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Abstract. The properties of surfaces defined by spatial systems of differential equa-
tions are studied. The Monge equations connected with the first order nonlinear p.d.e.
are investigated. The properties of Riemannian metrics defined by the systems of dif-
ferential equations having applications in theory of nonlinear dynamical systems with
regular and chaotic behaviour are considered.
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1 Introduction

An investigation of the properties of spatial systems of differential equations
having three degrees of freedom represented by the dynamical variables x, y and z

dx dy dz

7 = Ply,2), = =Qy,2), —=R(y72) (1)
is an important task of modern mathematics.

The Lorenz

dx dy dz

—_— = — _— = — — _— = — 2

C—oly—a), P=re-y-us C=ay-be, 2)
and the Rossler

dx dy dz

are the most famous examples of the systems of equations having regular and chaotic
behavior of trajectories at some values of parameters.

To study the properties of the systems (1) we propose geometrical approach
founded on consideration of the surfaces of the form z = z(z,y), v = z(y,2) or
y = y(z, z) in R3-space which are connected naturally with such type of systems.

In result we get from the system (1) a set of nonlinear of the first order partial
differential equation for every pair of variables.

As example, in the case z = z(x,y) we can write the equation

0z(x,y) 0z(z,y)

TP(:E,y,z(x,y)) + TQ(ZE,ZJ,Z(QZ}ZJ)) - R(ZE,y,Z(ﬂZ‘,y)) =0. (4)
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162 VALERY DRYUMA

Its solutions the surfaces in the R3-space are locally presented.

A studies of surfaces defined by spatial systems of equations like (1) can be useful

for understanding of their properties.

2 The examples of surfaces corresponding to the Lorenz system

For the system (2) we consider the variable z as a function of variables z and y

ie. z = z(z,y).
As result we get the partial first order differential equation

oy — :E)% + (re —y— :Ez(x,y))% —xy+bz(z,y) =0

determines the surface z = z(z,y, 0,b,7) depending on parameters.
To the integration of this equation we present it in the equivalent form

o (gmx(oa)) + (= Dz = o+ 1)y - st (52(en) -
—yz — 2%+ bz(z,y) =0
which is connected with the previous form by the change of variable
y=Y +uz.

In fact after such a substitution the Lorenz system looks as

dx dy dz 9
7 =Y E—Tx—Y—a:—aY—a:z, E—x +2Y — bz

(7)

and the corresponding equation for the function z = z(x,Y’) takes the form (6),

where we conserve old name of variable Y = y.

2.1 Simplest solutions

1. The substitution
z(z,y) = A(x)

into the equation (6) leads to the conditions

d (c+1)

y@) (o) + Ty - oy s <o

2. The substitution of more general form

2(z,y) = A(2)(1 4+ B(z)y + C(z)y?)
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gives rise to the expression

z(x,y) = A(x) <1 + <2% - 2x_1> y(A(z)) ™t = 0'73/2> , r=20—1,

22 A(x)
b =60 — 2,
where ) )
4 — 4o° —
A() = —1/4 x> +4o 80.
o
In an explicit form we have
2 2 2
oy (c—1)y T (o0 —1)
=— 2 1/4 — — ———. 8
2(z,y) ot +1/ > 5 (8)

Returning to the system (6) we get from the system (7) the Abel equation

iy(x) Yy 2t 4+ (-120% —4+120) 2% + (4o +80?) y(z)z — 402 (y(z))*

dx z(—y(z) + )0

=0

(9)
for the function y = y(z).

3. The next example is the solution of equation (6) in the form

a4+ 4a% —4ra? —4y2
x2+4—4r ’

z(z,y) =1/4
where
c=1, b=4, r 1is arbitrary.

Remark 1. To integrate the partial nonlinear first order differential equation

F(!E,y,Z(ﬂZ‘,y),Zm,Zy) :0 (10)

a following method can be applied.
We use the change of variables

2(x,y) = u(z,t), y—o(x,t), zp— uy— Eut, vy — a (11)
UVt (%7
In result instead of the equation (10) one gets the relation between the new
variables u(z,t) and v(z,t) and their partial derivatives

D (u, v, Uy, ut, Vg, vp) = 0. (12)

In some cases to solve the last equation is more simple problem than to solve the
equation (10).

To illustrate this method let us consider an example.

The equation

9 ) - (a%z(x,y))Q 0 (1)
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is transformed into the following form

D oy - Bue) Zo ) (Gu)’
axu(:n,t) : z
ot

EU(:Ev )

Using the substitution
0
u(z,t) = taw(x,t) —w(z,t), v(x,t)=—w(z,t)
we find the equation for w(x,t)

0

Sow (@) + t2 = 0.
Its integration leads to

w(z,t) = —t2z + Fi(t)

where Fj(t) is an arbitrary function.
Now with the help of w(z,t) we find the functions u(z,t) and v(z,t)

d d
u(z,t) = —t2x + t—Fi (t) — Fi(t), wv(x,t) =2tz + aFl(t)

or

d
u(z,t) =ty + 2z — Fi(t), y=—2tx+ ).

After the choice of arbitrary function Fj(t) and the elimination of the parameter
t from these relations we get the function z(x,y), satisfying the equation (13).

We apply this method for the study of the surfaces connected with the Lorenz
model (7) in the case y = y(z, 2).

The corresponding partial differential equation is

0 0
<a—xy(x, z)> oy(x,z) + <£y(x, z)> (zy(z,2) + % — bz) + (14)
+oy(z,z) —re+y(z,z) +z+22=0.

In new variables it looks as

( 9 (z,1) — (%M%ﬂ) %”(517775)) o u(z,t) + (%u(x,t)) (:Eu(x,t) + 22— bv(x,t)) N

U
o 2(x, 1) Grv(x,t)

i
+ou(x,t) —rx + u(z,t) + x + zv(x,t) = 0.
(15)
After the substitution

0 0
u(z,t) = taw(x,t) —w(z,t), v(x,t)= Ew(az,t)



ON THEORY OF SURFACES ... 165

we get the equation for the function w(z,t)
0 0 0 50 0
- <£w(:p,t)> Jtaw(x,t)%—(%w(x,t)) ow(x, tHat aw(:n,t}tww(x,t)—tbaw(x,tﬂ—

9, 0 s,
2 - i — - —_— _— =
+tx® + atatw(x, t) —ow(x,t) —re+ tatw(x, t) —w(z,t) +x+ xatw(x, t) =0.

The simplest solution of this equation has the form
w(z,t) = A(t)x,

where

Alt)=1+Vt12+1C;, b=1,0=1,r=C}
With the help of this solution we find the functions u(x,t) and v(x,t)

t
u(z,t) = — j;\/Fl —z, o(z,t)= \/\t/F—xl
+ +

Elimination the parameter ¢ from these relations we find the corresponding so-
lution of the equation (14)

y(z,z) = =/ =22 + 2%r —

with
b=1, o=1, and r is arbitrary.

For the surfaces in the form
z = z(y,2)

we get the equation

<a%w(y, z)) (—oy+rz(y,2) —y —2(y,2) — 2(y,2)2) +

+ <%w(y, Z)) (2, 2))” = bz + 2y, 2)y) — oy =0,

The simplest solution of this equation is
x(y,2) =V2rz—22—y, b=1, r=0, o 1is arbitrary.

Another type of solution is

2
x(y,z):—l/2%—l/2y, b=1, o=1, r=1.

More general solutions in the case z = z(y, z) can be obtained with the help of
transformation like (11).
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On the first step with the help of relations

—x(y,z2) = 57—, —x(y,2) = —uly,t) — ,
5,5 %) 20y t) By (y,2) a9 (y,t) 70y,

z(y,z) = u(y,t), z=o(y,t)
we get the equation

8 (Fu(y.t) Zv(y,t)
(a_yu(yvt) - 9 (y’:)

EU

) (—oy+ru(y,t) —y—uly,t) —uly,t)v(y,t)) +

(Zu(. 1) ((uly. 1)’ = boly.t) + uly.t)y)
EU(Zﬁt)

and then with the help of substitutions

uly,0) = tselyst) — oy 0), oy,t) = Sl )

we find the equation for the function w(y,t)

<a%w(y7t)> oy— (a%w(y,t)> Tt%w(y,t)Jr (%M%ﬂ) rw(y,t)+ (%M%ﬂ) y+

+ (ppeetnt)) tgotont) = gttt + (wlr0)) (%wy,t))Z -
~(etn0)) (gt st + <%w<y,t>)2 ~22 (Gul.0) wlo. 01+

0 0
+t (w(yv t))z - tb&‘“”(@/) t) + ytzaw(yv t) - tyw(yv t) —0Yy= 0.

The separation of variables in this equation leads to the solution

2+4C +2V1+2C +212C))
Cq ’

w(y,t)=1/4y(
where
r=01+20)"", b=1, o=1

Using this solution we get the functions u(y,t) and v(y,t) and then after the
elimination of the parameter ¢ from the relations

z=u(y,t), z=uv(y1)

obtain the family of solutions z(y, z) of equation (16)

—AyC — 2y +2+/2y2C +y2 —2C 22 — 4 22C?
2y, 2) = 1/4—7 Y \/yc Y :
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r=01+20)"", b=1 o=1

The next example.
With the help of substitution

x,t) —w(z,t), ulzrt)= éw(:n,t)

0
v(z,t) =t iy

T

into the relation
o(y—x) EZ(x )+ (re —y —zz(z,y)) 2Z(ﬂ: ) —yx +bz(z,y) =0
Yy o Y Yy Y By Y Yy Y) =

we get the equation

d 0 0
<—a %w(aj, t) +tx + 1> w(z,t) + <—a:a + ataw(a:, t)) %w(x, t)+

(bt — 2 — at? —t) 2w(:n,t) +rz =0.
ot
It has the solution ) )
14+t

by the conditions
c=1/2, b=1, r=0.

From here we get the equation of the corresponding surface

4.2
r -y
z(z,y) =1/2 pOR

3 Spatial homogeneous quadratic first order systems of equations

The system of equations

dr 9 9

d_ = Qa + ax + ay + aj1x + apxy + a2y,
; a7)
= b+ b+ oy + bua® + biawy + baoy?

where a;,a;; and b;, b;; are parameters after the extension on the projective plane
takes the form of Pfaff equation

(w@—ﬁy) dz — dr 2Q + Pdy 2 =0 (18)

where the functions P, Q are homogeneous polinomials.
In the explicit form we get the expression

(zb-0 2% + b_1 2%z + 2b_2yz + b_ {11} 2® + b_{12} 2%y + 2b_{22} y* — ya_0 2°) dz—
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— (ya-1zz — a2 y2z —ya {11} 2% — a_ {12} 2y® — a_{22} y®) dz+
+ (z2 a-2y+za {11} 2* + 2%a_0 + 2%a_1 = + za_{12} zy + za_{22} y*) dy+
+ (=2%b-0 — 2%b_1 © — 2b {12} zy — 2b_{22} y* — 2*b_2y — 2b_{11} 2?) dz = 0.
The spatial first order system of equations

d_x
ds

d dz
= Ple.y,2), 52 =Qa.y.2), =+ = R(e.y,2), (19)

connected with a given Pfaff equation has the following form

dy dz
-5 = :(:_P27 — =P, - T
ds R y =@

dx
% - Qz - Ryy ds

and in our case looks as
d
d—x(s) =4a.02>+“4al2y+ Bal—0.2)x)z+4a {22} >+
s

+(3a_{12} — 2b_{22}) zy + (2a_{11} — b_{12}) 22,

%y(s) =402+ (302 — at)y+Abit @) s+ 20422 012Dt o
4+ (=2a_{11} +3b_{12}) zy + 4b_{11} 22,
disz(s) = (=b.2 —a_1) 2>+ ((—-2b{22} —a{12})y — b {12}z — 2a_{11} z) 2.
For such a system of equations the condition
orP 0Q OR
% + 8—y + E =0

is fulfilled.
The system of equations (20) is equivalent to the first order equation connected
with the system (17) in coordinates x(s) and 7(s)

or
d§  ap + ari€ + asn + an&® + aizén + azn’

dn Do + 1€+ ban + 011 €2 + brakn + bagn?
The equation of the surfaces defined by the system (20) has the form

(5et0.0)) Plaa) + (5 2(00) ) Qv 2) — Rlo) =

Let us consider some examples.
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For the system of equations

%x(t) +4z(t)y(t) —3z(t)lx(t) —4 (y(t)* —3ma(t)y(t) +20 (z(t)*+ (x(t))*n =0,

d

Y1) = 4z(@)a(t) + 2(t)ly(t) — 4 ((t)* =3z (t)y(t)n — 202 (t)y(t) +m (y(¢)* =0,

%z(t) +1(2()* + 2(O)my(t) + z(t)z(t)n — 20 z(t)z(t) = 0,

which is connected with the projective extension of the planar system that cab be
found in the theory of limit cycles

%az(t) —lz+y+1022 —may —y? =0,

d
%y(t) —z—2® —nxy =0,

the equation of surface z = z(x,y) takes the form

0
(4z(z,y)z — 2(z, y)ly + 422+ 3ayn + 20 zy — myz) 8—yz(m, y)+

0
+ (—4yz(z,y) + 3 2(z,y)lz + 4y* + 3may — 202% — 2°n) %z(x, y)+

+2(z, y)my + z(x, y)zn — 20 2(z, y)z + 1 (2(z,y))* = 0.

A simplest solution of this equation can be obtained with the help of wu,wv-
transformation with the conditions

z,t) —w(z,t), wv(x,t)= Qw(m,t). (21)

u(z,t) =t 0 5

T

As result we get the equation

2
((—3 zlt—4w(x,t)—3xm) %w(m,t)—k(élt—él) (%w(az,t)) ) ((%w(a;,t)—l—

+ (3 2lw(z, t)+(n+20) 2?) ({%w(az, tH

+ (—tlw(z, t) + 4xt? — mw(x,t) + 4tzn) %w(:n, t)—

—anw(z,t) — dtzw(z, t) + 1 (w(z, 1) + 20 zw(z, t) +4tz? = 0.

A simplest solution of this equation can be presented in the form
w(z,t) = A(t) + kat

with parameter k.
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After the substitution of this expression we find possible values of parameters

85
/9, m 35 " 5/4, 0

and the expression for the function A(t)
A(t) = t16_C1 (=1 +1¢) 16 .

After the elimination of variable ¢ from the relations (21) we get the expression
for the function z(x,y)

5

r+9y —92(x,y) 10
AATTA56 9y — 9 (23 -
(r+9y —9z(z,y)) < 23z + 207y + 48 z(x, y)

5 4 2(x,y) i
—3234611728125 _C1 25516 (2(x, 1)) BeT 0Ty Bawy)) - 0.

In general case the equation of the surfaces looks as
Zy (4 a0z2+(4 asy + (3a1—b2) x) z+4 as y2—|—(3 a12—2bo2) zy+(2 a1 —b12) l‘2)+
+zy (40 2%+ ((3be—a1) y+4b1 ) 2+(2bsa—a12) Y*+ (-2 a1 +3bi2) zy+4b1y 2%)+

+ (by + a1) (2)® + ((2b22 + a12) y + (2a11 + br2) ) 2 = 0.

After the u, v-transformation (21) with the function w(z,t) = A(t)x we find from
here the equation on the function A(t)

2
(aot?A(t) + agtA(t) — bot® — boot + axn A(t) — t3b) (%A (t)) +

- (—(2a0t +ag) (A(t)? + (a1 — 120y + a1t — biot + by tA+ 2t2b0)A(t)>

—a1 (A(1)? +a A(t)+ag (A#)® +thy A(t) — thyy — thy (A (1))%.

A genus of this equation depends on the values of the parameters and can be
g=1lorg=0.

In the first case to integration of the equation on A(t) may be used parametriza-
tion by elliptic functions an by rational functions in the second case.

Another way of investigation of the properties of this equation follows from its
geometrical interpretation as equation of asymptotical lines on the some surface.
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4 Monge equations in the theory of the first order nonlinear p.d.e.’s
The Monge equations
O(x,y, z,dr,dy,dz) =0 (22)

are equations homogeneous with respect to the differentials dx, dy, dz.
They are naturally connected with equations of the form

F(%Z% Z7 ZZ‘?’Zy) = F(‘TJyJZ?pJ q) = 0 (23)

and can be used for the study of their properties.
To construct the equation (22) for the equation (23) it is necessary to eliminate
the variables p and ¢ from the system of equations

dr dy dz
F(x,y,2,p,q) =0, P-0 pPtqQ
where
p=F@yzpa o _ OF@y.zp.q)
dq dq
Let us consider some example.
For the equation
F(z,y,2,p,q) =p* +qy* — 1 (24)
the system
de  dy dz
P Q pP+qQ’
leads to

dey? —2dyp =0, 2dyp*+ dyqy® — dzy* =0. (25)

After the elimination of the variables p and ¢ from the equations (24-25) we find
the corresponding Monge equation

- (%us))z )+ (5o9) ()R vto) — 4 (%y(s))z =0 (20)

Its general solution has the form
2

2
o(s) = —S%B(S) + 1/232%3(3) +1/2 %B(s) + B(s),

2 -1 2
y(s) = —2 (%B(S)) , x(s) = —%B(s) + S%B(S)

where B(s) is an arbitrary function and it can be obtained with the help of complete
integral of equation (24)
(42— 1)

z(x,y) = Az + ”

+ B,

where A and B are parameters.
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5 From Monge equations to the Riemann geometry
Riemann space with the metric
ds?* = g;jdz'dax’ (27)
has geodesic satisfying the system of equations

A2zt - dxd da®

- Z. - =
ds? Ik ds ds ’
where F;'- i are the Christoffel symbols of the metrics (27).
These equations have the first integral of the form

da? dak
99 s
or .
da? dx* B
& ds ds
by the condition p = 0.
In the three-dimensional case such integral has the form of the Monge equation

dr\ 2 dx dy dy 2 dx dz
g1 (z,y, 2) <%> + 2g12(, v, Z)EE + g22(2, 9, 2) <£> + 2913(33,%2)%%+
dy dz dz\?
+2923(.Z',y, Z)%E +933($,y,2) <£> = 0.
(28)

and can be considered as quadratic first integral of null-geodesic of some three-
dimensional space endowed with the metric

d82 = gll(:Ev Y, Z)d$2 + 2912 (337 Y, z)dwdy + g22 (:Ev Y, z)dyz + 2913(337 Y, z)dxdz—l—

+2923(337 Y, Z)dydz + 933(:177 Y, Z)dZ2.

From this point of view the methods of Riemann geometry can be used for the
investigation of the properties of Monge equations and the corresponding first order
nonlinear p.d.e.

In particular, scalar invariants and the theory of surfaces of such type of spaces
can be used with this aim.

We consider two-dimensional surfaces of the translation y” = [z(u,v), y(u,v),
z(u,v)] in a three-dimensional Riemann space which corresponds to the Monge equa-
tion of the form (26) as it was described above.

The equations for determination of translation surfaces have the form

Y e WO
Audv P ou v



ON THEORY OF SURFACES ... 173

Let us consider some examples.
For the equation (24) the Monge equation is (26).
The metric of corresponding Riemann space is

ds? = —ytde? — 4 dy? + 442 dy dz. (30)

The geodesic equations of this space are of the form

<(j—;x(s)> y(s)+4 <d%y(s)> %w(é‘) =0,

(vts)) ulo) +2 (%M)Q ~ 0,

d2 3 4 d 2 d 2
(5525) 6O+ 0! (o) +4 () =o.
Taking in consideration the equation (26) we get the solutions of geodesic equa-
tions

_CY
V/3_Cls+3.C2°

x(s) =_C3 + y(s) = V/3_C1s+3_C2,

and
44 .04

z(s) =—1/4
(®) / V3.Cls+3.C2
The equations (29) for the surfaces of translation of the space with metric (30)
looks as

+_C6.

(82;;9”(“7”)) y(u,v) +2 <8%ﬂc(u,v)> %y(u,v) +2 <a%y(u,v)> %;L«(u,v) — 0,

(%z(u,@) (y(u,v))? + (y(u,v))* <%x(u,v)> %ZE(U,UH

+4 <%y(u,v)> %y(u,v) =0.

They can be integrated without problems.
The simplest solution is

r(u,v) =u—ov, y(u,v)=Vu-+o,

_ 9 / 1
2(u,v0) = F2(u) + F1(v) + oo (u+ )3 — T

In particular case _F2(u) = u, _-F1(v) = 0 with the help of relations
u=1/2x+1/2y% v=-1/22+1/2¢*

we get the surface with equation

9 _
2(z,y) = 2—8y7+1/2y3+1/2x—y 1
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6 On the surfaces connected with the Rossler system

Let us consider examples of surfaces corresponding to the Rdssler system of
equations (3)
One of them has the form

<(%x(y, z)> (z(y,2) + ay) + ((%x(y, 2)> b+ (x(y,2) —c)2) +y+2z (31

In the case a =0, b =0, ¢ =0 we find the solution

x(y,2) = \/—y2 -2z +_F1(£).

where _F'1(Z;) is an arbitrary function.
To construct the Monge equation corresponding the equation (31) we present its
in a new notations as

(ovt:0)) () +aw) + (o(w,0)) 6+ (o) = o) 4wt 0 =

After the change of variables

0 _ %w(:n,v) 0 0 (Zw(z,v)) ZA(z,v)
%y(uav) - ma %y(uav) - %W(.’L','U) - %)\(.’L’ 'l)) )

y(u,v) =w(z,v), u=Ax,v)

with conditions

Az, v) = :E%p(x,v) — plx,v)w(z,v) = %p(:ﬂ,v)

one gets the equation equivalent to (31)

<1 +az + 2 + U%p(m, v)> (%p(a:, v) 4+ (—cv +b) %p(az, v) — xzp(z,v)+
+vz — ap(z,v) = 0.
For this p.d.e. the Monge equation is defined by the condition
dz*y? + ((2y2® + 2yax + 2y) dy + (2by — 2cy?) dz) dz+
+ (227 + 2az + 2t + 1+ 2a2® + a2?) dy® + (cy — b)? da®
+ (2aazcy —2b— 2aa:b+4a;y2 + 2x2cy —22% — dxzy —4dazy + 2cy) dx dy =0

and it may be considered as the first integral of geodesic of the corresponding three-
dimensional Riemann space.

Another aproach to the study of the Rossler system gives us the investigation of
the integral manifolds of corresponding Pfaff equation

—(y+ 2)dz + (x4 ay)dy + (b+ (z — ¢)zdz = 0.
It is reduced to the form
—(y + 2)dx + (x + ay)dy + (b+ (x — ¢)zdz = dU + VAW

and so determines one-dimensional integral manifolds.
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