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The intersection and the union
of the asynchronous systems
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Abstract. The asynchronous systems f are the models of the asynchronous circuits
from digital electrical engineering. They are multi-valued functions that associate to
each input u : R — {0,1}™ a set of states € f(u), where z : R — {0,1}". The
intersection of the systems allows adding supplementary conditions in modeling and
the union of the systems allows considering the validity of one of two systems in mode-
ling, for example when testing the asynchronous circuits and the circuit is supposed to
be ’good’ or ’bad’. The purpose of the paper is that of analyzing the intersection and
the union against the initial/final states, initial/final time, initial/final state functions,
subsystems, dual systems, inverse systems, Cartesian product of systems, parallel
connection and serial connection of systems.

Mathematics subject classification: 93C62, 94C10.
Keywords and phrases: Asynchronous system, asynchronous circuit, signal, testing,
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1 Preliminary definitions

Definition 1. The set B = {0,1} endowed with the laws: the complement —’, the
union U, the intersection ™’, the modulo 2 sum '®’ etc is called the binary Boole
algebra.

Definition 2. We denote by R the set of the real numbers. The initial value x(—oco+
0) € B and the final value x(co — 0) € B of the function x : R — B are defined by

Jtg € R, Vt < to,l’(t) = l’(—OO + 0),
Ity € RVt > ty,2(t) = x(c0 — 0).
The definition and the notations are similar for the R — B™ functions, n > 1.

Definition 3. The characteristic function x4 : R — B of the set A C R is defined

by
l,if te€ A,
VteR,XA(t):{ oZ';tng.

Definition 4. The set S of the n—signals consists by definition in the functions
x: R — B" of the form

2(t) = (00 + 0) * X(—o0,t0)(t) © T(t0) * X[t,t1)(t) © T(t1) - X[t1,42)(t) © - ..
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where x(—oo + 0) € B™, tg < t1 < to < ... is some strictly increasing unbounded
sequence of real numbers and the laws ’, '‘®’ are induced by those from B.

Notation 1. For an arbitrary set H, we use the notation
P*(H)={H'|H' Cc H,H' # 0}.

Definition 5. The functions f : U — P*(S™), U € P*(S"™) are called (asyn-
chronous) systems. Any u € U is called (admissible) input of f and the functions
x € f(u) are the (possible) states of f.

Remark 1. In the paper t € R represents time. The n—signals model the tensions
in digital electrical engineering and the asynchronous systems are the models of the
asynchronous circuits. They represent multi-valued associations between a cause u
and a set f(u) of effects because of the uncertainties that occur in modeling.

Definition 5 represents the definition of the systems given under the explicit
form. In previous works (such as [1]) we used equations and inequalities for defining
systems under the implicit form.

Definition 6. We have the systems f : U — P*(S™), g : V. — P*(S™) with
U,V e P(S™). If Juec UNV, f(u) Ng(u) #0, the system fNg: W — P*(S™)
defined by

W = {ulu € UNV. f(u) N g(u) # 0}, (11)

Vu e W, (f Ng)(u) = f(u) Ng(u)

is called the intersection of f and g.

Remark 2. The intersection of the systems represents the gain of information (of
precision) in the modeling of a circuit that results by considering the validity of two
(compatible!) models at the same time.

We have the special case when V = S0 and the system g is constant (such
systems are called autonomous): Yu € S, g(u) = X where X € P*(S™). Then
fNX:W — P*(S™) is the system given by

W ={ulueU, f(u)nX # 0},

Vue W, (fNX)(u) = f(u)N X.

We interpret f N X in the next manner. When f models a circuit, f N X represents
a gain of information resulting by the statement of a request that does not depend
on u.

Example 1. We give some possibilities of choosing in the intersection f N g the
constant system g = X :

i) the initial value of the states is null;

ii) the coordinates z1, ...,z of the states are monotonous relative to the order
0 < 1 (this allows defining the so called hazard-freedom of the systems);
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iii) at each time instant, at least one coordinate of the state should be 1:
X = {z|lz e S™ vt e R,z (t) U... Uz, (t) = 1};

iv) the state can switch! with at most one coordinate at a time (a special case
when the so called technical condition of good running of the systems is satisfied):

X = {z|z e S™ vt e R,x(t — 0) # (t) = i € {1,....,n},z(t — 0) # z:(t)};

v) X represents a 'stuck at 1 fault’:
Ji e {1,...,n}, X = {z|]z € S™ vVt € R, z;(t) = 1},

this last choice of X is interesting in designing systems for testability, respectively
in designing redundant systems;

vi) X consists in all z € S(") satisfying the next ’absolute inertia’ property:
9, > 0,07 > 0 are given so that Vi € {1,...,n},Vt € R,

w(t=0)-m(t) < (] (&)

EE[t,t40r]

wt-0) - mH < () wle).

e[t t+dy]

The interpretation of these inequalities is the following: if x; switches from 0 to 1,
then it remains 1 for more than 4, time units and if z; switches from 1 to 0 then it
remains 0 for more than ¢ time units.

Example 2. We show a possibility of choosing in the intersection f N g, ¢ non-
constant. The Boolean function F : B"™ — B" is given and f is the arbitrary model
of a circuit that computes F. V = S(™) and the parameters 6, > 0,4 ¢ > 0 exist so
that

Yu € S(m),g(u) = {z|z € S i e {1,..,n},Vt € R,

zi(t—=0)-z(t) <[] Fiu(©)),

E€[t—0r 1)

w(t-0) - mO < () Fw@)

ge [t_éf 7t)

meaning that g(u) contains all x with the property that, on all the coordinates 4
and at all the time instants ¢:

— z; switches from 0 to 1 only if F;(u(-)) was 1 for at least J, time units;

— x; switches from 1 to 0 only if F;(u(-)) was 0 for at least ¢ time units.

!The left limit z(t — 0) of x(t) that occurs in some examples is defined like this:
Vte R,3e > 0,V¢ € (t—e,t),z(€) = z(t — 0);

x switches if z(¢t — 0) # z(t), i.e. if it has a (left) discontinuity.
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Definition 7. The union of the systems f : U — P*(S™) and g : V —
P*(S™), U,V € P*(S™) is the system fUg:UUV — P*(S™) that is defined by

fw),if weU\V,
Vue UUV,(fUg)(u) = g(u),if ue VAU,
flwyug(u),ifueUNW.

IfUNV =0, then fUg is called the disjoint union of f and g.

Remark 3. The union of the systems is the dual concept to that of intersection
representing the loss of information (of precision) in modeling that results in general
by considering the validity of one of two models of the same circuit. The disjoint
union means no loss of information however.

Another possibility is that in Definition 7 f, g model two different circuits, see
Example 3.

We have the special case when in the union f U g the system g is constant under
the form V = S ¢ . §m _, P*(S(”)), Vu e S, g(u) = X, with X C S,
Then fU X : S(™ — P*(S™) is defined by:

X,ifueSM\U,

Yu e S (fUX)(u) = { flu)UX,if uel.

The interpretation of fU X is the next one: when f is the model of an asynchronous
circuit, X represents perturbations that are independent on u.

Example 3. In the union f U g we presume that UNV # () and f, g model two
different circuits, the first considered ’good, without errors’ and the second ’bad,
with a certain error’. The testing problem consists in finding an input v € UNV so
that f(u) N g(u) = 0; after its application to f U g and the measurement of a state
z € (fUg)(u), we can say if x € f(u) and the tested circuit is 'good’ or perhaps
x € g(u) and the tested circuit is 'bad’.

2 Initial states and final states

Remark 4. In the next properties of the system f:

Yu € UVx € f(u),Ip € B", Ity € R, Vt < tg, z(t) = p, (2.1)
Vu e U,3p € B",Vx € f(u),3ty € R,Vt < tg,2(t) = p, (2.2)
dp € B",Yu € U, Vx € f(u), Ity € RVt < to,z(t) = u, (2.3)
Vu € U Vo € f(u),Ip € B", Ity € RVt > ty,2(t) = p, (2.4)
Vu e U,Ip € B", Vo € f(u), Ity € RVt >ty 2(t) = p, (2.5)
JueB",Vu e UVx € f(u),Ity € RVt > ty,x(t) = p (2.6)
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we have replaced t > t; from Definition 2 with ¢t > ¢y and on the other hand (2.1) is
always true due to the way that the n—signals were defined. We remark the truth
of the implications

Definition 8. Because f satisfies (2.1), we use to say that it has initial states. The
vectors u are called (the) initial states (of f), or (the) initial values of the states

(of f)-

Definition 9. We presume that f satisfies (2.2). We say in this situation that it
has race-free initial states and the initial states p are called race-free themselves.

Definition 10. When f satisfies (2.3), we use to say that it has a (constant) initial
state p. We say in this case that f is initialized and that p is its (constant) initial
state.

Definition 11. If f satisfies (2.4), it is called absolutely stable and we also say that
it has final states. The vectors p have in this case the name of final states (of f),
or of final values of the states (of f).

Definition 12. If f fulfills the property (2.5), it is called absolutely race-free stable
and we also say that it has race-free final states. The final states pu are called in this
case race-free.

Definition 13. We presume that the system f satisfies (2.6). Then it is called
absolutely constantly stable or equivalently we say that it has a (constant) final state.
The vector p is called in this situation (constant) final state.

Theorem 1. Let f : U — P*(S™) and g : V. — P*(S™) be some systems,
U,V € P*(S™). If 3Ju c UNV, f(u) Ng(u) # 0 and f has race-free initial states
(constant initial state), then f N g has race-free initial states (constant initial state).

Proof. If one of the previous properties is true for the states in f(u), then it is true
for the states in the subset f(u) Ng(u) C f(u) also, u € U. O

Theorem 2. If f has final states (race-free final states, constant final state) and
f N g exists, then f N g has final states (race-free final states, constant final state).

Theorem 3. a) If f, g have race-free initial states and Vu € UNV, f(u)Ng(u) # 0
then f U g has race-free initial states.

b) If f,g have constant initial states and |J f(u)N U g(u) # 0 then fUg has
uelU ueV
constant initial states.

Proof. a) The hypothesis states the truth of the next properties

Yu e U,3p € B",Vz € f(u), 3ty € R,Vt < tg, z(t) = p,
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Vu € V,3u € B",Vx € g(u), Ity € R,Vt < tg,x(t) = p,
Vu e UNV, f(u)Ng(u) # 0. (2.7)

IE(U\V)U(V\U) # 0, then Vu € (U\V)U(V\U) the statement is true because it
states separately for f and g that they have race-free initial states. And if UNV # (),
then Vu € UNV,Vx € f(u) U g(u), the initial value yp = x(—oo + 0) depends on «
only, not also on the fact that x € f(u) or = € g(u) due to (2.7). We have that

Vu e UUV,3p e B",Vz e (fUg)(u),Ity € R,V < to,z(t) = p

is true.
b) Because |J f(u)N U g(u) # 0, in the statements
uelU ueV
dp € B",Yu € U Vx € f(u), Ity € RVt < to,z(t) = u,
' € B",Yu € V,Vx € g(u), Ity € R,Vt < to,z(t) = i/
the two constants p and p’, whose existence is unique, coincide. O

Theorem 4. a) If f,g have final states, then fU g has final states.

b) If f,g have race-free final states and Vu € UNV, f(u) N g(u) # 0 then fUg
has race-free final states.

¢) If f,g have constant final states and |J f(u) N U g(u) # 0 then f U g has
uel ueV
constant final states.

3 Initial time and final time

Notation 2. The set of the n—signals with final values is denoted by Sé"). It consists
in the functions = : R — B" of the form

2(t) = (00 + 0) * X(—o0,t0)(t) © T(t0) * X[t,t1) (1) @ T(t1) - X[t1,42)(t) © - ..

@ x(ty) - X[tk,tkﬂ)(t) @ (00 —0) - X[tkﬂ,oo)(t)

where z(—o00 + 0),z(c0 — 0) € B" and ¢y < t1 < ... < t, < tp41 is a finite family of
real numbers, k > 0.

Remark 5. We state the next properties on the asynchronous system f : U —
P*(SM), U € P*(S(M):

Vu € U,Vx € f(u),3p € B", 3ty € R,Vt < tg,2(t) = p, (3.1)
Vu € U, 3ty € R,Vx € f(u),Iu € B",Vt < tg,z(t) = p, (3.2)
dtg € R,Vu € U,Vz € f(u),3p € B",Vt < tg,z(t) = p, (3.3)

Yu € UVr € f(u)n S, 3u € B, 3ty € RVt > ty,2(t) = p, (3.4)
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Yu € U,3t; € R,Vz € f(u) NS™, Fu € BVt > ty,x(t) = p, (3.5)
Ity € R,Yu € UVz € f(u) N S™, 3u € BVt > tg,a(t) = p. (3.6)

The properties (3.1) and (3.4) are fulfilled by all the systems and the next implica-
tions hold:
(3.3) = (3.2) = (3.1),

(3.6) = (3.5) = (3.4).

Definition 14. The fact that f satisfies (3.1) is expressed sometimes by saying that
it has unbounded initial time and any to satisfying this property is called unbounded
initial time (instant).

Definition 15. Let f be a system that fulfills the property (3.2). We say that it has
bounded initial time and any ty making this property true is called bounded initial
time (instant).

Definition 16. When f satisfies (3.3), we use to say that it has fized initial time
and any to fulfilling (3.3) is called fixed initial time (instant).

Definition 17. The fact that f satisfies (3.4) is expressed by saying that it has
unbounded final time and any ty satisfying this property is called unbounded final
time (instant).

Definition 18. If f fulfills the property (3.5), we say that it has bounded final time.
Any number ty satisfying (3.5) is called bounded final time (instant).

Definition 19. We presume that the system f satisfies the property (3.6). Then
we say that it has fized final time and any number ty satisfying (3.6) is called fized
final time (instant).

Theorem 5. If f has bounded initial time (fixed initial time) and fNg exists, then
f N g has bounded initial time (fized initial time).

Proof. Like previously, if one of the above properties is true for the states in f(u),
then it is true for the states in f(u) Ng(u) C f(u),u € U. O

Theorem 6. If f has bounded final time (fized final time) and f N g exists, then
f N g has bounded final time (fized final time).

Theorem 7. If f,g have bounded initial time (fized initial time), then f U g has
bounded initial time (fixed initial time).

Proof. We presume that f, g have bounded initial time. If (U \ V)U (V \U) # 0,
then Vu € (U\V)U(V\U), (fUg)(u) has the desired property, that refers to exactly
one of f,g. We presume that U NV # () and let w € U NV be arbitrary. t{),tg eR
exist, depending on u, so that

Vz € f(u),3p € B",Vt < t(,z(t) = u,
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Vo € g(u), Ip € B",Vt < t;,x(t) = u,
to = min{t), t,} satisfies
Vo e f(u)Ug(u),3u € B",Vt < tg,z(t) = p.
g

Theorem 8. If f, g have bounded final time (fized final time), then fUg has bounded
final time (fized final time).

4 Initial state function and set of initial states.
Final state function and set of final states

Definition 20. Let f : U — P*(S™),U € P*(S"™)) be a system. The initial state
function ¢g : U — P*(B™) and the set of the initial states ©g € P*(B™) of f are
defined by

Vu € U, ¢o(u) = {z(—oo +0)|z € f(u)},

0o = | ¢o(u).

uelU

Definition 21. If f has final states, i.e. if (2.4) is satisfied, the final state function
¢r: U — P*(B") and the set of the final states ©y € P*(B") of f are

Yu € U, ¢(u) = {x(co — 0)|z € f(u)},

Or=Josw).

uelU

Theorem 9. For the systems f,g we have (p N7y)g: W — P*(B"),
Vu € W, (¢ N7)o(u) = go(u) Nyo(w),

©nT)o = {J (6n7)0(w).

ueW

We have presumed that the domain W of f N g is non-empty and we have denoted
by ¢o,Y0, (0N 7Y)o the initial state functions of f,g, f Ng and respectively by (©NT)
the set of initial states of fNg.

Proof. We can write that Yu € W,
(@N7y)o(u) ={z(—00 +0)]z € (fNg)(u)} = {z(—00 + 0)|z € f(u) Ng(u)} =

= {z(=00 + 0)|z € f(u)} N{x(—00 + 0)x € g(u)} = ¢o(u) N70(u).
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Theorem 10. If f,g have final states, then we have (¢ N~y)s: W — P*(B"),
Vu € W, (¢ N7y)r(u) = dp(u) Nyp(u),

©nD)r={J (@ny)su).

ueW

We have presumed that W # () and the notations are obvious and similar with those
from the previous theorem.

Theorem 11. For the systems f,g we have (¢ U)o : UUV — P*(B"),

po(u), ue U\V,
Yue UUV, (¢pUv)o(u) = Yo(u), u e V\U,
¢o(u) Uno(u), ue UNYV,

©ul)e= [J (U)o

ueUuUVv

We have denoted by (¢ U)o the initial state function of f U g and respectively by
(O UT)g the set of initial states of fUg.

Proof. Three possibilities exist for an arbitrary u €e UUV : w € U\ V,u € V\U
and u € UNV. If for example u € U \ V, then:

(@ U7)o(u) = {z(—o0 4+ 0)|lz € (fUg)(u)} = {z(—00+0)z € f(u)} = do(w).
O

Theorem 12. We presume that f,g have final states. We have (¢ U~)f: UUV —
PH(B"),
Gr(u), ue U\V,
Vue UUV,(pU7)f(u) = vr(uw), ue V\U,
67(w) Uys(w), e UNY,

©ul);= |J (6uys(w

ueUUV
where the notations are obvious and similar with those from the previous theorem.

5 Subsystem

Definition 22. Let f : U — P*(S™) and g : V — P*(S™), U,V € P*(S"™) be
two systems. f is called a subsystem of g if

UcCV andVueU, f(u) C g(u).

Remark 6. The subsystem of a system represents a more precise model of the same
circuit, obtained perhaps after restricting the inputs set.

A special case in the inclusion f C g is the one when f is uni-valued (it is called
deterministic in this situation). This is considered to be non-realistic in modeling.
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Example 4. Let f be a system and we take some arbitrary u € ©g. The subsystem
fu: Uy — P*(S™) defined by
Up ={ulu e U, p e do(u)},
Vu € Uy, fu(u) ={z|z € f(u),z(—00 +0) = pu}
is called the restriction of f at u. The next property is satisfied: for ©¢ = {u*, ..., u*},

we have f = f i U...U fu (the union is not disjoint).

Theorem 13. Let f : U — P*(S™), f1 : Uy — P*(SM™), g : V — P*(SM),
g1 : Vi — P*(S"™) be some systems with U, Uy, V,Vy € P*(S™). If f C f1,9 C g1
and if f N g exists, then f1 N g1 exists and the inclusion fNg C f1 N g is true.

Proof. We denote by W the set from (1.1) and with WW; the set
W1 = {ulu € Uy NV, fi(u) N gi(u) # 0}

From the fact that U C Uy, Vu € U, f(u) C f1(u), V C Vi, Vv € V,g(v) C g1(v) and
W # () we infer W C Wy, Wy # () and furthermore we have Yu € W, (f N g)(u) =
fw)ng(u) C fi(u) Ngi(u) = (f1 N g1)(w). O
Theorem 14. We consider the systems f : U — P*(S™), fi : Uy — P*(S™),
g:V — P*(SM), g : Vi — P*(SM™) with U,U;,V,V; € P*(S"™). If f C fi,
g C g1 then fUg C fLUg.

Proof. From U Cc U,V C V; we infer that U UV C U; U V4. It is shown that Yu €

UUV,(fUg)(u) C (fiUg)(u) is true in all the three situations u € U\ V,u € V\U
and u € UNV. For example if u € U \ V, then two possibilities exist:

—u € U \ Vi, thus
(fUg)(u) = f(u) C fi(u) = (frUg)(u),
—u € U NVi, when

(fUgu) = f(u) C fi(u) C fi(w) Ugi(u) = (frUg1)(u)

is true. We observe that u € Vj \ U; is impossible, since v ¢ U; implies u ¢ U,
contradiction. O

6 Dual system

Notation 3. For u € S0 we denote by @ € S the complement of u satisfying

V€ R,T(t) = (uy(t), .oy U (1))

Definition 23. The dual system of f is the system f*:U* — P*(S™) defined in
the next way
U* = {ulue U},

Vu e U*, f*(u) = {Z|z € f(u)}.
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Remark 7. For any v € U*, w € U and Definition 23 is correct.

If f models a circuit, then f* models the circuit that is obtained from the pre-
vious one after the replacement of the OR gates with AND gates and viceversa and
respectively of the input and state tensions with their complements (the complement
of the "HIGH’ tension is by definition the 'LOW’ tension and viceversa).

Theorem 15. If f N g exists, then (f Ng)*, f*Ng* exist and
(fng)=rng

Proof. We denote by W the domain (1.1) of f N g. The domain of (f Ng)* is W*
and the domain Wy of f* N g* is:

Wy ={ulu e U NV*, f*(u) Ng*(u) # 0} =

={ulwe UnV{Zlx € f(@)} N {Z|z € g(u)} #

0}
={ulu e UnV {zlz € f(u)} N{Z|z € g(u)} # 0}

={ulueUnV,{zlx € f(u)} N{z|z € g(u)} # 0} = W".
Moreover, for any u € W* we infer

(fNg)(w) ={Zlz € (fNg)(@)} = {Z|z € f(W) Ng(a)} =
= {Zlz € f@} N{Z|z € g(u)} = f*(u) Ng"(u) = (f* Ng")(u)

Theorem 16. We have
(fug) =f"ug"

Proof. We remark that the equal domains of the two systems are (UUV)* = U*UV*.
Let w € U* U V* be an arbitrary input. If w € U* \ V*, then f*(u) = (f* U g*)(u)
and the fact that w € U \ V implies (f U g)(u) = f(u), thus

(fUg)(u) ={zlz € (fUg)(W)} = {Tlx € f@)} = [*(u) = (fUg")(w).

If uw € V*\U™, the situation is similar. We presume in this moment that v € U*NV*,

implying f*(u) U g*(u) = (f*Ug")(u), m e UNV,(fUg)(@) = f(@) U g(w) and we
have:

(fug)(vw) ={Zlzr € (fUg)(@)} = {T|z € f(@W) Ug(a)} =
= {7z € f(@} U{T|z € (W)} = f*(w) Ug"(u) = (f* Ug")(w).

In all the three cases the statement of the theorem was proved to be true. O
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7 Inverse system

Definition 24. The inverse system of f is defined by f~': X — P*(S™),

X = fw),

uclU
Ve e X, f 1 (z) = {uju € U,z € f(u)}.

Remark 8. The inputs and the states of f become states and inputs of f~!,
meaning that f~! inverts the causes and the effects in modeling: its aim is to
answer the question ”given an effect x, which are the causes u producing it?”

Theorem 17. Let f : U — P*(S™), g : V — P*(S™), U,V € P*(S™) be some
systems. If Ju € UNV, f(u) Ng(u) # 0, then the systems (f Ng)~L, f~1Ng™! exist
and they have the same domain:

Y= (flw) ng(w).

ueW

Furthermore, we have
(fngt=f"tng™

Proof. Y is obviously the domain of (f N g)~!. We can write

Y = U (flw)Ng(u)) ={z[FueUnV,z e f(u)Ng(u)} =
ueUNVv

= {z|z € Uf(v) N Ug(v),ﬂu,u eUxe flu)andu e V,x € g(u)} =

velU veV
= {z|z € U f(v)N Ug(v),ﬂu,u € fHNz)andu e gt (2)} =
velU veV
= folr e U Fn Ug), F @) g @) £ 0}
velU veV

thus Y is the domain of f~' N g~! too. We have Vz € Y,
(fng)Hz)={ulue UnV,z € (fNg)(u)} = {ulu e UNV,x € f(u) Ng(u)} =
={ulueUnVze flu}n{uueUnV,zegu)} =
= {ulue U\V,z e f(u)} Ufulue UNV,z € f(u)})N
N{ulu e V\U,z € g(u)} U{ulu e UNV,z € g(u)}) =

= {ulu € U,z € f(w)}N{ufu € V,z € g(u)} = fH(z) ng~ (x) = (f ' Ng~")(a).
O
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Theorem 18. We consider the systems f : U — P*(S™), g :V — P*(S"), U,V ¢
P*(S™). The systems (f Ug)~', f~*Ug~! have the domain equal with

v = | fw)u |Jgw

uelU ueV

and the next equality is true

(fugt=f"lug!

Proof. The domain of (f Ug)~!is

U fugw= |J fFugmu |J (Fugmu |J (fug

ueUUV ueU\V ueUNV ueV\U
- U fwu U Gwugwyu |J g =
ueU\V ucUNV ueV\U
= U fwu U rwu J swu Y 9w =g
ueU\V uelnv uelnv ueV\U uelU ueV

and it coincides with Y”, that is obviously the domain of f~'Ug~!. For any z € Y’
we have:

(fug) (@) ={ulucUUV,z e (fUg)(w)} = {ulu e U\ V,z € f(u)}U
U{ulu e V\U,z€gu)}U{ujueUnV,z € f(u)}U{uluceUNV,x € g(u)} =
={ulue U,z e f(u)} U{ulu e V,x € g(u)} =

fH@),ze U fw)\ U gu)

uelU ueV

_ g @),z e Uglw)\ U flu) = (f'ugH)

ueV uelU

fH@)ug @),z e U flu)n U gu)

uelU ueV

8 Cartesian product

Definition 25. Let u € S ' € S be two signals. We define the Cartesian
product u x u' € ST™M) of the functions u and u' by

Ve R, (ux u)(t) = (ur(t), oo (£),u) (1), oyl (1))

Definition 26. For any sets U € P*(S™) U" € P*(S"™)) we define the Cartesian
product U x U’ € P*(§m+m),

UxU ={uxdueUn eU'}
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Definition 27. The Cartesian product of the systems f and f': U’ — P*(S")), U’ e
P*(S)) s fx f' U x U — P*(S™+)),]

Vuxu' € Ux U, (f x f)uxu)= f(u)x f(u)

Remark 9. The Cartesian product of the systems models two circuits that are not
interconnected and run under different inputs.

Theorem 19. Let f : U — P*(S™), g : V. — P*(S™), U,V € P*(S™) and
U — P*(S™)), U e P*(S™)) be three systems. If Iu € UNV, f(u)Ng(u) # 0

then the systems (f Ng) x f', (f x f)YN (g x f") are defined and W x U’ is their
common domain, where we have used again the notation

W ={ulu e UNV, f(u) Ng(u) # 0}
The next equality is true
(fg)x f'=(fxf)n(gxf).

Proof. We show that W x U’, that is the domain of (fNg) x f’, is also the domain
of (f x f)N(gx f):

WxU ={uxu|ue W eU} =

—{uxujueUnV,u €U, f(u) Ng(u) # 0 and f'(u') # 0} =
={uxuuxu € UNV)xU,(fu) x f'(u)) N (g(u) x f'(u)) #0} =
—{uxduxu €U xU)YNV xU),(f x f)ux )N (gx f)uxu)#0}.
Furthermore for any u x «/ € W x U’ we have

((f Ng) x f)ux ) = (fNng)(u) x f'(u) = (f(u) N g(u) x f'(u) =

= (f(w) x f'()) N (g(w) x f'()) = (f x f)(ux )N (g x f)(uxu) =
= ((f x £ (g x f))(ux o).

a

Theorem 20. Let f : U — P*(S™), g : V. — P*(S™), U,V € P*(S"™) and
U — Po(S™), U e P*(S™)) be some systems. The common domain of
(fU X[ (fxfHU(gxf)is(UUuV)xU =(UxU)UJ(V xU") and the next
equality holds

(fug) x ff=(fxfHulgxf).
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Proof. Vu x u' € (U UV) x U" we have one of the next possibilities:
Case uxu' € (U\V)xU =(UxU)\(VxU)

(fUg) x fluxu)=(fUg)u) x f'(u) = f(u) x f'(u) = (f x f)uxv)=
= ((f x fHUlgx f)(uxu);
Case ux u' € (V\U) x U’ is similar;
Caseuxu' e ( UNV)xU =UxU)N((V xU")
((fUg) x f)luxv)=(fUg)u) x f'(u) = (f(u)Ug(u) x f'(u) =

= (f(w) x f'()) U (g(u) x f'()) = (f x f)(uxu)U(g x f)(uxu)=
= ((f x f)U (g x f))(uxu).

9 Parallel connection

Definition 28. The parallel connection of f with fi : U, — P*(S™)),U] ¢
PH(S™M)) s (f, 1) : UNUj — P*(SM+)),

Vu € UNUL (f, fi)(u) = (f x f)(ux w).

Remark 10. The parallel connection models two circuits that are not intercon-
nected and run under the same input.

Theorem 21. We consider the systems f : U — P*(S™), g : V — P*(S™),
fl U — P*(S"™)), with U, V, U, € P*(S™). We presume that 3u € UNV N U}
so that f(u) N g(u) # 0. Then the set

W' ={ulucUNV AU, f(u)Ng(u) #0}
is the domain of the systems (f Mg, f1), (f, f1) N (g, f1) and the next equality holds
(fNng, fi) = (f, f1) N (g, f)-

Proof. We observe that W’ is non-empty, it is the domain of (f N g, f{) and we
show that it is also the domain of (f, f{) N (g, f1). We denote by

W ={ulu € (UNU) NV AU, (f, 1)) N (g, fi)(u) # 0}
the domain of (f, f1) N (g, f1) for which we have
W? = {ulu e UNV UL, (f(u) x fi(w) N (g(u) x fi(u)) # 0} =
= {ulu e UNV AU, (f(u) Ng(w)) x fi(u) # 0} =
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= {ulu e UNV UYL, f(u) Ng(u) # 0}

thus W” = W’. For any u € W’ we have:
(F g ) = ((F 1 g) x ) x ) "= ((F s )0 (g x ) x u) =

= (f x f)(uxu) 0 (g x fi)(uxu) = (f, f)(w) N (g, f1) () = ((f, f1) N (g, f1))(u).

a

Remark 11. A similar result with the one from Theorem 19 states the truth of the
formula

fx(f'ng)=xf)n(f=d)
and then from Theorem 19 we get the next property
(fng x(f'ng)=xfIn(f>xgd)n(gxf)nigxg).
Like in Theorem 21 we can prove that

(f, fingy) = (f. f))N(f,91)

is true and then from Theorem 21 we obtain

(f g, fing)) = (f, 1) N (f,90) N (g, f1) N (9, 91)-
Theorem 22. Let f : U — P*(S(”) g:V — P*(SM) .U — P*(S™)) be
three systems with U, V,U| € P*(St™). IfUNU, # 0, VAU, # 0, then the common

domain of the systems (fUg, f1), (f, f1)U (g, f1) is (UUV)NU; = (UNU))U(VNU])
and we have

(fUg fi)=(f f1)U (g f)

Remark 12. We observe the truth of the formulas
fx(fud)=(fxfHu(fxgd),

(fUug)x (ffugd)=(FxfHUu(fxgd)UlgxfHulgxyg)

and respectively of the formulas

(f, fiug) = (£, f1) U (f,90),

(fUg, fiug) = (f, f1) U (f,61) U (g, f1) U (9, 61)-
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10 Serial connection

Definition 29. The serial connection of h : X — P*(S®) X e P*(S™)
with f : U — P*(S™), U € P*(S"™) is defined whenever |J f(u) C X by?
uelU
hof:U — P*(S®),
Vu e U, ( = | n=
z€ f(u)

Remark 13. The serial connection of the systems models two circuits connected in
cascade and it coincides with the usual composition of the multi-valued functions.
Theorem 23. We consider the systems f : U — P*(S™), g : V. — P*(S™),
U,V € P*(S™) and h: X — P*(S®), hy : X; — P*(SW), X, X; € P*(S™).

a) If U flu)cX, Jgu) CX and IueUNYV, f(u)Ng(u)#D then the sets
uelU ueV

W ={ulue UNV, f(u) N g(u) # 0},
Wi={uueUnV, |J na)n |J k=) #£0}
z€ f(u) r€g(u)

are non-empty and represent the domains of the systems ho (fNg), (ho f)N(hog).
We have

o(fng)c(hof)n(hog);
b) We ask that U f(u) C {zlx € X N X1, h(z) N hi(x) # 0}. U is the domain
of the systems (h N hl) fy (ho f)yn(hy o f) and the next inclusion is true:

(hvhi)o f C (ko f)N (hio f)

Proof. a) From the hypothesis f N g is defined and has the domain W. As

UUngwc |Jrwe|Jfwcx

ueW ueW uelU

we have obtained that h o (f N g) is defined and has the domain W.

From the same hypothesis ho f and hog are defined and have the domains U, V.
Because () # W C W1y, the system (ho f) N (hog) is defined and has the domain
Wi.

2We show a more general definition of the serial connection that was used in previous works: the

request |J f(u) C X is replaced by 3u € U, f(u) N X # @ and ho f : Z — P*(S?)) is defined by
uelU

Z ={ulu e U, f(u) N X # 0},
wezhonw= |J h.

z€f(u)NX
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Yu € W we get
U r@c |, U nwx)c | e
wef(u)ng(u) wef(u) wef(u)ng(u) weg(u)

from where

U r@c | wx)n | wa)

z€ f(u)Ng(u) z€f(u) z€g(u)
and we conclude that Yu € W,

(ho(fnghw = |J n@c |J nw@n |J ) =

z€ f(u)ng(u) zef(u) zeg(u)

= (ho f)(uw) N (hog)(u) = ((hof)N(hog))(u)

b) The hypothesis |J f(u) C {z]z € X N X1, h(z) Nhy(z) # 0} states that the

uclU
domain {z|r € X N Xy, h(x)Nhi(z) # 0} of AN Ay is non-empty and that (hNhy)o f
is defined. From the hypothesis we infer that U flu) C X, U f(u) € X; and

cU
ho f,hi o f are defined themselves. The domaln of (hN hl) f is U. Moreover
from Yu € U, Vz € f(u),h(z) Nhi(z) # 0 we conclude that the domain {u|u €
U U hz)n U hi(z) #0} of (ho f)n(hyo f)is equal with U too.
z€ f(u) z€f(u)
Let w € U be arbitrary and fixed. From

U nb)@ c | w@), | dnh)@) c | m

z€f(u) z€f(u) wEfOO z€f(u)
we get
U @enm)@ c | w=)n | h1
z€f(u) z€ f(u) z€f(u

and eventually we obtain

(hnh)o fw) = |J (mnhi)(z) C
z€f(u)

c | ma)n {J m@) = (hof)(u)n(hyo f)(u) = ((hof)N (ko f))(u).
zef(u) zef(u)
O

Theorem 24. We have the systems f : U — P*(S™), g : V — P*(S™), U,V ¢
P*(S™) and h : X — P*(S®)), hy : X; — P*(SW), X, X; € P*(S™).

a) We presume that |J f(u) C X, | g(u) C X; the set U UV is the common
ucelU ueV
domain of ho (fUg), (ho f)U (hog) and the next equality is true

ho(fug)=(hof)u(hog).
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b) If U f(u) c X, U f(u) C Xy then (hUhy)o f, (ho f)U (hyo f) have the
domain UUZZCZ <

(hUhi)o f=(hof)U(hiof).
Proof. a) The systems ho f and hog are defined from the hypothesis and because
(see the proof of Theorem 18)

U (fug = UrwuJgw cx
ueUUV uelU ueV

we infer that h o (f U g) is defined too. The common domain of h o (f U g) and
(hof)U(hog)isUUV.

Let u € U UV be arbitrary. We can prove the statement of the theorem in the
three cases: u € (U\V),ue (V\U),u e (UNV). For example in the last case we
have:

(ho(fug)wy= |J nx)= [J h)=

z€(fUg)(u) € f(u)Ug(u)
U na@)u J hz) = (ho f)w)U(hog)(u) = ((ho f)U (hog))(u).
w€f(u) w€g(u)
b) The hypothesis implies |J f(u) C X U Xy thus (AU hy) o f is defined and

uelU
on the other hand h o f and h; o f are defined too. The systems (h U hy) o f,

(ho f)U (hy o f) have the same domain U = U U U.
For any u € U fixed, we have

flu) = flu) N (X UXy) = fu) N ((X\ X)) U X3\ X)U(XNXy)) =
= (f(u) 0 (X\ X1)) U (f (u) 0 (X3 \ X)) U (f () 0 (X N X7))

thus
(hUh)o fw) = | (hUh)(z) =
zE€f(u)
- U (hUhy)(x) =
€ (f (WNX\X1)U(f ()N(X1\X))U(f (w)N(XNX1))
= U (hUhy)(z) U U (hUhy)(z) U U Guh)@) =
z€ f(u)N(X\X1) z€ f(u)N(X1\X) z€f(u)NXNX1
= h(zx) U U me@u [ kv U me)=
z€f(uw)N(X\X1) z€ f(u)N(X1\X) z€ f(u)NXNX1 z€ f(u)NXNX1
= U h(z) U U hi(z) =
T€(f (WN(X\X1)U(f (u)NXNX1) € (f(w)N(X\X))U(f (w)NXNX71)
_ U h(z U m@= U ra)u |J m@) =
z€f(u) xef(u)ﬂXl xz€ f(u) xz€ f(u)

= (hOf)( JU (hio f)(u) = ((ho f)U (hio f))(u).
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11 Final remarks

The intersection and the union of the systems are dual concepts and their prop-
erties, as expressed by the previous theorems, are similar.

On the other hand, let us remark the roots of our interests in the Romanian
mathematical literature represented by the works in schemata with contacts and
relays from the 50’s and the 60’s of Grigore Moisil. Modeling is different there, but
the modelled switching phenomena are exactly the same like ours.
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