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Radicals of Morita rings revisited

Stefan Veldsman

Abstract. The radical of a Morita ring has been determined explicitly in terms
of the radicals of the underlying base rings for radical classes which satisfy certain
conditions. Here we again look at the radicals of Morita rings. But, in order to
describe the radical of such a ring in terms of the underlying base rings, we rather
exploit certain structural properties of Morita rings and weaken the requirements on
the radical class.

Mathematics subject classification: 16N80.
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1 Introduction

Matrix rings play an important role in ring theory — both in structural con-
siderations as well as a source of readily available and easy accessible examples
demonstrating a wide variety of ring properties (or lack thereof). This example base
has been extended to structural matrix rings (eg. upper triangular matrix rings)
and also to the more general Morita rings.

Since the development of a general radical theory of rings in the early fifties by
Kurosh and Amitsur, each of these ring constructions has received its due attention.
This resulted in strong and satisfying results describing the radical of each of these
ring constructions in terms of the underlying base ring(s).

As the ring construction becomes more general (matrix ring —structural matrix
ring — Morita ring), the conditions imposed on the radical become more deman-
ding. The weakest condition, common to all three cases, is the Matrix Extension
Property. But even this requirement on the radical could be too restrictive. For
example, it is not known if the nilradical satisfies the Matrix Extension Property
(Kéthe Conjecture); hence none of the results mentioned above can be used to

over

) 4l
a ring A. However, structural properties of this matrix ring enable one to easily
determine its radical.

describe the nilradical of the 2 x 2 upper triangular matrix ring [

This is true in general — inherent structural properties of a Morita ring may enable
us to describe its radical without imposing too many conditions on the radical. And
that is our purpose here: To describe the radicals of certain Morita rings exploiting
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56 STEFAN VELDSMAN

inherent structral properties for fairly general radical classes. Typically this will be

for Morita rings G ] in which GH (or HG) degenerates. Our starting point

L
H R
is always that the radicals of the underlying base rings L and R are known and we

want to use this to describe the radical of . As is often the case, it will be

L G
H R
necessary to distinguish between hypernilpotent radical classes and hypoidempotent
radical classes.

2 DMorita rings and their ideals

Ring will always mean associative ring, not necessarily commutative and not
necessarily with an identity. For a ring A, A° will denote the ring with zero multi-

plication on A™, the underlying group of the ring A. A Morita ring [ Z g ] isa

2 x 2 matrix ring given by

L G| Il g
[H R}_{[h T]HEL,QGG,hGHandTER}

where L and R are rings, GG is an L — R-bimodule, H is a R — L-bimodule and two
products G x H — L and H x G — R, are given with all products associative and
distributive over addition (from both sides) whenever defined. The operations on
the Morita ring are the usual matrix addition and multiplication.

For a ring A and integer n > 1, M,,(A) will denote the ring of all n x n matrices
over A and M, (A, p) will denote the n x n structural matrix ring over A deter-
mined by p. This means p is a transitive relation on the set I,, = {1,2,3,...,n}
and M,(A,p) = {laij] € M,(A) | a;j € A,ay; = 0 for all (i,j) ¢ p}. If
ps = 1{(i,7) € p| (4,7) € p} and p, := p\ps, then My, (A, p) = My (A, ps)+M (A, pa)-

Any matrix ring is a structural matrix ring and any structural matrix ring
can be regarded as a Morita ring in many different ways. For example, if

A A A o
Ms(A,p) = | 0 A A |, then Ms(A,p) = [L G} = [L, G,]where
H R H R
0 0 A
0 A A
L = A G = [A A], H = 0}, R = [0 A} and
A A A
L’:[O A],G’:[A},H’:[O 0] and R =A.

More information on structural matrix rings and Morita rings rings can be found
in the references relating to their radicals given in Section 3.

As is usual in ring theory, for two subsets S and T of a ring A, ST will denote
finite
all finite sums of products with factors from S and T, i.e. ST ={ > sit; | s, € S,
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t; € T}. We will follow this convention also in relation to a Morita ring [ Z g } ,

inite
for example G'H' = {fz gihi | 9i € G',h; € H'} for subsets G' C G and
H' C H. It can be verified that GH is an ideal of the ring L and HG is an ideal
of the ring R. Note that if GH is a nilpotent ideal of L, then HG is a nilpo-
tent ideal of R and conversely. To simplify terminology, an L — R-sub-bimodule
of an L — R-bimodule will just be called an ideal and we will rely on the con-
text within which it is used to clear any ambiguity. Ideals will be denoted by

<. For the Morita ring [Z g}, let I € L,P C G, € H and J C R.

Q J H R
GQ + PH C I,GJ+1IG € PHI+JH C @ and HP + QG C J If

I P L G . L G I P . . .
[Q J]Q[H R},thenthequotlent[H R]/[Q J:|ISISOH101"ph1CtO

L/T G/P - o |
[ H/Q RJJ ] where all actions in the latter Morita ring are the canonical ones,

eg. L/I xG/P — G/P is given by (I4+L)(g+ P) — lg+ P. Two particular cases will

Then [I P}Q[L G] if and only if I < L,P < G,Q < H and J < R with

. . . I G L G
be important for our considerations: If I <<L and J <1 R, then [ " J ] < [ H R ]
if and only if GH C I and HG C J. In such a case,

[Z g]/“{ ?}%[OL/I %/J}%L/I@R/J.

[f{ g}/[ﬁf ;G]%L/GH@R/HG.

Secondly,

An ideal K of a Morita ring [ L is called homogeneous if it is of the form

G
iR
I P
Q J
to be homogeneous (look, for example, at ideals in matrix rings). But there are
instances when it will be the case. A Morita ring is called unital if both the rings
L and R have an identity and all modules are unital. Then the Morita ring has an
1
0 1p
homogeneous.

K = [ for I, P,(Q and J as above. Not all ideals of a Morita ring need

identity [ ] . As for matrix rings, all the ideals in a unital Morita ring are

Any Morita ring can be embedded as an ideal in a unital Morita ring. Indeed, let

L’ and R’ be the canonical unital extensions (= Dorroh extension) of the rings L and
/

L' G
H R
ones). For example, L' = (L,Z) := {(l,n) | |l € L,n € Z} with componentwise

R respectively. Then is a unital Morita ring (all actions are the canonical
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addition and multiplication given by (a,n)(b,m) = (ab+ nb + ma,nm). Then L =
(L,0) :={(1,0) | le L} <« L' and L' x G — G is defined by (I,n)g := lg +ng. It can
be verified that

L G U G U G L Gl I
[H R%[H R,] and[H R,]/[H R]_L/L@R/R_Z@Z.

For a subset X of L,G,H or R and each of Y and W one of L,G,H or R,
we define Y 71X := {w € W | Yw C X} whenever the product YW makes sense
and is contained in X. Likewise for XY ! := {w € W | wY C X}. It can be
shown that if X is an ideal, then so are both Y™'X and XY ~!. For example, if I
is an ideal of the ring L, then TH™! := {g € G | gH C I} is an ideal of G and
G 'I:={h € H|Gh C I} is an ideal of H.

3 General radical theory

For completeness, we recall the most important radical theoretic definitions and
results we will require. For a more comprehensive account of the radical theory of
associative rings, Gardner and Wiegandt [2] can be consulted.

All radicals under discussion will be radical classes in the sense of Kurosh and
Amitsur. This means a class of rings « is a radical class if and only if it is homo-
morphically closed, for every ring A there is an ideal «(A) of A, called the radical
of A, such that a(A) € a and if I is any ideal of A with I € «, then I C a(A)

and lastly, af = 0 for all rings A. We will not distinguish between a radical

=)
a(A)

class a and the mapping which assigns to each ring its radical a(A), i.e. a = {rings
A | a(A) = A}. Any radical class « is closed under extensions, i.e. I <A with I € «

and T € « implies A € «. All radical classes « have the ADS property, namely for

any I < A, it is always the case that a(l) < A. Associated with any radical class
« is its semisimple class Sa defined by Sa := {rings A | a(A) = 0}. Semisimple
classes are always hereditary (i.e. I <A € Sa implies I € Sa) and also closed under
extensions. A property we frequently use is the following: If « is a radical class and
I <9 Awith 4 € Sa, then a(4) C 1.

A radical class « is hypernilpotent if all nilpotent rings are radical, i.e. a(A4) =
A for any nilpotent ring A. A hereditary hypernilpotent radical class is called a
supernilpotent radical class. A radical « is called hypoidempotent if all the nilpotent
rings are semisimple, i.e. «(A) = 0 for any nilpotent ring A. Concerning the latter
radical classes, our interest will really be with the hereditary hypoidempotent radical
classes; these radical classes are called subidempotent radicals.

All the well-known radical classes fall into one of these groups, but there are
radical classes which are neither of these two types. Amongst the supernilpotent
radical classes one will find the Brown-McCoy radical class, the Jacobson radical
class, the nil radical class, the Levitzki radical class (= locally nilpotent radical
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class), the prime radical class, the strongly prime radical class, the completely prime
radical class, etc. The class of von Neumann regular rings is a subidempotent radical
class, as is the class of f-regular rings (= Blair radical class). The class of all
idempotent rings and the class of all A—regular rings are examples of non-hereditary
hypoidempotent radicals.

A radical class « is called an N — radical if it is hypernilpotent, left hereditary
(I a left ideal of A € o implies I € «) and left strong (I a left ideal of A with I € «
implies I C a(A)).

A radical « has the Matrixz Eztension Property if it satisfies: A € « if and
only if M,(A) € « for all n > 1. If « is a radical with this propoerty, then
a(My,(A)) = My(a(A)) for all rings A and n > 1 (Amitsur [1], Snider [7], Propes
[4]). For the radical theory of structural matrix rings, see van Wyk [8], Sands [6]
and Veldsman [9]. But we recall: For a radical «, the class a®™ = {A | A° € o}
is a radical class. In fact, ot is an A-radical (cf. Gardner and Wiegandt [2]) and
a®(A) = a(A) for all nilpotent rings A. Sands [6] has shown that if « is a rad-
ical with the Matrix Extension Property and with a C o™, then a(M,(A,p)) =
M, (a(A), ps)+ My, (a™(A), pa). In particular, if « is hypernilpotent with the Matrix
Extension Property, then a(M, (A, p)) = M,(a(A), ps) + M, (A, pg)-

The radicals of Morita rings for N-radicals and the more general normal radicals

have been determined by Sands [5] and Jaegermann [3]. From the latter we know

L G . . L G
that « <[ H R ]) is a homogenous ideal of [ o R }

. L G L G L, G, .
sequel, we will denote a<[H R}) bya<[H R]) = |:Ha R. ] This

means L., Gy, H, and R, are ideals of L, G, H and R respectively with

for any radical «. In the

LL,+GH,C Ly, LoL+GyHCL,,
LGy +GR, C Gy, LG+ GuRCG,,
HL,+ RH,<H, H,L+R,HCH,,
HG,+ RR, C R,, H,G+ R,RCR,.
From this it can be shown that
GR,HCL, and HL,G CR,,
Gy CL,H'NH'R,, H,CR,G'NnG 'L, and
L./G,H, € o, and R,/H,G, € .

L

I R ] be a Morita ring with

Proposition 1. Let « be a radical class. Let [

GH C a(L) and HG C a(R). Then

i L=l R e (Rl o )
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r[% e e e B ])=[W o |

Conwversely, let [ L be a Morita ring with

b
([ %)) =1%ol |

Then GH C o(L), HG C o(R) and if « is hereditary, then [ GH G } ca

H HG
Proof. Since GH C «(L) and HG C «(R), [ oll) G ] < [L G]

= H «oR) H R
ﬁ[ ]G% ] /[ gj) a(C]?%) ] =~ L/a(L)® R/a(R) € Sa. Hence

([ %)<l o |

supoe [ ©] ¢ wom [20) G T/[CH G

a(L)/GH & a(R)/HG € a and the fact that radical classes are closed under exten-

sions, we get [ag) afg)] € a. Thus [al(;) QSR)] = a({é gD

andhencea([fq gD :[O‘g) Oﬁ%)}

and [

Conversely, [O‘g) Oﬁ%)] _ <[f{ D < <[ D implies
GH C o(L) and HG C a(R). Then [ij HGG} - [O‘g) aé)] _
(15 6] comatonitim i [ 8]0

4 Hypernilpotent radicals

We start with the main result of this section for hypernilpotent radicals:

Proposition 2. Let a be a radical class. Then the following are equivalent:

(a) « is a hypernilpotent radical class.

(b) For all Morita rings []I:I ]C;] with GH a nilpotent ideal of L,

(L #]) =1 o ]
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L G . . .
% R} with HG a mnilpotent ideal of R,

([ %)) =1%ol )

Proof. (a) =(b). Let a be a hypernilpotent radical class and let [

(¢) For all Morita rings

L G
H R
be a Morita ring with GH a nilpotent ideal of L. Then also HG is a nilpotent

ideal of R and thus GH C «(L) and HG C «(R). For any n > 1, it can be

cg G 1™ (GH)" (GH)"G
| <l

shownthat[ o HG H(GH)  (HG)"

] . This means, if (GH)* = 0,

2(k—+1)
GH G GH G
k+1 _ —
then (HG)"*' = 0 and [ Iy HG} = 0. Hence [ I HG} € o and by
o L G | al) G
Proposmonlwegetoz([H R])-[ H a(R)]'

(b) = (a). Let A be a ring with A?2 = 0. Then [ Z

G
R
MoritaringwithGH:O.By(b)wehaveA§[8 ?}za([g ?])Ea. O

] be a Morita

alie
o Q

Corollary 1. Let « be a hypernilpotent radical class and let [

ring with GH mnilpotent. Then:

(a) [Z g] € « if and only if L and R are in «,

(b) [Z g]eSaifandonlyifL and R are in Sa and G = H = 0.

It can easily be verified that any one of the conditions mentioned in the corollary
below implies that HG is nilpotent; hence the stated result will follow.

Corollary 2. Let o be a hypernilpotent radical class and let [ Z ]C; ] be a Morita
ring such that any one of the following conditions hold: For some n>1, L"G =0
ao(l) G }

or GR"=0 or R"H=0o0or HL™ = 0. Thena([ })-[ H R

H R

The next result describes the necessary interaction between the four components
of the hypernilpotent radical of a Morita ring. We will also see that if one component
is known, others may be determined from it. For example, if L, is known, then so
are G, and H,.
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Proposition 3. Let a be a hypernilpotent radical class and let
N L G | Lo Ga
H R | Hy Ro |’
Then:

(a) Lo and R, are semiprime ideals of L and R respectively,

(b) GR,H C L, and HL.,G C R,,

(c) Go=L,H'=HR, and Hy,=R,G ' =G 'L,,

(d) LoL ' =L,=L"'L, and Ry,R™' =R, =R 'R,,

(e) if HG=R, then Ry ={r € R|GrH C L,} and if GH =L, then
L,={l€ R| HIG C R,}.

Proof. Since « is a hypernilpotent radical,
L G | La Ga
“\| # R|)™ | Hy R,

G
H R

oolln w)lo0lelm ]

[ x 0 ] c [ L, G, }

0 0 H, R, |’

Hence z € L,. Likewise R, 1is a semiprime ideal. From Section 3 we know
GR.,H C L,, HL,G C Ry, Go C LoH 'NH 'R, and H, C= R,G'n
G 'L,. We show G, = LoH™!, the other equalities can be verified similarly. Let
z € LoH™'. Then xH C L, and so zHx C Lox C L,G C . Thus

oo llm w0 ]=lm 5]

[0 :E}E[La Ga}, ie. x € Gg.

is a semiprime ideal of [ ] Let x € L with xLx C L. Then

and thus

and so

0 0 H, R,

Lastly we verify the second statement of (d): Suppose GH = L. From Section 3 we
know L, C{l € L | HIG C R,}. Let T :={l € L | HIG C R,}. Then T' < L and
T3 C LTL = GHTGH C GR,H C L,. Since L, is a semiprime ideal of L, we have
T C Ly. Hence L, = {l € L | HIG C R, }. O

It is known that H 'a(R) is an L — R-ideal of G. This means

L(H'a(R)) € H'a(R) and (H'a(R))R C H 'a(R).
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Of course, H(H 'a(R)) C a(R) and the only remaining product (H 'a(R))H
still has to be described. Similar considerations hold for a(R)G™!,a(L)H~! and
G~ 'a(L). When « is hypernilpotent, then H~'R, = L,H ™', so one would expect
(H 'a(R))H C o(L). This, and more, is contained in:

Proposition 4. Let a be a hypernilpotent radical class and let [ qu g } be a

Morita ring.

(a) The following five conditions are equivalent:
(1) Ga(R)H C (L),
(2) (H'a(R))H C (L),
(3) H'a(R) Ca(L)H™ !,
(4) G(a(R)G™1) C a(L),
(5) a(R)G™! C G la(L);

(b) The following five conditions are equivalent:
(1) Ho(L)G € o(R),
(2) H(a(L)H™) C a(R),
(3) a(L)H ' C H 'a(R),
(4) (G'a(L))G C a(R),
(5) Gta(L) C a(R)G™1.

Proof. We only verify (a); the equivalences in (b) can be shown likewise.

(1) = (2). Suppose Ga(R)H C o(L). Let g € H 'a(R). Then Hg C a(R). For
any v € L and h € H, (gh)z(gh) € GHLgH C GHgH C Ga(R)H C «o(L). Since
a(L) is a semiprime ideal of L, we get gH C a(L). Hence (H 'a(R))H C «(L).

(2) = (3) is straightforward, as is (4) = (5) = (1).

(3) = (4). Suppose H 'a(R)H™!. Let h € a(R)G™!. Then hG C a(R) and
so HGhG C Ra(R) C a(R). Hence GhGH C . Thus, for every g € G and z € L,
(gh)z(gh) € GRGH C a(L). Since a(L) is a semiprime ideal, we get Gh C (L) as
required. O

Corollary 3. Let o be a hypernilpotent radical class. Then

Gﬁ(c]j()m H;CJY%gR)]:{a(%()@* a(ﬁg_l]qﬁf g]

if and only if Ho(L)G C a(R) and Ga(R)H C a(L).

Note that in general a(L)H ! C G and a(L)H ! = G if and only if GH C L if
and only if G~'a(L) = H. Likewise H 'a(R) C G and H 'a(R) = G if and only if
HG C a(R) if and only if H = a(R)G~!. Because of its relevance here, we mention
the following results from Sands [5] and Jaegermann [3]:
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Proposition 5. ([3, 5]). The following are equivalent for a radical class v :

(a) «is an N — radical;
b) for every Morita Ting LG with HG = R, «olR) =
H R
{re R|GrH C o(L)};

L L G
(c) for every Morita ring [ I R ] ,

O‘([Z gDZ[Gi%()m H;ﬁ()m]:[a(%)g—l a(ongg)_l]'

. . . . L G A A
We conclude this section with an easy application. Let g Rl= [ I A ]

where A is a ring and [ is a nilpotent ideal of A. Then HG C I which is nilpotent
and so, if « is a hypernilpotent radical, then

([ 7)1 i =1 ]

by Proposition 2. In the same way one can show that

A A A a(d) A A
! I A A = I «afA) A
1 I

I I «a(A)
5 Hypoidempotent radicals

We start by fixing some notation. Let I <1 L where [ ﬁ[ ]C; ] is a Morita ring.

Let
10):=0cG ' NH'0yNI={ieI|iG=0 and Hi=0}.

Likewise, for J <1 R, let

J():=G 0¢gn0gH'NJ={j€J|Gj=0 and jH = 0}.

) I(0) 0 L G
It can be verified that I(0) < L, J(0) < R and [ 0 J(0) ] < [ o R ] . In

[L(oo) R?O)]Q{Zg}

Rl S |

particular,

and
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L G
H R

] is an essential ideal of [ Z ]C; ] .

Proposition 6. Let [
GH
H HG

] be a Morita ring with L(0) = 0 = R(0). Then

L G GH G .
Proof. Let 0 # K < [ H R ] and suppose [ v HG ] N K = 0. Firstly note

L 0 . L 0 z 0
thatKg[O R].Indeed,lng[O R],let 075[0 T}GK. Then
GH G z 0 GH G
F e o v exn| S ]

and likewise

o e ]

Thus z € L(0) =0 and r € R(0) = 0 — a contradiction. Hence K & [OL OR},
say[z g}eKwithatleastgyéOorh;éO.Now
z g0 G GH G _
[hr _Ho]gK[H g | =0
and T G G
0 T g H -
[HO__hr]gK[H HG}K_O'
Thus G = rH = Gr = Hx = 0 and we conclude that x = r = 0. Thus
0 g GH G | _
o#[h O}Gm[ - HG]—O,
. GH G
a contradiction. Hence[ o HG ] NK #Q0. O

Corollary 4. Let a be a subidempotent radical. Let [ ﬁ[ ]C; be a Morita Ting
with L(0) = 0 = R(0). If GH is nilpotent (or equivalently, HG nilpotent), then
L G cs
H R «
Proof. We have seen earlier that GH nilpotent implies [ v HG ] nilpotent.
GH G _ . o G .
Hence [ o HG ] is a semisimple essential ideal of [ o R } . Because Sa is
closed under essential extensions, we get [ I% g } € Sa. O
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This brings us to our main result for subidempotent radicals.

L G

o R } be a Morita

Proposition 7. Let a be a subidempotent radical and let [

ring with GH is nilpotent. Then

(L 7)) =1 o]

where a(L)(0) = {z € a(L) | xG =0 = Hz} and «(R)(0) = {z € a(R) | Gz =
0=zH}.

Proof. a(L)(0) < L implies a(L)(0) <a(L) € a and so «(L)(0) € a. Likewise
a(R)(0) € a(R) and thus «(L)(0) ® a(R)(0) € a. Since

we get

. . L/L(0
As mentioned earlier, [ I R/R(0) } has (L/L(0))(0) =0 = (R/R(0))(0)
and by Corollary 4 we have

[L G}/[L(O) 0 }g[L/L(O) ¢ ]GSa.

H R 0 R(0) H  R/R(0)
Hence
(L # )<l s
and so
Rt () B N
Now a(L)(0) = L(0) N a(L) = a(L(0)) by the hereditariness of a and like-
wise a(R)(0) = a(RO)). Thus L(0)/a(L)(0) & RO)/a(R)0) = L0)/a(L(0)) &
Ol
0 e 1Y e | = H07a0) & RO/aR0) € Sa
and so
(1% w0 )19 o |

We thus conclude with

(L5 )= 1 o | ;

The converse of this result is also true:
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Proposition 8. (a) Let a be a radical such that

“<[ g gD - [ o a<f§><o> }

L L G
for all Morita rings [ o R }
(b) Let a be a hereditary radical class. Then

([ 2 ]) =[5 o

L L G
for all Morita rings [ o R }

with GH nilpotent. Then « is hypoidempotent.

with GH nilpotent if and only if o is a subidempotent

radical.

Proof. We only need to verify the first part. Let A be a ring with A2 = 0. For

the Morita ring “;I G ] _ [8 ﬂ ~ A we have
cw=a(l i 7])=["0" wnw] - :

In [9] a procedure for describing the subidempotent radical of a structural matrix
ring was derived. We conclude by showing that the above result for Morita rings
simplifies this procedure considerably. Let o be a subidempotent radical and let

I A0 O
g rl|= 0 0 O
0 A A

where L = [64 8} ~ 4, G = [S]H: [0 A] and R = A Now
a(L):{O‘(é‘l) 8] and a(R) = a(A). Then

Futhermore,

a(R)(O)z{aEa(AH {8}&202&[0 A]}:{aea(AHaA:O}.

Since a(R)(0) < a(R) € a, we get a(R)(0) € a. Thus a(R)(0) = (a(R)(0))? and
a(R)(0) = 0 follows.
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Hence
A0 0 alA) 0 0
a 0 0 O = 0 0 0
0 A A 0 0 0
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