is

Fulfilled:

5) the map a is bounded and the set g(P,y) is compact for Yy € T,

then the solution x) is Lagrange S-stable.
If in addition to conditions 1) — 4) of our theorem the following conditions are

fulfilled:
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6) the equation (15) is reqular of type of 1 with the constant r;

7) the space E is quasicomplete, P is a connected convex set if the space E is
finite-dimensional and P = E if the space E is infinite-dimensional,

then the solution xy is S-concordant with (a,b, g).

Proof. Let the conditions 1) — 4) of our theorem be fulfilled. We shall use Theorem
3 for: X is the space of bounded maps from C(P, L(E,T)) with the norm sup, Y is
the space of compact maps from C(P,T) with the norm sup, ¢ is the map that to
every p € X puts in correspondence the set of all solutions of the equation

y'h = a(t)hy + p(t)h (h € E)

contained in Y. As F we shall take the map Y x P — T according to the rule
F(p,t) = ¢(t), and as f we shall take the map g. Since the equation (15) is weakly
regular of type 1 with the constant r, then the map ¢ is weakly r-regular. It is
directly checked that Y is a complete space.

Since for Vo € Y and Vt € P

lg(t, ()] < llg(t, 2(t)) — g(t; to) | + llg(t, to) || <

< L(sup [lz(s)|| + [[ol]) +sup [lg(s, to)|| =1 € R,
seP seP

ie. |lg(t,xz(t))]] < I, then the map ¢g* is bounded. Therefore the map g is F-
admissible.

From the condition 4) of our theorem the condition 2) of Theorem 3 follows.

According to Theorem 3 for an arbitrary A, |A\| < 1/(rL), there is an z) €
q(b+ Ag™). By the definition of the maps ¢ and g®* the map x) is compact and
satisfies the equality @\ (t)h = a(t)hx(t) + (b(t) + Ag(t,zA(t))h for an arbitrary
t € P, h € E. It also means that x) is a compact solution of the equation (1). The
estimation (18) follows from the estimation for x) from Theorem 3.

Let’s assume that the condition 5) of our theorem is also fulfilled, and we shall
prove the Lagrange S-stability of the solution xy. Let’s designate by ¢* the map
PxT — L(E,T) according to the rule: ¢*(t,y)h = a(t)hy + (b(t) + Ag(t,y))h
((t,y) € PxT,h € E). And let K C T be a compact set. By Lemma 2 the set
g(P, K) is compact. Since for V(t,y) € P x K

lg™(t,y)ll = e, lg™ (&, )bl < lla@)[llyll + le@)] + [Alllg(t, w)Il,

then the map ¢* is bounded on the set P x K. In that case the solution x) is
Lagrange S-stable by Proposition 1.

Let’s assume that the conditions 1) — 4) and 6) — 7) of our theorem are fulfilled.
Then z is a unique compact solution of the equation (1). Suppose that ) is not
S-concordant with (a,b,g). Then there is an index « of the uniform structure of
the space C'(P,T) such that for an arbitrary index ~ of the uniform structure of the
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space C(P,L(E,L(T,T))) x C(P,L(E,T)) x C(P xT,L(E,T)) there is an element
s, € S such that
((a, b?vg)’(as'y?bsqﬂgsw)) € (19)
and
(@x, (22)s,) & . (20)

From the relation (19) it follows that lim,(as.,,bs.,9s,) = (a,b,9). By virtue of
Lemma 1 from the net {(z)s,} it is possible to single out a subnet {(z)s,} con-
verging to some compact solution 1 of the equation (1). According to the proved
above 1 = x,, therefore limg(zy)s, = xx. The obtained relation contradicts (20).
The contradiction says that the solution z) is S-concordant with (a, b, g).

Theorem 7. Let E be a Banach space, P = E and for the equation (1) the following
conditions are fulfilled:

1) for Vt € E, a(t) = a is a permutable operator such that (Sp a)e does not
intersect the imaginary axis of the complex plane for some vector e € E of the
unit norm;

2) the map b is bounded, continuously differentiable and N{ahb(t)k —b'(t)kh} =0
forVh,k,t € E;

3) for an arbitrary bounded map y € C(E,T) the map ¢¥ is continuously dif-
ferentiable and N{ahg¥(t)k—(g¥)'(t)kh} = 0 forVh,k,t € E (here and further,
gY is the map according to the rule g¥(t) = g(t,y(t)) for ¥t € E);

4) the map g satisfies the Lipschitz condition in the second argument with the
Lipschitz constant L;

5) there is tg € T for which the set g(F,ty) is bounded.

Then for an arbitrary X\, |\| < 1/(rL), where r is the constant from the Example
2 of reqular maps, the equation (1) has a unique bounded solution xx € C(E,T) and
the estimation also is valid

sup [[x(8)]] < - sup [|b(2) + Ag(t, zx(2))]- (21)
tek tek

If in addition to the conditions 1) —5) of our theorem the set g(E,y) is compact
for Yy € T, then the solution x) is Lagrange E-stable.

If in addition to the conditions 1) —5) of our theorem T'= R™, then the solution
xy is E-concordant with (a,b, g).

Proof. We relate the equation (1) to the r-regular map from the Example 2 of
regular maps, and the proof of the theorem is done by the proof scheme of Theorem
6 taking into account that for T'= R™, the solution x) is compact.
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Theorem 8. Let for the equation (1) the following conditions be fulfilled:
1) the equation (15) is weakly reqular of type 1 with the constant r;
2) the map b is bounded;

3) x is a compact solution of the equation (16) and Vf(P) is a closed §-neighbour-
hood of the set x(P) (6 > 0);

4) the map g satisfies the Lipschitz condition in the second argument on Vf(P)
with the Lipschitz constant L;

5) for some tg € P, sup,cp ||9(t,z(to))|| =1 € R.

Then for an arbitrary X\, |\| < Ao = 0/(r(L(d + 9) +1)), where d is the diameter
of the set x(P), the equation (1) has a compact solution xy : P — ng(P) and for
it the estimation (18) is valid. In addition, if lim; ..o A\; = 0, then lim; oo z), = @
uniformly on P.

If in addition to the conditions 1) — 5) of our theorem the map a is bounded,
then the solution x) is Lagrange S-stable.

If in addition to the conditions 1) —5) of our theorem the following conditions

are fulfilled:
6) the equation (15) is reqular of type 1 with the constant r;

7) the space E is quasicomplete, P is a connected convex set if the space E is
finite-dimensional and P = E if the space E is infinite-dimensional.

Then the solution x) is S-concordant with (a,b, g).

Proof. Let the conditions 1) — 5) of our theorem be fulfilled. We shall use Theorem
5 for: X is the space of bounded maps from C(P, L(E,T)) with the norm sup, Y is
the space of compact maps from C(P,T) with the norm sup, ¢ is the map that to
every p € X puts in correspondence the set of all solutions of the equation

y'h=a(t)hy +p(t)h (heE)

contained in Y. As F we shall take the map Y x P — T according to the rule
F(p,t) = ¢(t) and as f the map g. Since the equation (15) is weakly regular of type
1 with the constant r, then the map ¢ is weakly r-regular. Since for Vy € Y

sup [|g(¢,y(1))|| < sup [lg(t, y(t)) — g(t, x(to))|| + sup [lg(t, z(t0)) || <
teP teP teP

< L(sup ly@)] + [[«(to)l]) + sup [|lg(t, z(to))|| € R,
teP teP

i.s. sup,ep |lg(t,y(t))|| € R, then the map g is bounded. Therefore the map g is
F-admissible.
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Let A ={y |y €Y andy(P)C V:f(P)}. It is clear that the set A° is closed,
hence, it is complete, as closed subset of a complete space Y. Since

sup |lg(t,z(s))| < sup |[lg(t, 2(s)) — g(t, z(to))]| +
(t,s)ePxP (t,s)ePxP

+sup [lg(t, z(to))[| < Lsup [|(t) — x(to)|| +1 < Ld +1,
tepP tepP

i.e. sup;ep [lg(t,z(t))|| < Ld + I, then taking as {; in the condition 4) of Theorem
5 the number Ld + [, we shall receive that our number Ay coincides with \g from
Theorem 5. According to Theorem 5 for an arbitrary A, |[A| < Ao, there exists
zy € q(b+ Ag™) N AS. By the definition of maps ¢, ¢®* and of set A2 the map
x\: P — Vf(P) is compact and satisfies the equality '\ (t)h = a(t)hxx(t) + (b(t) +
Ag(t,xx(t))h for an arbitrary ¢ € P, h € E. It also means that x) : P — Vf(P)
is a compact solution of the equation (1). The estimation (18) follows from the
estimation of x) from Theorem 5.

Let’s prove that if lim; .o A; = 0, then lim; .o ), = « is uniform on P. Let
g > 0 be an arbitrary number. Since lim; .o, A; = 0, then there is a number iy such
that for all ¢ > iy |Ni| < ¢/(r(Ld +1)). Let i > ip. Because x), — = is a compact
solution of the equation

y'h = a(t)hy + Nig(t,zx,(t)h (b€ E)

with a bounded map \;g(t,xy,(t)) (t € P), then using the conditions 1) and 5) of
our theorem, we have

sup [, () — z(t)[| < r|Xifsup [lg(t, zx, @) < r[Xil(Ld +1) <e,
tepP tepP

i.e. supyep ||z, (t) —x(t)|| < e. The proof also means that lim; . ), = « is uniform
on P.

Let’s assume that the map a is bounded and we shall prove that x, is Lagrange
S-stable. Let’s designate by ¢* the map P x T'— L(E,T) by the rule: g*(¢t,y)h =
a(t)hy + (b(t) + Ag(t,y))h ((t,y) € P x T, h € E). Since x)(P) C VI‘S(P) and for

Vy € zA(P)

sup [lg* (¢, y)|| = sup sup |lg*(t, y)n[| < sup(|la(®)[|llyll + [o()]| +
teP teP ||h||=1 teP

+AMg( vl < jg}lg(lla(t)ll\lyll + @) + M(Ld +1) =m € R,

ie. supcp|lg*(t,y)|| < m € R, then the map ¢g* is bounded on the set P x x5 (P).
In that case the solution z is Lagrange S-stable according to Proposition 1.

If the conditions 1) — 7) of our theorem are fulfilled, then the S-concordance of
x) with (a, b, g) is proved as in Theorem 6.

Theorem 9. Let E be a Banach space, P = E and for the equation (1) the following
conditions are fulfilled:
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1) for ¥Vt € E a(t) = a is an operator such that (Sp a)e does not intersect the
imaginary axis of the complex plane for some vector e € E of the unit norm;

2) the map b is bounded, continuously differentiable and N{ahb(t)k —b'(t)kh} =0
for arbitrary h,k,t € E;

3) for an arbitrary bounded map y € C(E,T), the map ¢¥ is continuously dif-
ferentiable and N{ahgV(t)k — (¢¥) (t)kh} = O for arbitrary h,k,t € E;

4) z is a bounded solution of the equation (16) and VI‘S(E) is a closed §-neighbour-
hood of the set x(E) (6 > 0);

5) the map g satisfies the Lipschitz condition in the second argument on Vf(E)
with the Lipschitz constant L;

6) for some ty € E sup,cg ||lg(t, z(to))|| =1 € R;

7) Ao =06/(r(L(d+6)+1)), where r is the constant from the Example 2 of reqular
maps and d is the diameter of the set x(E).

Then for an arbitrary X, |A| < Ao, the equation (1) has a unique bounded solution
Ty E — V;SE . This solution is Lagrange E-stable and for it the estimation (21) is
valid. Besides, if lim; oo A; = 0, then lim; .o x), = = is uniform on E.

If in addition to the conditions 1) —7) of our theorem T = R™, then the solution
xy is E-concordant with (a,b, g).

Proof. We connect with the equation (1) the r-regular map from the Example 2 of
regular maps, and the proof of the theorem is done by the proof scheme of Theorem
8 taking into account that for T'= R™ the solution x) is compact.

Alongside with the equation (1) we also consider the limiting equations
y'h = A(t)hy + (B(t) + A\G(t,y))h (h € E), (22)
where A € aS, B € bS, G € ¢8S.

Definition 6. The equation (15) is called weakly regular (regular) of type 2 with
the constant r > 0 if for an arbitrary A € aS and an arbitrary bounded map
be C(P,L(E,T)) the equation

y'h=A(t)hy +b(t)h (h€E). (23)

has a compact (unique compact ) solution x € C(P,T). In addition, for an arbitrary
compact solution x of the equation (23) the estimation (17) takes place.

Theorem 10. Let for the equation (1) the following conditions be fulfilled:
1) the equation (15) is weakly reqular of type 2 with the constant r;

2) the map b is bounded;
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3) there exists ty € T for which the set g(P,ty) is bounded;

4) the map g satisfies the Lipschitz condition in the second argument with the
Lipschitz constant L.

Then for an arbitrary A, |\ < 1/(rL), and an arbitrary triple (A, B,G) €
(a,b,9)S, the equation (22) has a compact solution xy and for it the estimation is
valid

sup [[zx(8)]] <7 -sup[|B(t) + AG(E, 2 (1)) (24)
teP tepP

If in addition to the conditions 1) —4) of our theorem the following condition is
fulfilled:

5) the map a is bounded and the set g(P,y) is compact for Vy € T,

then the solution x) is Lagrange S-stable.
If in addition to the conditions 1) — 4) of our theorem the following conditions
are fulfilled:

6) the equation (15) is reqular of type 2 with the constant r;

7) the space E is quasicomplete, P is a connected convex set if the space E is
finite-dimensional and P = E if the space E is infinite-dimensional,

then the solution x is S-concordant with (A, B,G).
If in addition to the conditions 1) —4) and 6) —7) of our theorem the following
conditions are fulfilled:

8) the map (a,b) is Lagrange S-stable;

9) forVy € T, the map g is uniformly continuous on the set P x {y} and the set
g(P,y) is compact,

then the solution xy is uniformly S-concordant with (A, B,G).

Proof. Let the conditions 1) — 4) of theorem be fulfilled and (A, B,G) € (a,b,g)S.
Since in the conditions of our theorem the map B is bounded, then the set G(P, )
is bounded and the map G satisfies, according to Lemma 4, the Lipschitz condition
in the second argument with the constant L, then the conclusion of our theorem
follows from Theorem 6. If the conditions 1) — 5) of the theorem are valid, then the
conclusion of our theorem follows from Theorem 6, so in our case A is a bounded
map and the set G(P,y) is compact for an arbitrary y € T'.

If the conditions 1) — 4) and 6) — 7) of our theorem are fulfilled, then the con-
clusion of our theorem follows from Theorem 6.

Let the conditions 1) — 4) and 6) — 9) of our theorem be fulfilled. According
to Lemma 3 the map g is Lagrange S-stable. Therefore the maps (a,b,g) and
(A,B,G) € (a,b,g)S are Lagrange S-stable, too. If the equation (15) is regular
of type 2 with the constant r, then each equation (22) for an arbitrary A, [A\| <
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1/(rL), has a unique compact solution x). Suppose that z) is not uniformly S-
concordant with (A, B,G). Then there exists an index « of the uniform structure
of the space C'(P,T) such that for an arbitrary index /3 the uniform structure of the
space C(P,L(E,L(T,T))) x C(P,L(E,T)) x C(P x T, L(E,T)) there are elements
sg,t3 € S such that

((AtﬁthﬁyGtﬁ)7(ASﬁaBSﬁvGSﬁ)) € ﬁ (25)
and
((@N)tg, (T2)sy) € . (26)
By virtue of the compactness of the set (A4, B,G)S we may consider that

hﬁHl(Atﬁ, Btﬁ, Gtﬁ) = (Ah Bh Gl)

and
liﬁHl(Asﬁ, Bsﬁ, Gsﬁ) = (AQ, Bg, Gg)

In this case from the relation (25) we obtain that (Ay, B1,G1) = (Aa, B, Gs) =
(Ao, Bo, Go). By virtue of Lemma 1 we suppose that limg(zy)i, = 1 and
limg(zy)s; = t2, in addition, 11 and v are solutions of the equation

y'h = Ao(t)hy + (Bo(t) + AGo(t,y))h (h € E).

Since this equation has a unique compact solution then 171 = 1o, that contradicts
(26). The contradiction indicates that the solution x) is uniformly S-concordant
with (4, B, G).

Theorem 11. Let for the equation (1) the following conditions be fulfilled:

1) the equation (15) is weakly regular of type 2 with the constant r;
2) the map b is bounded;
3) x is a compact solution of the equation (16) and VI‘S(P) 1s a closed §-neighbour-
hood of x(P) (6 > 0);
o

4) the map g satisfies the Lipschitz condition in the second argument from Vx( P)
with the Lipschitz constant L;

5) for some ty € P, sup,cp |lg(t, z(to))|| =1 € R.

Then for an arbitrary A, |\ < Ao = §/r(L(d+ 0) + 1), where d is the diameter
of the set x(P), and for ¥(A, B,G) € (a, b,g|V5(P))S, where g|V5(P) is the contraction
of the map g on the set P x Vm‘s(P), the equation (22) has a compact solution x) :
P — V:f(P) and for it the estimation (24) is valid. Besides if lim; oo A; = 0, then
lim; o0 ), = 2 1s uniform on P for some compact solution z of the equation

y'h=A(t)hy + B(t)h (h € E)
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(z exists by virtue of the condition 1) of our theorem).

If in addition to the conditions 1) — 5) of our theorem the map a is bounded,
then the solution x) is Lagrange S-stable.

If in addition to the conditions 1) —5) of our theorem the following conditions

are fulfilled:
6) the equation (15) is regular of type 2 with the constant r;

7) the space E is quasicomplete, P is a connected convex set if the space E is
finite-dimensional and P = E if the space E is infinite-dimensional,

then the solution x) is S-concordant with (A, B, Q).
If in addition to the conditions 1) —7) of our theorem the map (a,b) is Lagrange
S-stable, for an arbitrary y € V:f( P) the map g is uniformly continuous on the set

Px{y} and the set g(P,y) is compact, then the solution xy is uniformly S-concordant
with (A, B,G).

Proof. The proof is similar to the proof of Theorem 10 using Theorem 8 instead of
Theorem 6.
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