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In the general algebra, and in particular, in the theory of rings and groups the
following isomorphism theorem is widely applied:

Theorem 1. If A is a subring (subgroup) of a ring (group) R and I is an ideal
(a normal divisor) in R, then the quotient rings (quotient groups) A/(ANI) and
(A + I)/I are isomorphic. In particular, if A(\I = 0 then the ring (group) A is
isomorphic to the ring (group) (A +1)/I, i.e. the rings (groups) A and (A+1)/I
possess the same algebraic properties.

Therefore in discrete algebra algebraic systems (in particulars, rings and groups)
are studied up to isomorphism and sometimes isomorphic rings (groups) are
identified.

As topological properties together with algebraic properties are considered when
studying topological rings and topological groups then instead of isomorphisms of
rings and groups, accordingly, it is necessary to consider isomorphism which also are
homeomorphisms of topological spaces (in topological algebra such isomorphisms
are called topological isomorphisms).

In view of this the specified isomorphism theorem for topological rings is not
always true. This fact was studied in the works [1-3].

As is shown in Theorem 1 from [2] for topological rings and topological groups
the isomorphism specified in Theorem 1 is continuous and, in general case, it is
impossible to tell anything more about this isomorphism.

However, if we demand that the subring A should be an ideal (one-sided ideal) in
the ring R or that the subgroup A sould be a normal divisor in the group R then for
topological rings and topological groups the corresponding isomorphism possesses
additional properties.

© V.I. Arnautov, 2007
*By a topological ring we is understan a not necessarily associative ring equipped with topology,
in which the rings operations are continuous.
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The case when A is an ideal of a topological ring (R, 7) was studied in [1], the
case when A is a normal divisor of a topological group (R, 7) was studied in [2], and
the case when A is one-sided ideal of a topological ring (R, 7) was studied in [3].

In this connection in work [1] the following definition has been introduced:

Definition 1. Let R be some class of topological rings, (R, T) and (ﬁ,?) be topolo-
gical rings from the class R. A continuous isomorphism f: (R,7) — (ﬁ,?) 1s called
semitopological if there exists a topological ring (E, T) in the class R such that the
following conditions are satisfied:

— R is an ideal in the ring E;

~ (R, 7) is a subring in the topological ring (R,7), i.e. T|r = 7;

~ the isomorphism f can be exte_nded up to a topological (i.e. continuous and
open) homomorphism f : (R,T) — (R,T).

In work [1] it is proved the following:
Theorem 2. If (R, ) and (R,7) are topological rings then a continuous isomor-
phism ¢ : (R,7) — (R, T) is a semitopological isomorphism in the class of all topo-
logical rings iff for any element r € R and any neighbourhood V of zero in (R, T)
there are neighbourhoods U and U of zero in (R, T) and (R, T) accordingly such that

r-o—1U)+¢—1U) - r+¢-1(U)-U+U-p—1(U) CV.
Remark 1. In work [1] it has been shown that in the class of all topological

rings a superposition of semitopological isomorphisms can not be a semitopological
isomorphism. In connection with this there is a question:
What is the superposition of finite number of semitopological isomorphisms?

The present work is a continuation of works [1-3 and in it the case when A is an
accessible subring (see Definition 2) of the topological ring (R, 7) is studied and it is
shown that a ring isomorphism is a superposition of semitopological isomorphisms
iff it is a narrowing on the accessible subring A of some topological homomorphism.

Definition 2. As usual, a subring A of a rings R is called an accessible subring of the
stage no more than n of the ring R if there exist a chain A= Ry C Ri C Ry C...C
Ry = R of subrings of the ring R such that R; is an ideal in R;11 fori =0,1,...k—1.
Further we shall designate it as A= Ry << Ry < Ry < ... <1 R = R.
Proposition 1. Let:

- (ﬁ,?) be a separable topological ring;

— R be an ideal in ﬁ;

— T be a closed ideal in (R,7) and I = T(\R;
I= [I](R?) and R=R+1;

R/I — (R+1I)/I be the natural embedding;

€
~ ©:R— R/I and & : R/T — R/T be canonical homomorphisms.

|
~
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Then O|g/r : (R, 7|r)/I — (R, 7A'|§)/T is a topological isomorphism.

Proof. Consider the diagram 1:

R C R=R+ICR

Ry ML RTOCR/T
As & : (R,7)/I — (R,7)/I is a continuous homomorphism then @|(r/1)
(R,7|r)/I — (R, 75/ I is a continuous isomorphism.

We show that it is an open isomorphism.

Let V be any neighbourhood of the zero in (R,7|g)/I. Then V = (@|R)—1Q7) is
a neighbourhood of the zero in (R, 7|r) and then there exist neighbourhoods V' and
Vi of the zero in (R,7) such that V =RV and V1 +V1 CV. As wow: (R,T) —
(R,7)/I is an open mapping then Vi = w(@(V1)) is a neighbourhood of the zero in
(R,7)/I, and hence V1 [ R/I is a neighbourhood of the zero in (R, 7|5 )/1.

Let’s check that R/TNVi C &(V). Really, if 7 € Vi (Y R/I then there exists an
element 7 € V1 () R such that & o&(r) = 7. Then there are such elements r € R and
aclthatr=r+a Asl= [I](ﬁ?) C I+ Vj then

r=r—aeWV+ICI+Vi+VCI+V,

andasICRthenreRﬂ(I—i—V) ROV =V. Then 7 = &(&(r)) € &(@(V)) =
@(V). Hence (R/T)N\Vi C &(V), and &(V) is a neighborhood of the zero in
(R,7|5- Then from (see [4, Proposition 1.5.5]) it follows that the isomorphism

Wlp/r: (R, 7|R) /T — (E, 7A'|§)/T is open, and hence it is a topological isomorphism.
Theorem 3. Let R be one of following classes:

— the class of all (separable) topological rings;

— the class of all (separable) topological commutative rings;

— the class of all (separable) topological rings possessing basis of neighborhood of
the zero which consists of subgroups;

— the class of all (separable) topological commutative rings possessing basis neigh-
borhood of the zero which consists of subgroups.

If (R,7), (R,7) € R and ¢ : R — R is a ring isomorphism then the following
statements are equivalent:

1. There exists a topological ring (R,7) € R such that (R, 7) is an accessible sub-
ring of the stage not more than n of the topological ring (R,T) and the isomorphism

¢ can be extended up to a topological homomorphism @ : (ﬁ 7) — (R, 7);
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2. v is a superposition of n semitopological isomorphisms, i.e. there exist topo-
logical Tings

(R,T) = (Ro,T()), (Rl,Tl),...,(Rn,Tn) = (R,T') ceRr

and semitopological isomorphisms ¢; : (R;, 7;) — (Rit1,Ti+1) fori=0,1,...,n—1,
such that @ = @, 0@p_10...0g.

Proof 1 = 2. R

Let A = RQ <1 Ry <« Ry < ... < R = R be a chain of subrings such_that R;
is an ideal in R;1q for ¢ = 0,1,...n — 1 and tlle isomm:phism ¢ : R — R can be
extended to a topological homomorphism ¢ : (R,7T) — (R,T).

If T = ker (ﬁA and @ : Rgy1 — Rpaa /f is the canonical hon}\omorpl}jsm
(ie. w(r) = r+1I), then there exists a topological isomorphism 7 : (R, 7,)/I —
(R, T) such that  =now.

Let’s consider the following diagram 2 (mappings entering into the diagram are
defined below).

Diagram 2
R = /Ro < e < Ek < /Rk—i-l = Ek—i—l = é
H G| e
) Pr—1 = = _ N
R Rp/I < Rga/I lw ls@
<Pl @kl @l
R == §k+1/f :§k+1/f:§k+1/f L R

The further proof will be done by induction on number n.

If n =1 then (R, 7) is an accessible subring of the stage 1 (i.e. it is an ideal)
of the topological ring (R,7) and the isomorphism ¢ can be extended to a topo-
logical homomorphism @ : (R,7) — (R,7), and hence ¢ : (R,7) — (R,7) is a
semitopological isomorphism.

Let’s assume that the theorem is true for n = &, and let n = k + 1.

In the beginning let’s consider the case when R is the class of all topological
rings, i.e. the class R contains topological rings which may be non-separable. Then

(Ri,7|r,)/I € R and (Rgy1,7)/1 € R.

If w : Ryy1 — Ryq1/1 is the canonical homomorphism, then wlg, (Ry,, Tlg,) —

(Rp,, 7| ) /I is a topological homomorphism. As

ﬁoﬂkerw\ﬁk zﬁomlzﬁomfzﬁomker(ﬁ:kercp: {0}
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and

EkZEkHEZEkﬂ(R+T):R—I-(Ekﬂf):R—l-I

then w| By éo — Ek /I is an isomorphism and by the assumption w| B is a super-
position of k semitopological isomorphisms, i.e. there are topological rings

(R,T) = (RQ,T(]), (Rl,Tl), ey (Rk,Tk) = (RkaﬂRk)/I

and topological isomorphisms ¢; : (R;, 7)) — (Rit+1,7i+1) for i =0,1,...,k—1, such
that w|z = pr—10pK-20... 0.

~/\As I~: IﬂARk = (Eer@)ﬂRk = ker(@|g,) then ¢} = @|(§k+f)/f : (Ri +
I¢ & +fIv)I — (Rg+1,&)/1 is a semit/(\)pological isom(fphism. AThen there exists a
semitopological isomorphism ¢y, : (Rg,T|r,)/I — (Rk+1,7)/I such that ¢, = @,
and hence 1o ¢ : (R, 7|r,)/I — (Rks1,7) is a semitopological isomorphism, and

N0 QRO PE-10...090 =n0pgowlg =now|r, =P|r, = ¢,

i.e. in this case (in the case when R is a class of all topological rings) the isomorphism
© is a superposition of k£ 4+ 1 semitopological isomorphisms.

Let’s consider now the case when all the topological rings entering in the class
R are separable. For this case we shall add the diagram 2 by one line (definitions of
unknown by now rings and mappings see below).

R=Ry < ... < Ri < Riy1 = Rppq = R
| “Ig, w
R 2,2 Ry T Q R/l
. y
¢| (B+D/Ta Re/T |5 |#
% @
R = Rpi1/T  =Rp1/I=Rp1/T —1— R

_ As é’& is an ideal in Ekﬂ, then I = T ﬂAﬁk is an ideal in RSL and hence
I = [IﬂRk](R?) is a closed ideal in (R,7) = (Rg+1,7). Then Ryy1/I and (Ry +
I,?|§k+7)/l eR Ifw :R/I - R/I and © : R/I — R/I are the canonical
homomorphisms then @ = & ow’ ow. As (Ry + I)/I is an ideal in Ry41/I then

is a semitopological isomorphism.
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According to Proposition 1 77 = w’|(§k/1) C(Ry Tl )/ — (B + 1,7l 7)1 s
a topological isomorphism and hence

k=m0, on: (BTl )/1 — (RT)
is a semitopological isomorphism, and
p=¢lr=nollp=nowow ocwlg=nog,ofow|r= @ kopr10...0¢n,

i.e. the isomorphism ¢ is the superposition of k + 1 semitopological isomorphisms.
Thus we have proved that 2 follows from 1 for any natural number n.

Proof 2 = 1. Assume there are topological rings
(R,T) = (Ro,To), (Rl,Tl), ey (Rn,Tn) = (R,T’)

and semitopological isomorphisms ¢; : (R;,7) — (Rit1,7i+1) for ¢ = 0,1,...,
n — 1 such that ¢ is the superposition of these semitopological isomorphisms, i.e.
© = ©p0oWYnp-10...0p Forany 0 < ¢ < j < n we consider the isomorphism
fij=¢j-10...09;: Ry = R;. and f;; : R; — R; is the identical mapping.

The further proof will be done in some stages.

I. The construction of the ring R and checking of some its algebraic properties.
Let’s define on the set R = {(ro,70,...,7n | 7i € R;,i =0,1,...,n)} the opera-
tions of addition and multiplication as follows:

(ao,al,...,an)+(bo,b1,...,bn):(ao—i—bo,al—i—bl,...,an—i—bn)

and
(ao,al, e ,an) . (bo,bl,. .. ,bn) = (7‘0,7‘1, e ,rn),
where r; =a;-b; for i € {0,n} and 7, = a;-b; + (foi(ao) — a;) - pi—1(biy1) +
(,Di—l(ai_H . (f(],i(bo) — bz) for 0 <i<n.
As the mappings ¢; : R; — R;11 and fo; : Ry — R; are isomorphism then it is
easily checked, that:

I.1. R is a non-associative ring with respect to these operations (even if the
initial rings were associative);

1.2. If all rings Ry, ..., R, are commutative then the ring R is commutative.

I.3. For any 0 < k < n the set Ry, = {(ro,...,mn) € R|r=0ifi>k}isan
ideal in the ring Ri+1 = {(r0,...,mm) € R| 7 =01if i > k4 1};

L4. Ry = {(ro,...,mm) € R|r; = 0if i <1} is an accessible ring of the stage no
more than n in the ring R,, = R;

1.5. The mapping ) : ]/%\0 — Ry = R which transfers the element (a,0,...,0) €
Ry into the element a € Ry is isomorphic.
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I.6. For the definition of the operations of addition and multiplication in Rit
follow that I = {0,7r1,...70) [ i € Riyi = 1,...,n} is an ideal in the ring R and
RoNI={0}and Ry + 1 = R.

L7. It o : R — R is a mapping such that @(ro,..., ) = @(ro) for any
(ro,...,rn) € R then @ : R —> Risa homomorphism of rings and kerp = T
and §|g =

Identifying any elements (a,0,...,0) € ]/%\0 with the element a € Ry, we shall
identify the ring Ry with the ring Ry, therefore we can consider that R = Ry is an
accessible subring the stage no more than n of the ring R, = R.

II. The definition of a ring topology 7 in the ring R and checking some properties
of the topological ring (R, 7).

For every 0 < i < n we shall designate by Bj the set of all neighborhoods of zero
of the topological ring (R;, 7;).

Consider the set  of all sequences V = (Vp, Vi,...,V,) where V; € B; for 0 <
i <n and for every V = (V,V4,..., V) € Q define W(V) = {(ro,...,m) | 70 € V,
and 1r; — p—1;(ri41) € V; for 0 <i < n}.

II.1. Let’s check that the set {W (V) |V € Q} satisfies the conditions BN1-BN6
of Theorem 1.2.2 from [4], and hence by Theorem 1.2.5 from [4] it it is possible to
take it for basis of neighbourhoods of zero in order to set some ring topology in the
ring R.

As 0 €V, for any V; € By, 0 < i < n, then (0,...0) € W(V) for any V € Q, i.e.
the condition BN1 is executed.

From the definition of sets W (V) it follows that W (V) C W (V') for any
V = Vo,Vi,..., V) and V' = (V§,V{,...,V})) such that V; C V/, 0 < i < n.
From this inclusions it follows that the condition BN2 is satisfied.

Let V = (Vp,V1,...,V,) € Q. For every 0 < i < n there exists V/ € B;
such that V/ + V/ C V; and —V/ C V;. Then V' = (V§,V/,...,V;)) € Q and
W) +wO') C W) and —W (V') C W(V), i.e. the conditions BN3 and BN4
are executed.

Let’s check now the fulfilment of the condition BN5.

Let V = (Vp,V1,...,V,,) € Q. For every 0 < i < n there exists V; € B; such

that V/ +...+V/ C V;. As for every 0 < i < n the isomorphism ¢; : (R;,7;) —
—_————

nitems
(Rit1,Ti+1) is topological then according to Theorem 2 there exist neighborhoods

of the zero Uy, Uy, ..., Uy, in (Ry,70), (R1,71), - ., (Rn, ) correspondingly such that
0i—1(Uit1)-U; +U «0i—1(Ui41)+U;-U; C V! and U, -U,, C V,!. As the isomorphism
i+ (Riy7) — (Riy1,7i+1) is continuous, then without loss of generality we can
consider that ¢;(U;) C Uj1. Then from the definition of mappings f; ; it follows
that f; ;(U;) CUj for any 0 <i < j <n. Then U = (Up,...,U,) € Q.

Ifa = (ag,...,a,) € W(U) and b= (bo,...,by) € W(U) then h; = a; —
o—1;(ai+1) € U; and h; =b; — p—1;(bit1) € U; for 0 <i<n and h, =a, €U,
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and h,, = b, € U,. Taking in consideration the definitions of mappings f; j, by
induction on of the number j — ¢ it is easily proved that

fijlai) —aj = fij(a;) — @j(p—1j(a;)) =
= fijlai —p=1i(ais1)) + fij(p—Li(ait1)) — fj—1(p—1j-1(a;)) =
= fij(hi) + fiyrj(aiv1) — fi—1;(0—15-1(a;)) = fij(hi) + fir1(hiy1) + ...

oot fimi(hi—1) € fij(Us) + fig1,;(Uigr) + ...
v+ fi=1,jUjm) CU; +Uj+...+U; forany 0<i<j<n.

Jj—1 items

Ifr=(ro,...,7n) =a-b=(ag,...an) - (bo,...,by), then:
rn:an'bnGUn-UnQVrigVn;

1 — @51 (rn) = an—1 - bn—1 + (fom—1(a0) — an—1) - ;1 (bn)+
o, 11 (an) - (fon—1(00) — buo1) — @51 (an - by) =
= (pp 11 (an) + Bn1) - (51 (0n) + B 1) + (fom—1(a0) = an—1) - @21 (ba)+
+onti(an) - (fon-1(b0) = bn1) = @p 2y (an - ba) € 051 (an) - by +
+hp_1- %:il(bn) + hpey By + @n—1 +Up1+...+ Un_ﬁ pn—1—1(h},)+

n—1 items
+(P;E1(hn) : (\Un—l + Un—l +...+ Un—l) -
n—1 items

g pr_Lil(Un) : Un—l + Un—l : @;il(Un) + Un—l : Un—l“‘
(Un—l ’ 90;11(}7’;1) +Unp-1- 90;11(}1;1) +... .+ Up-1- 907_111(}1;1))+

n—1 items
+90;E1(Un) . Un—l + SDr_Lil(Un) . Un—l + ...+ @;El(Un) . Un—l C
n—1 items

TV  + V! 4+ +V TV

n items

ri — o7 (rig1) = ai b + (foi(ao) — ai) - @5 H(biv1) + @5 Hair1) - (fo,i(bo) — bi)—

—p; (“z’+1 b+ (foir1(a0) —aisn) @it (biva) + 0770 (aiv2) - (foie1 (bo) — b”l)) -

= (90;1(612‘+1) + hi) - (902-_1(1%“) + 1) 4+ (foi(ho) + ... + fi—1,i(hi-1)) -5t (big1)+
+o; (air1) - (foilho) + .-+ firi(hiy)) — @5 Haip1) - @ (big1)—
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—p7 ! ((fo,iﬂ(ho) oot friri(h) - @il (o) — @it (air2) - (fora(RY) + .-
o+ fi,z‘+1(h§))) = ¢; H(air1) - @7 (big1) + hi o (biga) + @ (aigr) - b+ hi - i
+(fo,i(ho)+- .+ fic1,i(hiz1)) - pi—1(bit1) + 05 (@is1) - (foi(hh) +. . .+ fimri(hi_q)) —

—pi M (air1)) - 7 (bi1)) — o7 <(f0,i+1(h0) +...F fi,i+1(hi)) - (biya)—
—oih (aiv2) - (foupr(ho) + ...+ fi,z‘—i—l(h;))) =
= ¢, (ai1) - @i 1(big1) + hi - @; H(biv1) + @5 H(aig1) - b+ hi - hi+
+(foi(ho)+- .+ ficri(hi1)) o7 (big1) + 05 air1) - (fou(ho) +. -+ fimra(hi_y)) —
—p; (aig1) - 5 H(big1) = (foi(ho) + .. + ficri(hiza) + ha) - 07 (07 (biga))—
—o; Hpih (air2)) - (foi(ho) + .- + firi(hiy) + hi) =
= hi - @i=1(bi1 — 031 (bi2)) + 97 (air1 = @i}y (@iga)) - b + hi - it
+(foi(ho) + -+ fimi(hiz1)) - @7 (bir — @i (biv2) )+
oy Hairn — i (aira)) - (fou(ho) + o+ ficra(hi_y)) €
€ Ui-o; ' (Uis1) + ¢ (Uis1) Ui+ Us- Ui+ (foi(Uo) +- - -+ fim1,i(Uiz1)) -7 (Uiga)+
o Uis) - (foi(Uo) + ..+ fim1i(Ui1)) €
C Ui ¢; ' (Uit1) + 95 (Ui) - Ui + U; - Ui+
+ Ui i~ 1(Uip1) + .. + Ui - 07 HUig1) + 95 Uisr) - Ui + ..+ 7 H(Uisr) - Ui C

iitems % items

CV/+...+V/CV; for 0 <i<mn;
—_——

nitems

ro — p—1o(r1) = ag - by — o—1o(a1 - by + (fo.1(ao) — ar) - @7 ' (ba)+
+o7  (az) - (fo.1(bo) = b1)) = (w5 (a1) + ho) - (5 (b1) + hG) — g (a1 - by)—
—(a0 = p=To(a1)) - 5 (o1 (b2)) — w5 ' (p=11(a2)) - (bo — g (b1)) =
=y (a1 - b1) + ho - @y (b1) + @y (a1) - ho + ho - hy—
—@p (a1 -b1) = ho - (07 (12)) — @ (91 (@2)) - B = ho - @5 (b1 — o1 (b)) +
+5 " (a1 — @7 (a2)) -ho+ho-hy € Up-o—10(Ur) +9—10(U1)-Uo+Up-Up € Vg € V.

Thus, we have obtained that r; — p—1;(riy1 € V;) for 0<i<nandr, €V,
ie.7=a-b=(ro,...,rn) € W(V). As the elements a and b are arbitrary elements
then U -U C V), i.e. the condition BN5 is executed.

Let’s check now that the condition BN6 is satisfied.
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Let V = (Vp,V4,...,V,) € Q and b = (boy...,bn) € R. For everyone 0 <i<mn
there exists V/ € By such that —V/ =V and V/ +...+V/ CV,.
———

2n+4 items
As for every 0 < i < n the isomorphism ¢; : (R;,7;) — (Rit1,Ti+1) iS semi-
topological, then according to Theorem 2 there exist neighbourhoods of the zero
Uo,U1,...,U, in (Rg,70),(R1,71),.-.,(Rn,Ty) correspondingly such that

07 (Uit1) - {f0,i(b0), by, 07 ' (biv1), 07 (o5 (big2))

+{f0,i(b0) bi, 05 (bir1), @7 (07 (big2))} - 07 (Uigr) € VY
for0<i<mnand U, b,+0b, U, CV,..

As the isomorphism ¢; : (R;, 7;) — (Ri+1,Ti+1) is continuous then (without loss
of generality) we can consider that ¢;(U;) C U;+1. From the definition of mappings
fi,; it follows that f; ;(U;) C U; for any 0 <@ < j < n.

Then U = (Up,Ui,...,U,) € Q. If a@ = (ag,...,a,) € W(U) then h; =
a; — goi_l(alurl) ceU; for0<i<mnandh, =a, €U,. Asit was done by checking
the condition BN5 it is proved that

figjlai) —aj = fij(hi) + fir1,5(hiv1) + ... + fim15(hj-1) €

€ fij(Ui) + fir1,jUis1) + ...+ fi—1,(Uj=1) CU; + U +... + Uj

j—1 items

for any 0 <i < j <n.
Ifa-b= (roy...,7n), then:

Tn:anbneUnbnerigVna

ri —rip1 = a; - bi + (foi(ao) — i) - @7 (biv1) + ¢~ (aira) - (fo.i(bo) — bi))—
—pi  (@ig1 - bigr + (foir1(a0) — airr) - 07 (biya) + @3 (@ir2) - (fo,ir1(bo) —bir1)) =
=a; b + (foi(ao) — ai) - ;' (bis1) + @5 (air1) - foi(bo) — @i Hait1) - bi—
—¢; Hair1) - o (big1) — 95 (foirr(ao)) - o5 (pi7h (biva))+
o7 Hair) o7 (i (b)) — 7 (e (ai2)) - 07 (o1 (bo)+
+o; i (aig2)) - 7 H(bir1) = ai - b + (fo,i(ao) — ai) - ;' (biga)+
+o; Hai) - foi(bo) = 7 i) b — @i (@ir) - (bisr)—
—fo,ilao) - o7 (wir1—1(big2)) + @5 (ais1) - 05 (051 (bit2))—
—o; (0 (@ig2)) - fo.i(bo) + o7 (wiii (air2)) - 7 H(big1) =
= (a; — ¢; Hait1)) - b + (fo.i(ao) — a;) - 5 H(bip1)+
+(pi (air1) — @5 (i (ai2))) - foilbo) — (07 (aip1)—
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—o; (i (air2))) - @i H(bir1) — foilao) - 07 (03 (bisa)) + ai - ;' (bisa)—
—a; - ¢; ' (biy2) +% Haisa) - o7 (e (bin2)) = (@i — ;' (@ign)) - bit
+(foilao) = ai) - @7 (bisr) + (97 Haiv1) — 7 (97 (ai42))) - foi(bo)—
— (i Hair1) — oy (i (@iv2) - i (Bia) = (foilao) — ai) -7 (i (biva))—
—(ai — ¢ Nair1)) - @7 (i (biva)) = hi - b + (fo,i(ho) +
+fic1,i(hic1) + i) - @5 (b)) + 05 H(aiv1) — i (aive)) - fo,i(bo)—
—¢; ai) = @iy (aiva)) - @i (bign) = (fo.i(ho) +
+ficri(hion) + hi) - o7 (e (big2)) — hi - @7 (0 (biga)) €
€ Ui - bi+ (fo.u(Uo) + - + fic1,iUim1) + Us) - ¢ (big1) + ¢~ (Uig1) - fo,i(bo)—
—; N(Uit1) - @5 M (big1) — (foi(U0) + ...+ fimri(Uic1) + Us) - 07 (o7 (big2)) —
—Ui o7 (o (big2)) SV + ...+ V] CV; for 0<i<n;
2n+4 items
ro—r1 =ag by — ¢y ' (a1 b1+ (fo,1(a0) — a1) -1 (b2) + o7 (az) - (fo,1(bo) — b1) =
= ag-bo — ¢y ' (a1) - o5 (b1) —ao - @y (01 (b2)+
g (a1) g (01 (b2)) — g (01 (a2)) - bo + 05 (07 ' (a2)) - g ' (b)) =
= ag - bo — ¢y (a1) - bo + g (a1) - bo — g (a1) - gyt (br) — a0 - oy (01 (b2))+
g (a1) - 0g (01 (b2)) — g (01 (a2)) - bo + 05 (01 ' (a2)) - g ' (b)) =
= (a0 — ¢y ' (a1)) - bo + ¢y (a1 — @1 H(az) - bo — @y (a1 — @7 (a2)) - g (b1)—
—(ao = ¢y ' (@1)) - 0y (1 1 (B2)) € Up - bo + 5 (Un) - bo — 5 (U1) - 9 (b)) —
~Un - (1 (82) S Vg + Vg + Vg + Vg € Vo

Thus, we have obtained that r; — (,D,i_l(ri+1) cVifor0<i<nandnr, €V, ie.
@-b=(ro,...,mn) € W(V). As the clement @ is arbitrary then ¢ - b C V.

It is similarly proved that b- W (i) C W (V) i.e. the condition BN is executed.

Hence we can take the set {W (V) | V € Q} for basis of neighbourhoods of the

zero, sets which determines some, probably nonseparable, ring topology 7 on the
ring R.

II.2. From the definition of the set W (V) it follows that if V = (1),...V,,) and
V; is a subgroup of the additive group of the ring R;, for 0 <i <n, then W(V) is a
subgroup of the additive group of the ring R.

I1.3. Let’s show now that if for every 0 <4 < n the topological ring (R;, ;) is
separable, then the topological ring (R,7) is separable, too.
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Let’s assume the contrary ie. 0 # 7 = (ro,...,mn) € [NpeoW (V) and let
k = maz{i | r; # 0}. As (Ry,7) is a separable ring there exists a neighborhood
Vi € By of the zero such that 7, ¢ Vi. From the definition of the number k it
follows that either k =n or rgy1 =0. Thenr, €V, if k=n and rpy=r;—0=
T — pp(rke1) € Vi if k < n. We have obtained the Acontradiction with the choice
of the neighborhood Vj. Hence the topological ring (R, T) is separable.

From subitems II.2 and II.3 it follows that if % is any class from the classes
specified in the formulation of this theorem and (R;,7;) € ® for 0 <i < n, then
(R, T) e R.

II.4. Let’s check now that the isomorphism 1 : (ﬁo, ﬂﬁo) — (R, 7) (the defini-
tion of 1 see in 1.5.) is a topological isomorphism.

ItV = (Vo,...,V,) € Q then (W (V) Ro) = ¢¥({(r0,0,...,0) | o € Vo}) = Vb
Then (see [4, 1.5.5]) ¢ is a topological isomorphism, and hence (see 1.5), identifying
any element r € R = Ry with the element (r,0,...,0) € R, we can congider, that

a topological ring (R, 7) is an accessible subring of the topological ring (R, 7)of the
stage not more than n.

IL.5. If we define mapping ¢ : R — R as follows o(ro, ... rn) = @(rg), then it
is easy to see that ¢ : R — R is a ring homomorphism. As we have identified the
element r € Ry = R with the element (7,0,...,0) € E, then the homomorphism @
is an extension of the isomorphism .

To complete the proof of this theorem it is necessary to check that the homo-
morphism ¢ : (R,7) — (R, 7) is a topological homomorphism.

Let V be any neighborhood of the zero in the topological ring (R, 7) = (R, 7).
As the homomorphism ¢; : (R;,7;) — (Rit+1,Ti+1) is continuous for every 0 <
1 < n then there are neighborhoods Vj,...,V,, of the zero in the topological rings
(Ro,70),- -, (Rn, ) correspondingly such that V,, 4+ ... + V,, € V and ;(V;) C Viiq

———
n+1 items
for 0 <i<n. ThenV =1,...,V, € Qand f;;(V;) C V) forany 0 <i < j < n.
If (ro,...rn) € W(V), then r, € V, and r; — gpi_l(riﬂ) e Vi for 0 < i < n.
Then @(ro,...,7n) = @(r0) = fon(ro) = fon(ro) — fin(r1) + fin(r1) — fon(r2) +
.ot fn—l,n(rn) — Tn + Tn = fO,n(TO - 90(;1(741) + ...+ fn—l,n(zan—l - @;il(rn)) +
rn € forn(Vo) + .o+ foc1a(Vno1) + Vo € Vo4 ... 4V, C V. As the element
———
n+1 items
(10, . ..mn) € W(V) is arbitrary then (W (V)) C V, and according to (see [4, 1.5.5])
?:(R,7) — (R,7) is a continuous homomorphism.

Let now V = (Vp, ..., V,) € Q. Taking in consideration the condition of the theo-
rem (see the statement 2 of formulation of the theorem) and the definition of the iso-
morphisms ¢ and f; ; it follows that fy, = ¢. Then {(fo_i(r), . ,fn__llﬂ(r), r)|re
Va} SWV), thatis Vo = {e(f5,() |7 € Va} = {(fon(r): -, filin(r).r) |
reVoyl) SWOW).
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As (R,7) = (Ry,7n) then V,, is a neighborhood of the zero in (R,7) and then
according to (see [4, 1.5.5]) @: (R,7) — (R,7) is an open homomorphism.
The theorem is completely proved.

Designation 1. Let R be any not necessarily associative ring. Put R' = R and for
any natural number n define R" as the subgroup generated by the set {a-b | a €
R, be R, 0<s,t<n, s+t=n}.

It is easy to note that R" is an ideal in the ring R.

Definition 3. A ring R is called a nilpotent ring if R™ = 0 for some natural number
n. The minimal one from these natural numbers is called the index of nilpotence.

Theorem 4. Let R be one of following classes:
— the class of all (separable) topological rings;
— the class of all (separable) topological commutative rings;

— the class of all (separable) topological rings possessing basis of neighborhood of
zero which consists of subgroups;

— the class of all (separable) topological commutative rings possessing basis of
neighborhood of zero which consists of subgroups.

If (R,7) and (R,T) € R and R is a nilpotent ring of index of nilpotence n,
then every continuous isomorphism ¢ : (R,7) — (R,T) is a superposition of n
semitopological isomorphism.

Proof. Let B and B be the sets of all neighbourhoods of zero in the topological
rings (R,7) and (R, 7) correspondingly. For each natural number 0 < k < n — 1, we
shall define the set Bk = {Wy(V,V) =V + (R"*N ¢~ (V)) |V €B, V € B} in
the ring R. Let’s show that each of these sets By satisfies the conditions BN1-BN6
of Theorem 1.2.2 from [4]. Then by Theorem 1.2.5 from [4] it is possible to take By
as a basis of neighborhoods of the zero for determining some ring topology 7 in the
ring R.

It is easy to notice that the set By satisfies the conditions BN1-BN4.

Let’s check the condition BN5. If Wi (V,(V) € By, then there exist V; € B
and V; € Bsuchthat V; -V C Vand Vi - i+ Vi, - Vi +V,-V; C V. As
¢: (R,7) — (R, 7) is a continuous mapping then we can consider that V; C ¢ =1(V}).
Theniwk(vl,‘_{l) . Wk(Vl,Vl) =V Vl:l- (R"‘kﬂ(‘/i : (p_i(‘_/l) + 907_1(‘71) . V} +
P (V)97 (V1)) S VA (RE N~ (Vi) - o7 (Vi) ¢ (V) -7 1 (V) + 07 (VA) -
e 1(V1) CV + (R kN Y (V) = Wi(V, V), i.e. the condition BN5 is executed.

Let’s check the condition BN6.

If Wp(V,V) € B and r € R, then there exist Vi € B and Vi € B such that
(r-V))UWa-r) € V oand (o(r) - VI)J(V1 - ¢(r)) € V. Then r- Wi(Vi, V1) =
P (Vi (RN () €V (R F Ao (TR) = Wa(V. 7).

It is similarly proved that Wy (Vq, V1) -7 C Wi (V, V).
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Thus, we have proved that each of these sets Byx determines some ring topology
Tg in the ring R.

Let’s notice now that if topological rings (R,7) and (R,7) € R are separable
then considering (see [4, Proposition 1.2.2]) we obtain that

N W)= NV+ERFNe (V) =

Wi (V,(V)EB, VeBVeB
= IR e Dlrn € [ ¢ (Virs) =
VeB VeB
= () ¢ ' (V) =¢'({0}) = {0}
VeB

for any 0 < k < n — 1, and according to (see [4, Corollary 1.3.6]) the topological
ring (R, 7x) is separable.

As for any 0 < k < n — 1 the set W (V,V) =V + (R** N 1(V)) is a group
if V and V are subgroups then (R, 7;) € K if (R,7) € K and (R,7) € K for each of
the classes which are specified in the formulation of this theorem.

As R™ = {0} then 7 = 79 and as ¢ = poe,_o0...0¢9, where ¢, : R — R
is the identical mapping for any 0 < ¢ < n — 2, then to complete the proof of
the theorem we need to check that for any 0 < k < n — 1 the identical mapping
er : (R, mx) — (R, Tk11) and the mapping ¢ : (R, 7,—1) — (R, 7) are semitopological
isomorphisms.

Let 0 <k <n—1and Wi(V,V) =V + (R"*N ¢ ' (V)) be any neighbourhood
of the zero in (R, ;) and r € R. There are neighbourhoods U and U of the zero in
(R,7) and (R,7), correspondingly such that r- U+ U -r+U -U+U-U CV and
U+tpr) U+U-o(r)+U-U+U-UCV. As¢: (R,7) — (R,7) is a continuous
isomorphism then, without loss of generality, we can consider that ¢(U) C U. Then

reen! Wi (U, 0)) + &' (Wi (U, 0)) - 7+
U - & (Wi (U, 0)) + 25 (Wi (U,0)) - U = - (U + (R ™1(D) )+
(U (B @) o+ U (U (R (0) )+
+(U+ (R e (@) U Cr-Utr- (R (0) + U -1+
+(R" kﬂtp (0)))- r+U-U+U-(R"—’“ﬂ¢—1(U')))+
U C

+ R (o () T+ T - (p(r) +(U) - U+

if k <n—2 and r-@~1(
U+U-o(r)+eU) -

le
+
i
©
S
N
~G|
=
N
2
E —
<
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Then, according to Theorem 2, for any 0 < k < n — 1 the identical mapping
e : (R, ) — (R, T141) and the mapping ¢ : (R, 7,_1) — (R, 7) are semitopological
isomorphisms.

The theorem is completely proved.

References

[1] ArNAUTOV V.I. Semitopological isomorphism of topological rings. Mat. issled., 1969,
vyp. 4:2(12), p. 3-16 (in Russian).

[2] ArRNAUTOV V.I. Semitopological isomorphism of topological groups. Buletinul Academiei de
Stiinte a Republicii Moldova, Matematica, 2004, N 1(44), p. 15-25.

RNAUTOV V.I. Properties of one-sided ideals of topological rings. Buletinul Academiei de
3] A V.I. P ; f ided ideals of logical ri Buletinul Academiei d
Stiinte a Republicii Moldova, Matematica, 2006, N 1(50), p. 3—14.

[4] ArNAUTOV V.I., GLAVATSKY S.T., MIKHALEV A.V. Introduction to the theory of topological
rings and modules. Marcel Dekker, Inc., New York-Basel-Hong Kong, 1996.

Institute of Mathematics and Computer Science Received  February 26, 2007
Academy of Sciences of Moldova

str. Academiei 5, MD-2028 Chigindu

Moldova

E-mail: arnautov@math.md



