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Mathematics subject classification: 16W80.
Keywords and phrases: Topological ring ∗, fundamental system of neighbourhoods
of zero, continuous homomorphism, topological homomorphism, semi-topological iso-
morphism, accessible subrings, superposition of isomorphism..

In the general algebra, and in particular, in the theory of rings and groups the
following isomorphism theorem is widely applied:

Theorem 1. If A is a subring (subgroup) of a ring (group) R and I is an ideal
(a normal divisor) in R, then the quotient rings (quotient groups) A/(A

⋂
I) and

(A + I)/I are isomorphic. In particular, if A
⋂
I = 0 then the ring (group) A is

isomorphic to the ring (group) (A + I)/I, i.e. the rings (groups) A and (A + I)/I
possess the same algebraic properties.

Therefore in discrete algebra algebraic systems (in particulars, rings and groups)
are studied up to isomorphism and sometimes isomorphic rings (groups) are
identified.

As topological properties together with algebraic properties are considered when
studying topological rings and topological groups then instead of isomorphisms of
rings and groups, accordingly, it is necessary to consider isomorphism which also are
homeomorphisms of topological spaces (in topological algebra such isomorphisms
are called topological isomorphisms).

In view of this the specified isomorphism theorem for topological rings is not
always true. This fact was studied in the works [1–3].

As is shown in Theorem 1 from [2] for topological rings and topological groups
the isomorphism specified in Theorem 1 is continuous and, in general case, it is
impossible to tell anything more about this isomorphism.

However, if we demand that the subring A should be an ideal (one-sided ideal) in
the ring R or that the subgroup A sould be a normal divisor in the group R then for
topological rings and topological groups the corresponding isomorphism possesses
additional properties.

c© V.I. Arnautov, 2007
∗By a topological ring we is understan a not necessarily associative ring equipped with topology,

in which the rings operations are continuous.
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The case when A is an ideal of a topological ring (R, τ) was studied in [1], the
case when A is a normal divisor of a topological group (R, τ) was studied in [2], and
the case when A is one-sided ideal of a topological ring (R, τ) was studied in [3].

In this connection in work [1] the following definition has been introduced:

Definition 1. Let ℜ be some class of topological rings, (R, τ) and (R̂, τ̂ ) be topolo-
gical rings from the class ℜ. A continuous isomorphism f : (R, τ) → (R̂, τ̂) is called
semitopological if there exists a topological ring (R̃, τ̃ ) in the class ℜ such that the
following conditions are satisfied:

– R is an ideal in the ring R̃;

– (R, τ) is a subring in the topological ring (R̃, τ̃), i.e. τ̃ |R = τ ;

– the isomorphism f can be extended up to a topological (i.e. continuous and
open) homomorphism f̃ : (R̃, τ̃) → (R̄, τ̄).

In work [1] it is proved the following:

Theorem 2. If (R, τ) and (R̄, τ̄ ) are topological rings then a continuous isomor-
phism ϕ : (R, τ) → (R̄, τ̄) is a semitopological isomorphism in the class of all topo-
logical rings iff for any element r ∈ R and any neighbourhood V of zero in (R, τ)
there are neighbourhoods U and Ū of zero in (R, τ) and (R̄, τ̄ ) accordingly such that

r · ϕ−1(Ū) + ϕ−1(Ū) · r + ϕ−1(Ū) · U + U · ϕ−1(Ū ) ⊆ V.

Remark 1. In work [1] it has been shown that in the class of all topological

rings a superposition of semitopological isomorphisms can not be a semitopological
isomorphism. In connection with this there is a question:

What is the superposition of finite number of semitopological isomorphisms?

The present work is a continuation of works [1–3 and in it the case when A is an
accessible subring (see Definition 2) of the topological ring (R, τ) is studied and it is
shown that a ring isomorphism is a superposition of semitopological isomorphisms
iff it is a narrowing on the accessible subring A of some topological homomorphism.

Definition 2. As usual, a subring A of a rings R is called an accessible subring of the
stage no more than n of the ring R if there exist a chain A = R0 ⊆ R1 ⊆ R2 ⊆ . . . ⊆
Rk = R of subrings of the ring R such that Ri is an ideal in Ri+1 for i = 0, 1, . . . k−1.
Further we shall designate it as A = R0 ⊳ R1 ⊳ R2 ⊳ . . . ⊳ Rk = R.

Proposition 1. Let:

– (R̂, τ̂) be a separable topological ring;

– R be an ideal in R̂;

– Î be a closed ideal in (R̂, τ̂) and I = Î
⋂
R;

– Ĩ = [I]( bR,bτ) and R̃ = R+ Ĩ;

– ε̄ : R/I → (R + Î)/I be the natural embedding;

– ω̂ : R̂→ R̂/I and ω̃ : R̂/I → R̂/Ĩ be canonical homomorphisms.
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Then ω̃|R/I : (R, τ̂ |R)/I → (R̃, τ̂ | eR
)/Ĩ is a topological isomorphism.

Proof. Consider the diagram 1:

R ⊆ R̃= R+ Ĩ⊆ R̂

bω|R

y bω| eR

y bω

y

R/I
ε̄

−−−−→ R̃/I ⊆R̂/I
∥∥∥ eω| eR/I

y eω

y

R/I
eω|R/I
−−−−→ R̃/Ĩ ⊆R̂/Ĩ

As ω̃ : (R̂, τ̂)/I → (R̂, τ̂)/Ĩ is a continuous homomorphism then ω̃|(R/I) :

(R, τ̂ |R)/I → (R̃, τ̂ eR
/Ĩ is a continuous isomorphism.

We show that it is an open isomorphism.

Let V̄ be any neighbourhood of the zero in (R, τ̂ |R)/I. Then V = (ω̂|R)−1(V̄ ) is
a neighbourhood of the zero in (R, τ̂ |R) and then there exist neighbourhoods V̂ and
V̂1 of the zero in (R̂, τ̂) such that V = R

⋂
V̂ and V̂1 + V̂1 ⊆ V̂ . As ω̃ ◦ ω̂ : (R̂, τ̂) →

(R̂, τ̂)/Ĩ is an open mapping then Ṽ1 = ω̃(ω̂(V̂1)) is a neighbourhood of the zero in
(R̂, τ̂)/Ĩ , and hence Ṽ1

⋂
R̃/Ĩ is a neighbourhood of the zero in (R̃, τ̂ | eR)/Ĩ .

Let’s check that R̃/Ĩ
⋂
Ṽ1 ⊆ ω̃(V̄ ). Really, if r̄ ∈ Ṽ1

⋂
R̃/Ĩ then there exists an

element r̃ ∈ V̂1
⋂
R̃ such that ω̃ ◦ ω̂(r̃) = r̄. Then there are such elements r ∈ R and

ã ∈ Ĩ that r̃ = r + ã. As Ĩ = [I]
( bR,bτ)

⊆ I + V̂1 then

r = r̃ − ã ∈ V̂1 + Ĩ ⊆ I + V̂1 + V̂1 ⊆ I + V̂ ,

and as I ⊆ R then r ∈ R
⋂

(I + V̂ ) = R
⋂
V̂ = V . Then r̄ = ω̃(ω̂(r)) ∈ ω̃(ω̂(V )) =

ω̃(V̄ ). Hence (R̃/Ĩ)
⋂
Ṽ1 ⊆ ω̃(V̄ ), and ω̃(V̄ ) is a neighborhood of the zero in

(R̃, τ̂ | eR. Then from (see [4, Proposition 1.5.5]) it follows that the isomorphism

ω̃|R/I : (R, τ̂ |R)/I → (R̃, τ̂ | eR)/Ĩ is open, and hence it is a topological isomorphism.

Theorem 3. Let ℜ be one of following classes:

– the class of all (separable) topological rings;

– the class of all (separable) topological commutative rings;

– the class of all (separable) topological rings possessing basis of neighborhood of
the zero which consists of subgroups;

– the class of all (separable) topological commutative rings possessing basis neigh-
borhood of the zero which consists of subgroups.

If (R, τ) , (R̄, τ̄ ) ∈ ℜ and ϕ : R → R̄ is a ring isomorphism then the following
statements are equivalent:

1. There exists a topological ring (R̂, τ̂) ∈ ℜ such that (R, τ) is an accessible sub-
ring of the stage not more than n of the topological ring (R̂, τ̂) and the isomorphism
ϕ can be extended up to a topological homomorphism ϕ̂ : (R̂, τ̂ ) → (R̄, τ̄);
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2. ϕ is a superposition of n semitopological isomorphisms, i.e. there exist topo-
logical rings

(R, τ) = (R0, τ0), (R1, τ1), . . . , (Rn, τn) = (R̄, τ̄ ) ∈ ℜ

and semitopological isomorphisms ϕi : (Ri, τi) → (Ri+1, τi+1) for i = 0, 1, . . . , n−1,
such that ϕ = ϕn ◦ ϕn−1 ◦ . . . ◦ ϕ0.

Proof 1 ⇒ 2.

Let A = R0 ⊳ R1 ⊳ R2 ⊳ . . . ⊳ Rk = R be a chain of subrings such that R̂i

is an ideal in R̂i+1 for i = 0, 1, . . . n − 1 and the isomorphism ϕ : R → R̄ can be
extended to a topological homomorphism ϕ̂ : (R̂, τ̂) → (R̄, τ̄).

If Î = ker ϕ̂ and ω̃ : Rk+1 → Rk+1/Î is the canonical homomorphism
(i.e. ω̃(r) = r + Î), then there exists a topological isomorphism η : (R̂n, τ̂n)/Î →
(R̄, τ̄) such that ϕ̂ = η ◦ ω̃.

Let’s consider the following diagram 2 (mappings entering into the diagram are
defined below).

Diagram 2

R = R̂0 ⊳ . . . ⊳ R̂k ⊳ R̂k+1 = R̂k+1 = R̂

‖ ω|Rk

y ω

y

R
ϕ0

−−−−→ . . .
ϕk−1
−−−−→ R̂k/I ⊳ R̂k+1/I

yeω

ybϕ

ϕ

y ϕk

y bω

y

R̄ = R̂k+1/Î =R̂k+1/Î=R̂k+1/Î
η

−−−−→ R̄

The further proof will be done by induction on number n.

If n = 1 then (R, τ) is an accessible subring of the stage 1 (i.e. it is an ideal)
of the topological ring (R̂, τ̂ ) and the isomorphism ϕ can be extended to a topo-
logical homomorphism ϕ̂ : (R̂, τ̂) → (R̄, τ̄), and hence ϕ : (R, τ) → (R̄, τ̄ ) is a
semitopological isomorphism.

Let’s assume that the theorem is true for n = k, and let n = k + 1.

In the beginning let’s consider the case when ℜ is the class of all topological
rings, i.e. the class ℜ contains topological rings which may be non-separable. Then

(R̂k, τ̂ |Rk
)/I ∈ ℜ and (R̂k+1, τ̂)/I ∈ ℜ.

If ω : R̂k+1 → R̂k+1/I is the canonical homomorphism, then ω| bRk
: (R̂k, τ̂ | bRk

) →

(R̂k, τ̂ | bRk
)/I is a topological homomorphism. As

R̂0

⋂
kerω| bRk

= R̂0

⋂
I = R̂0

⋂
Î = R̂0

⋂
ker ϕ̂ = kerϕ = {0}
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and

R̂k = R̂k

⋂
R̂ = R̂k

⋂
(R + Î) = R+ (R̂k

⋂
Î) = R+ I

then ω| bR0
: R̂0 → R̂k/I is an isomorphism and by the assumption ω| bR0

is a super-
position of k semitopological isomorphisms, i.e. there are topological rings

(R, τ) = (R0, τ0), (R1, τ1), . . . , (Rk, τk) = (Rk, τ̂ |Rk
)/I

and topological isomorphisms ϕi : (Ri, τi) → (Ri+1, τi+1) for i = 0, 1, . . . , k−1, such
that ω| bR0

= ϕk−1 ◦ ϕk−2 ◦ . . . ◦ ϕ0.

As I = Î
⋂
Rk = (ker ϕ̂)

⋂
Rk = ker(ϕ̂|Rk

) then ϕ′
k = ω̄|( bRk+eI)/eI : (R̂k +

Ĩ , ξ̂ bRk+eI)Ĩ → (R̂k+1, ξ̂)/Î is a semitopological isomorphism. Then there exists a

semitopological isomorphism ϕk : (R̂k, τ̂ |Rk
)/I → (R̂k+1, τ̂)/Î such that ϕk = ω̂,

and hence η ◦ ϕk : (R̂k, τ̂ |Rk
)/I → (R̄k+1, τ̄) is a semitopological isomorphism, and

η ◦ ϕk ◦ ϕk−1 ◦ . . . ◦ ϕ0 = η ◦ ϕk ◦ ω| bR0
= η ◦ ω̃|R0 = ϕ̂|R0 = ϕ,

i.e. in this case (in the case when ℜ is a class of all topological rings) the isomorphism
ϕ is a superposition of k + 1 semitopological isomorphisms.

Let’s consider now the case when all the topological rings entering in the class
ℜ are separable. For this case we shall add the diagram 2 by one line (definitions of
unknown by now rings and mappings see below).

R = R̂0 ⊳ . . . ⊳ R̂k ⊳ R̂k+1 = R̂k+1 = R̂

‖ ω| bRk

y ω

y

R
ϕ0

−−−−→ . . .
ϕk−1
−−−−→ R̂k/I ⊳ R̂k+1/I

η̄

y ω′

y

ϕ

y (R̂k + Ĩ)/Ĩ⊳ R̂k+1/Ĩ
yeω

ybϕ

ϕ′

k

y ω̄

y

R̄ = R̂k+1/Î =R̂k+1/Î=R̂k+1/Î
η

−−−−→ R̄

As R̂k is an ideal in R̂k+1, then I = Î
⋂
R̂k is an ideal in R̂, and hence

Ĩ = [Î
⋂
R̂k]( bR,bτ)

is a closed ideal in (R̂, τ̂) = (R̂k+1, τ̂ ). Then R̂k+1/Ĩ and (R̂k +

Ĩ , τ̂ | bRk+eI
)/Ĩ ∈ ℜ. If ω′ : R̂/I → R̂/Ĩ and ω̄ : R̂/Ĩ → R̂/Î are the canonical

homomorphisms then ω̃ = ω̂ ◦ ω′ ◦ ω. As (R̂k + Ĩ)/Ĩ is an ideal in R̂k+1/Ĩ then

ϕ′
k = ω̄|( bRk+eI)/eI : (R̂k + Ĩ , τ̂ | bRk+eI)/Ĩ → (R̂k+1, τ̂)/Î

is a semitopological isomorphism.
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According to Proposition 1 η̄ = ω′|
( bRk/I)

: (R̂k, τ̂ | bRk
)/I → (R̂k + Ĩ , τ̂ | bRk+eI

)/Ĩ is

a topological isomorphism and hence

ϕ”k = η ◦ ϕ′
k ◦ η̄ : (R̂k, τ̂ | bRk

)/I → (R̄, τ̄ )

is a semitopological isomorphism, and

ϕ = ϕ̂|R = η ◦ ω̃|R = η ◦ ω̄ ◦ ω′ ◦ ω|R = η ◦ ϕ′
k ◦ η̄ ◦ ω|R = ϕ”k ◦ ϕk−1 ◦ . . . ◦ ϕ0,

i.e. the isomorphism ϕ is the superposition of k + 1 semitopological isomorphisms.
Thus we have proved that 2 follows from 1 for any natural number n.

Proof 2 ⇒ 1. Assume there are topological rings

(R, τ) = (R0, τ0), (R1, τ1), . . . , (Rn, τn) = (R̄, τ̄ )

and semitopological isomorphisms ϕi : (Ri, τi) → (Ri+1, τi+1) for i = 0, 1, . . . ,
n − 1 such that ϕ is the superposition of these semitopological isomorphisms, i.e.
ϕ = ϕn ◦ ϕn−1 ◦ . . . ◦ ϕ0. For any 0 ≤ i ≤ j ≤ n we consider the isomorphism
fi,j = ϕj−1 ◦ . . . ◦ ϕi : Ri → Rj. and fi,i : Ri → Ri is the identical mapping.

The further proof will be done in some stages.

I. The construction of the ring R̂ and checking of some its algebraic properties.
Let’s define on the set R̂ = {(r0, r0, . . . , rn | ri ∈ Ri, i = 0, 1, . . . , n)} the opera-

tions of addition and multiplication as follows:

(a0, a1, . . . , an) + (b0, b1, . . . , bn) = (a0 + b0, a1 + b1, . . . , an + bn)

and
(a0, a1, . . . , an) · (b0, b1, . . . , bn) = (r0, r1, . . . , rn),

where ri = ai · bi for i ∈ {0, n} and ri = ai · bi + (f0,i(a0) − ai) · ϕi−1(bi+1) +
ϕi−1(ai+1 · (f0,i(b0) − bi) for 0 < i < n.

As the mappings ϕi : Ri → Ri+1 and f0,i : R0 → Ri are isomorphism then it is
easily checked, that:

I.1. R̂ is a non-associative ring with respect to these operations (even if the
initial rings were associative);

I.2. If all rings R1, . . . , Rn are commutative then the ring R̂ is commutative.

I.3. For any 0 ≤ k < n the set R̂k = {(r0, . . . , rn) ∈ R̂ | ri = 0 if i > k} is an
ideal in the ring R̂k+1 = {(r0, . . . , rn) ∈ R̂ | ri = 0 if i > k + 1};

I.4. R̂0 = {(r0, . . . , rn) ∈ R̂ | ri = 0 if i ≤ 1} is an accessible ring of the stage no

more than n in the ring R̂n = R̂;

I.5. The mapping ψ : R̂0 → R0 = R which transfers the element (a, 0, . . . , 0) ∈

R̂0 into the element a ∈ R0 is isomorphic.
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I.6. For the definition of the operations of addition and multiplication in R̂ it
follow that Î = {(0, r1, . . . rn) | ri ∈ Ri, i = 1, . . . , n} is an ideal in the ring R̂ and
R̂0

⋂
Î = {0} and R̂0 + Î = R̂.

I.7. If ϕ̂ : R̂ → R̄ is a mapping such that ϕ̂(r0, . . . , rn) = ϕ(r0) for any
(r0, . . . , rn) ∈ R̂, then ϕ̂ : R̂ → R̄ is a homomorphism of rings and ker ϕ̂ = Î
and ϕ̂|R = ϕ.

Identifying any elements (a, 0, . . . , 0) ∈ R̂0 with the element a ∈ R0, we shall
identify the ring R̂0 with the ring R0, therefore we can consider that R = R0 is an
accessible subring the stage no more than n of the ring R̂n = R̂.

II. The definition of a ring topology τ̂ in the ring R̂ and checking some properties
of the topological ring (R̂, τ̂ ).

For every 0 ≤ i ≤ n we shall designate by Bi the set of all neighborhoods of zero
of the topological ring (Ri, τi).

Consider the set Ω of all sequences V = (V0, V1, . . . , Vn) where Vi ∈ Bi for 0 ≤
i ≤ n and for every V = (V0, V1, . . . , Vn) ∈ Ω define W (V) = {(r0, . . . , rn) | rn ∈ Vn

and ri − ϕ−1i(ri+1) ∈ Vi for 0 ≤ i < n}.

II.1. Let’s check that the set {W (V) | V ∈ Ω} satisfies the conditions BN1–BN6
of Theorem 1.2.2 from [4], and hence by Theorem 1.2.5 from [4] it it is possible to
take it for basis of neighbourhoods of zero in order to set some ring topology in the
ring R̂.

As 0 ∈ Vi for any Vi ∈ Bi, 0 ≤ i ≤ n, then (0, . . . 0) ∈ W (V) for any V ∈ Ω, i.e.
the condition BN1 is executed.

From the definition of sets W (V) it follows that W (V) ⊆ W (V ′) for any
V = (V0, V1, . . . , Vn) and V ′ = (V ′

0 , V
′
1 , . . . , V

′
n) such that Vi ⊆ V ′

i , 0 ≤ i ≤ n.
From this inclusions it follows that the condition BN2 is satisfied.

Let V = (V0, V1, . . . , Vn) ∈ Ω. For every 0 ≤ i ≤ n there exists V ′
i ∈ Bi

such that V ′
i + V ′

i ⊆ Vi and −V ′
i ⊆ Vi. Then V ′ = (V ′

0 , V
′
1 , . . . , V

′
n) ∈ Ω and

W (V ′) + W (V ′) ⊆ W (V) and −W (V ′) ⊆ W (V), i.e. the conditions BN3 and BN4
are executed.

Let’s check now the fulfilment of the condition BN5.
Let V = (V0, V1, . . . , Vn) ∈ Ω. For every 0 ≤ i ≤ n there exists V ′

i ∈ Bi such
that V ′

i + . . .+ V ′
i︸ ︷︷ ︸

nitems

⊆ Vi. As for every 0 ≤ i < n the isomorphism ϕi : (Ri, τi) →

(Ri+1, τi+1) is topological then according to Theorem 2 there exist neighborhoods
of the zero U0, U1, . . . , Un in (R0, τ0), (R1, τ1), . . . , (Rn, τn) correspondingly such that
ϕi−1(Ui+1)·Ui+Ui ·ϕi−1(Ui+1)+Ui ·Ui ⊆ V ′

i and Un ·Un ⊆ V ′
n. As the isomorphism

ϕi : (Ri, τi) → (Ri+1, τi+1) is continuous, then without loss of generality we can
consider that ϕi(Ui) ⊆ Ui+1. Then from the definition of mappings fi,j it follows
that fi,j(Ui) ⊆ Uj for any 0 ≤ i < j ≤ n. Then U = (U0, . . . , Un) ∈ Ω.

If â = (a0, . . . , an) ∈ W (U) and b̂ = (b0, . . . , bn) ∈ W (U) then hi = ai −
ϕ−1i(ai+1) ∈ Ui and h′i = bi −ϕ−1i(bi+1) ∈ Ui for 0 ≤ i < n and hn = an ∈ Un
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and h′n = bn ∈ Un. Taking in consideration the definitions of mappings fi,j, by
induction on of the number j − i it is easily proved that

fi,j(ai) − aj = fi,j(ai) − ϕj(ϕ−1j(aj)) =

= fi,j(ai − ϕ−1i(ai+1)) + fi,j(ϕ−1i(ai+1)) − fj−1,j(ϕ−1j−1(aj)) =

= fi,j(hi) + fi+1,j(ai+1) − fj−1,j(ϕ−1j−1(aj)) = fi,j(hi) + fi+1,j(hi+1) + . . .

. . .+ fj−1,j(hj−1) ∈ fi,j(Ui) + fi+1,j(Ui+1) + . . .

. . .+ fj−1,j(Uj−1) ⊆ Uj + Uj + . . . + Uj︸ ︷︷ ︸
j−i items

for any 0 ≤ i < j ≤ n.

If r = (r0, . . . , rn) = a · b = (a0, . . . an) · (b0, . . . , bn), then:

rn = an · bn ∈ Un · Un ⊆ V ′
n ⊆ Vn;

rn−1 − ϕ−1
n−1(rn) = an−1 · bn−1 +

(
f0,n−1(a0) − an−1

)
· ϕ−1

n−1(bn)+

+ϕ−1
n−1(an) ·

(
f0,n−1(b0) − bn−1

)
− ϕ−1

n−1(an · bn) =

= (ϕ−1
n−1(an) + hn−1) · (ϕ

−1
n−1(bn) + h′n−1) +

(
f0,n−1(a0) − an−1

)
· ϕ−1

n−1(bn)+

+ϕ−1
n−1(an) ·

(
f0,n−1(b0) − bn−1

)
− ϕ−1

n−1(an · bn) ∈ ϕ−1
n−1(an) · h′n−1+

+hn−1 · ϕ
−1
n−1(bn) + hn−1 · h

′
n−1 +

(
Un−1 + Un−1 + . . .+ Un−1︸ ︷︷ ︸

n−1 items

)
· ϕn−1−1(h′n)+

+ϕ−1
n−1(hn) ·

(
Un−1 + Un−1 + . . .+ Un−1︸ ︷︷ ︸

n−1 items

)
⊆

⊆ ϕ−1
n−1(Un) · Un−1 + Un−1 · ϕ

−1
n−1(Un) + Un−1 · Un−1+

(
Un−1 · ϕ

−1
n−1(h

′
n) + Un−1 · ϕ

−1
n−1(h

′
n) + . . . + Un−1 · ϕ

−1
n−1(h

′
n)

︸ ︷︷ ︸
n−1 items

)
+

+ϕ−1
n−1(Un) · Un−1 + ϕ−1

n−1(Un) · Un−1 + . . . + ϕ−1
n−1(Un) · Un−1︸ ︷︷ ︸

n−1 items

⊆

⊆ V ′
n−1 + V ′

n−1 + . . .+ V ′
n−1︸ ︷︷ ︸

n items

⊆ Vn−1;

ri − ϕ−1
i (ri+1) = ai · bi +

(
f0,i(a0) − ai

)
· ϕ−1

i (bi+1) + ϕ−1
i (ai+1) ·

(
f0,i(b0) − bi

)
−

−ϕ−1
i

(
ai+1 ·bi+1 +

(
f0,i+1(a0)−ai+1

)
·ϕ−1

i+1(bi+2)+ϕ
−1
i+1(ai+2) ·

(
f0,i+1(b0)−bi+1

))
=

=
(
ϕ−1

i (ai+1) + hi

)
·
(
ϕ−1

i (bi+1) + h′i
)

+
(
f0,i(h0) + . . .+ fi−1,i(hi−1)

)
· ϕ−1

i (bi+1)+

+ϕ−1
i (ai+1) ·

(
f0,i(h

′
0) + . . .+ fi−1,i(h

′
i−1)

)
− ϕ−1

i (ai+1) · ϕ
−1
i (bi+1)−
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−ϕ−1
i

((
f0,i+1(h0) + . . . + fi,i+1(hi

)
· ϕ−1

i+1(bi+2) − ϕ−1
i+1(ai+2) ·

(
f0,i+1(h

′
0) + . . .

. . .+ fi,i+1(h
′
i)

))
= ϕ−1

i (ai+1) · ϕ
−1
i (bi+1) + hi · ϕ

−1
i (bi+1) + ϕ−1

i (ai+1) · h
′
i + hi · h

′
i+

+
(
f0,i(h0)+. . .+fi−1,i(hi−1)

)
·ϕi−1(bi+1)+ϕ

−1
i (ai+1)·

(
f0,i(h

′
0)+. . .+fi−1,i(h

′
i−1)

)
−

−ϕ−1
i (ai+1)) · ϕ

−1
i (bi+1)) − ϕ−1

i

((
f0,i+1(h0) + . . . + fi,i+1(hi

))
· ϕ−1

i+1(bi+2)−

−ϕ−1
i+1(ai+2) ·

(
f0,i+1(h

′
0) + . . .+ fi,i+1(h

′
i)

))
=

= ϕ−1
i (ai+1) · ϕi−1(bi+1) + hi · ϕ

−1
i (bi+1) + ϕ−1

i (ai+1) · h
′
i + hi · h

′
i+

+
(
f0,i(h0)+ . . .+fi−1,i(hi−1)

)
·ϕ−1

i (bi+1)+ϕ
−1
i (ai+1) ·

(
f0,i(h

′
0)+ . . .+fi−1,i(h

′
i−1)

)
−

−ϕ−1
i (ai+1) · ϕ

−1
i (bi+1) −

(
f0,i(h0) + . . . + fi−1,i(hi−1) + hi

)
· ϕ−1

i (ϕ−1
i+1(bi+2))−

−ϕ−1
i (ϕ−1

i+1(ai+2)) ·
(
f0,i(h

′
0) + . . . + fi−1,i(h

′
i−1) + h′i

)
=

= hi · ϕi−1
(
bi+1 − ϕ−1

i+1(bi+2)
)

+ ϕ−1
i

(
ai+1 − ϕ−1

i+1(ai+2)
)
· h′i + hi · h

′
i+

+
(
f0,i(h0) + . . .+ fi−1,i(hi−1)

)
· ϕ−1

i

(
bi+1 − ϕ−1

i+1(bi+2)
)
+

+ϕ−1
i

(
ai+1 − ϕ−1

i+1(ai+2)
)
·
(
f0,i(h

′
0) + . . . + fi−1,i(h

′
i−1)

)
∈

∈ Ui ·ϕ
−1
i (Ui+1)+ϕ

−1
i (Ui+1) ·Ui +Ui ·Ui +

(
f0,i(U0)+ . . .+fi−1,i(Ui−1)

)
·ϕ−1

i (Ui+1)+

+ϕ−1
i (Ui+1) ·

(
f0,i(U0) + . . .+ fi−1,i(Ui−1)

)
⊆

⊆ Ui · ϕ
−1
i (Ui+1) + ϕ−1

i (Ui+1) · Ui + Ui · Ui+

+Ui · ϕi−1(Ui+1) + . . .+ Ui · ϕ
−1
i (Ui+1)︸ ︷︷ ︸

iitems

+ϕ−1
i (Ui+1) · Ui + . . .+ ϕ−1

i (Ui+1) · Ui︸ ︷︷ ︸
i items

⊆

⊆ V ′
i + . . .+ V ′

i︸ ︷︷ ︸
nitems

⊆ Vi for 0 < i < n;

r0 − ϕ−10(r1) = a0 · b0 − ϕ−10

(
a1 · b1 + (f0,1(a0) − a1) · ϕ

−1
1 (b2)+

+ϕ−1
1 (a2) · (f0,1(b0) − b1)

)
= (ϕ−1

0 (a1) + h0) · (ϕ
−1
0 (b1) + h′0) − ϕ−1

0 (a1 · b1)−

−
(
a0 − ϕ−10(a1)

)
· ϕ−1

0 (ϕ−1
1 (b2)) − ϕ−1

0 (ϕ−11(a2)) ·
(
b0 − ϕ−1

0 (b1)
)

=

= ϕ−1
0 (a1 · b1) + h0 · ϕ

−1
0 (b1) + ϕ−1

0 (a1) · h
′
0 + h0 · h

′
0−

−ϕ−1
0 (a1 · b1) − h0 · ϕ

−1
0 (ϕ−1

1 (b2)) − ϕ−1
0 (ϕ−1

1 (a2)) · h
′
0 = h0 · ϕ

−1
0

(
b1 − ϕ−1

1 (b2)
)
+

+ϕ−1
0

(
a1−ϕ

−1
1 (a2)

)
·h′0 +h0 ·h

′
0 ∈ U0 ·ϕ−10(U1)+ϕ−10(U1) ·U0 +U0 ·U0 ⊆ V ′

0 ⊆ V0.

Thus, we have obtained that ri − ϕ−1i(ri+1 ∈ Vi) for 0 ≤ i < n and rn ∈ Vn,
i.e. r̂ = â · b̂ = (r0, . . . , rn) ∈W (V). As the elements â and b̂ are arbitrary elements
then U · U ⊆ V, i.e. the condition BN5 is executed.

Let’s check now that the condition BN6 is satisfied.
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Let V = (V0, V1, . . . , Vn) ∈ Ω and b̂ = (b0, . . . , bn) ∈ R̂. For everyone 0 ≤ i ≤ n
there exists V ′

i ∈ Bi such that −V ′
i = V ′

i and V ′
i + . . .+ V ′

i︸ ︷︷ ︸
2n+4 items

⊆ Vi.

As for every 0 ≤ i < n the isomorphism ϕi : (Ri, τi) → (Ri+1, τi+1) is semi-
topological, then according to Theorem 2 there exist neighbourhoods of the zero
U0, U1, . . . , Un in (R0, τ0), (R1, τ1), . . . , (Rn, τn) correspondingly such that

ϕ−1
i (Ui+1) · {f0,i(b0), bi, ϕ

−1
i (bi+1), ϕ

−1
i (ϕ−1

i+1(bi+2))}+

+{f0,i(b0), bi, ϕ
−1
i (bi+1), ϕ

−1
i (ϕ−1

i+1(bi+2))} · ϕ
−1
i (Ui+1) ⊆ V ′

i

for 0 < i < n and Un · bn + bn · Un ⊆ V ′
n.

As the isomorphism ϕi : (Ri, τi) → (Ri+1, τi+1) is continuous then (without loss
of generality) we can consider that ϕi(Ui) ⊆ Ui+1. From the definition of mappings
fi,j it follows that fi,j(Ui) ⊆ Uj for any 0 ≤ i < j ≤ n.

Then U = (U0, U1, . . . , Un) ∈ Ω. If â = (a0, . . . , an) ∈ W (U) then hi =
ai − ϕ−1

i (ai+1) ∈ Ui for 0 ≤ i < n and hn = an ∈ Un. As it was done by checking
the condition BN5 it is proved that

fi,j(ai) − aj = fi,j(hi) + fi+1,j(hi+1) + . . .+ fj−1,j(hj−1) ∈

∈ fi,j(Ui) + fi+1,j(Ui+1) + . . .+ fj−1,j(Uj−1) ⊆ Uj + Uj + . . . + Uj︸ ︷︷ ︸
j−i items

for any 0 ≤ i < j ≤ n.

If â · b̂ = (r0, . . . , rn), then:

rn = an · bn ∈ Un · bn ⊆ V ′
n ⊆ Vn;

ri − ri+1 = ai · bi + (f0,i(a0) − ai)) · ϕ
−1
i (bi+1) + ϕ−1(ai+1) · (f0,i(b0) − bi))−

−ϕ−1
i

(
ai+1 · bi+1 +(f0,i+1(a0)−ai+1) ·ϕ

−1
i+1(bi+2)+ϕ−1

i+1(ai+2) · (f0,i+1(b0)− bi+1)
)

=

= ai · bi +
(
f0,i(a0) − ai

)
· ϕ−1

i (bi+1) + ϕ−1
i (ai+1) · f0,i(b0) − ϕ−1

i (ai+1) · bi−

−ϕ−1
i (ai+1) · ϕ

−1
i (bi+1) − ϕ−1

i (f0,i+1(a0)) · ϕ
−1
i (ϕ−1

i+1(bi+2))+

+ϕ−1
i (ai+1) · ϕ

−1
i (ϕ−1

i+1(bi+2)) − ϕ−1
i (ϕ−1

i+1(ai+2)) · ϕ
−1
i (f0,i+1(b0))+

+ϕ−1
i (ϕ−1

i+1(ai+2)) · ϕ
−1
i (bi+1) = ai · bi +

(
f0,i(a0) − ai

)
· ϕ−1

i (bi+1)+

+ϕ−1
i (ai+1) · f0,i(b0) − ϕ−1

i (ai+1) · bi − ϕ−1
i (ai+1) · ϕ

−1
i (bi+1)−

−f0,i(a0) · ϕ
−1
i (ϕi+1−1(bi+2)) + ϕ−1

i (ai+1) · ϕ
−1
i (ϕ−1

i+1(bi+2))−

−ϕ−1
i (ϕ−1

i+1(ai+2)) · f0,i(b0) + ϕ−1
i (ϕ−1

i+1(ai+2)) · ϕ
−1
i (bi+1) =

=
(
ai − ϕ−1

i (ai+1)
)
· bi +

(
f0,i(a0) − ai

)
· ϕ−1

i (bi+1)+

+
(
ϕ−1

i (ai+1) − ϕ−1
i (ϕ−1

i+1(ai+2))
)
· f0,i(b0) −

(
ϕ−1

i (ai+1)−
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−ϕ−1
i (ϕ−1

i+1(ai+2))
)
· ϕ−1

i (bi+1) − f0,i(a0) · ϕ
−1
i (ϕ−1

i+1(bi+2)) + ai · ϕ
−1
i (bi+2)−

−ai · ϕ
−1
i (bi+2) + ϕ−1

i (ai+1) · ϕ
−1
i (ϕ−1

i+1(bi+2)) =
(
ai − ϕ−1

i (ai+1)
)
· bi+

+
(
f0,i(a0) − ai

)
· ϕ−1

i (bi+1) +
(
ϕ−1

i (ai+1) − ϕ−1
i (ϕ−1

i+1(ai+2))
)
· f0,i(b0)−

−
(
ϕ−1

i (ai+1) − ϕ−1
i (ϕ−1

i+1(ai+2))
)
· ϕ−1

i (bi+1) −
(
f0,i(a0) − ai

)
· ϕ−1

i (ϕ−1
i+1(bi+2))−

−
(
ai − ϕ−1

i (ai+1)
)
· ϕ−1

i (ϕ−1
i+1(bi+2)) = hi · bi +

(
f0,i(h0) + . . .

+fi−1,i(hi−1) + hi

)
· ϕ−1

i (bi+1) + ϕ−1
i

(
ai+1) − ϕ−1

i+1(ai+2)
)
· f0,i(b0)−

−ϕ−1
i

(
ai+1) − ϕ−1

i+1(ai+2)
)
· ϕ−1

i (bi+1) −
(
f0,i(h0) + . . .

+fi−1,i(hi−1) + hi

)
· ϕ−1

i

(
ϕ−1

i+1(bi+2)
)
− hi · ϕ

−1
i (ϕ−1

i+1(bi+2)) ∈

∈ Ui · bi +
(
f0,i(U0) + . . . + fi−1,i(Ui−1) + Ui

)
· ϕ−1(bi+1) + ϕ−1(Ui+1) · f0,i(b0)−

−ϕ−1
i (Ui+1) · ϕ

−1
i (bi+1) −

(
f0,i(U0) + . . .+ fi−1,i(Ui−1) + Ui

)
· ϕ−1

i

(
ϕ−1

i+1(bi+2)
)
−

−Ui · ϕ
−1
i (ϕ−1

i+1(bi+2)) ⊆ V ′
i + . . .+ V ′

i︸ ︷︷ ︸
2n+4 items

⊆ Vi for 0 < i < n;

r0 − r1 = a0 · b0 − ϕ−1
0

(
a1 · b1 + (f0,1(a0)− a1) ·ϕ

−1
1 (b2) + ϕ−1

1 (a2) · (f0,1(b0)− b1
)

=

= a0 · b0 − ϕ−1
0 (a1) · ϕ

−1
0 (b1) − a0 · ϕ

−1
0 (ϕ−1

1 (b2))+

+ϕ−1
0 (a1) · ϕ

−1
0 (ϕ−1

1 (b2)) − ϕ−1
0 (ϕ−1

1 (a2)) · b0 + ϕ−1
0 (ϕ−1

1 (a2)) · ϕ
−1
0 (b1)

)
=

= a0 · b0 − ϕ−1
0 (a1) · b0 + ϕ−1

0 (a1) · b0 − ϕ−1
0 (a1) · ϕ

−1
0 (b1) − a0 · ϕ

−1
0 (ϕ−1

1 (b2))+

+ϕ−1
0 (a1) · ϕ

−1
0 (ϕ−1

1 (b2)) − ϕ−1
0 (ϕ−1

1 (a2)) · b0 + ϕ−1
0 (ϕ−1

1 (a2)) · ϕ
−1
0 (b1)

)
=

= (a0 − ϕ−1
0 (a1)) · b0 + ϕ−1

0 (a1 − ϕ−1
1 (a2) · b0 − ϕ−1

0 (a1 − ϕ−1
1 (a2)) · ϕ

−1
0 (b1)−

−(a0 − ϕ−1
0 (a1)) · ϕ

−1
0 (ϕ−1

1 (b2)) ∈ U0 · b0 + ϕ−1
0 (U1) · b0 − ϕ−1

0 (U1) · ϕ
−1
0 (b1)−

−U0 · ϕ
−1
0 (ϕ−1

1 (b2)) ⊆ V ′
0 + V ′

0 + V ′
0 + V ′

0 ⊆ V0.

Thus, we have obtained that ri − ϕ−1
i (ri+1) ∈ Vi for 0 ≤ i < n and rn ∈ Vn, i.e.

â · b̂ = (r0, . . . , rn) ∈W (V). As the element â is arbitrary then U · b̂ ⊆ V.

It is similarly proved that b̂ ·W (U) ⊆W (V) i.e. the condition BN6 is executed.

Hence we can take the set {W (V) | V ∈ Ω} for basis of neighbourhoods of the
zero, sets which determines some, probably nonseparable, ring topology τ̂ on the
ring R̂.

II.2. From the definition of the set W (V) it follows that if V = (V0, . . . Vn) and
Vi is a subgroup of the additive group of the ring Ri, for 0 ≤ i ≤ n, then W (V) is a
subgroup of the additive group of the ring R̂.

II.3. Let’s show now that if for every 0 ≤ i ≤ n the topological ring (Ri, τi) is
separable, then the topological ring (R̂, τ̂) is separable, too.
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Let’s assume the contrary i.e. 0 6= r̂ = (r0, . . . , rn) ∈
⋂

V∈ΩW (V) and let
k = max{i | ri 6= 0}. As (Rk, τk) is a separable ring there exists a neighborhood
Vk ∈ Bk of the zero such that rk /∈ Vk. From the definition of the number k it
follows that either k = n or rk+1 = 0. Then rn ∈ Vn if k = n and rk = rk − 0 =
rk − ϕk(rk+1) ∈ Vk if k < n. We have obtained the contradiction with the choice
of the neighborhood Vk. Hence the topological ring (R̂, τ̂ ) is separable.

From subitems II.2 and II.3 it follows that if ℜ is any class from the classes
specified in the formulation of this theorem and (Ri, τi) ∈ ℜ for 0 ≤ i ≤ n, then
(R̂, τ̂) ∈ ℜ.

II.4. Let’s check now that the isomorphism ψ : (R̂0, τ̂ | bR0
) → (R, τ) (the defini-

tion of ψ see in I.5.) is a topological isomorphism.

If V = (V0, . . . , Vn) ∈ Ω then ψ(W (V)
⋂
R̂0) = ψ({(r0, 0, . . . , 0) | r0 ∈ V0}) = V0.

Then (see [4, 1.5.5]) ψ is a topological isomorphism, and hence (see I.5), identifying
any element r ∈ R = R0 with the element (r, 0, . . . , 0) ∈ R̂, we can consider, that
a topological ring (R, τ) is an accessible subring of the topological ring (R̂, τ̂ )of the
stage not more than n.

II.5. If we define mapping ϕ̂ : R̂ → R̄ as follows ϕ̂(r0, . . . , rn) = ϕ(r0), then it
is easy to see that ϕ̂ : R̂ → R̄ is a ring homomorphism. As we have identified the
element r ∈ R0 = R with the element (r0, 0, . . . , 0) ∈ R̂, then the homomorphism ϕ̂
is an extension of the isomorphism ϕ.

To complete the proof of this theorem it is necessary to check that the homo-
morphism ϕ̂ : (R̂, τ̂ ) → (R̄, τ̄ ) is a topological homomorphism.

Let V̄ be any neighborhood of the zero in the topological ring (R̄, τ̄) = (Rn, τn).
As the homomorphism ϕi : (Ri, τi) → (Ri+1, τi+1) is continuous for every 0 ≤
i < n then there are neighborhoods V0, . . . , Vn of the zero in the topological rings
(R0, τ0), . . . , (Rn, τn) correspondingly such that Vn + . . .+ Vn︸ ︷︷ ︸

n+1 items

⊆ V̄ and ϕi(Vi) ⊆ Vi+1

for 0 ≤ i < n. Then V = V0, . . . , Vn ∈ Ω and fi,j(Vi) ⊆ Vj for any 0 ≤ i < j ≤ n.
If (r0, . . . rn) ∈ W (V), then rn ∈ Vn and ri − ϕ−1

i (ri+1) ∈ Vi for 0 ≤ i < n.
Then ϕ̂(r0, . . . , rn) = ϕ(r0) = f0,n(r0) = f0,n(r0) − f1,n(r1) + f1,n(r1) − f2,n(r2) +
. . . + fn−1,n(rn) − rn + rn = f0,n(r0 − ϕ−1

0 (r1)) + . . . + fn−1,n(rn−1 − ϕ−1
n−1(rn)) +

rn ∈ f0,n(V0) + . . . + fn−1,n(Vn−1) + Vn ⊆ Vn + . . . + Vn︸ ︷︷ ︸
n+1 items

⊆ V̄ . As the element

(r0, . . . rn) ∈W (V) is arbitrary then ϕ̂(W (V)) ⊆ V̄ , and according to (see [4, 1.5.5])
ϕ̂ : (R̂, τ̂ ) → (R̄, τ̄ ) is a continuous homomorphism.

Let now V = (V0, . . . , Vn) ∈ Ω. Taking in consideration the condition of the theo-
rem (see the statement 2 of formulation of the theorem) and the definition of the iso-
morphisms ϕ and fi,j it follows that f0,n = ϕ. Then {(f−1

0,n(r), . . . , f−1
n−1,n(r), r) | r ∈

Vn} ⊆ W (V), that is Vn = {ϕ(f−1
0,n(r)) | r ∈ Vn} = ϕ̂

(
{(f−1

0,n(r), . . . , f−1
n−1,n(r), r) |

r ∈ Vn}
)
⊆W (V).
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As (R̄, τ̄) = (Rn, τn) then Vn is a neighborhood of the zero in (R̄, τ̄) and then
according to (see [4, 1.5.5]) ϕ̂ : (R̂, τ̂ ) → (R̄, τ̄ ) is an open homomorphism.

The theorem is completely proved.

Designation 1. Let R be any not necessarily associative ring. Put R1 = R and for
any natural number n define Rn as the subgroup generated by the set {a · b | a ∈
Rs, b ∈ Rt, 0 < s, t < n, s+ t = n}.

It is easy to note that Rn is an ideal in the ring R.

Definition 3. A ring R is called a nilpotent ring if Rn = 0 for some natural number
n. The minimal one from these natural numbers is called the index of nilpotence.

Theorem 4. Let ℜ be one of following classes:

– the class of all (separable) topological rings;

– the class of all (separable) topological commutative rings;

– the class of all (separable) topological rings possessing basis of neighborhood of
zero which consists of subgroups;

– the class of all (separable) topological commutative rings possessing basis of
neighborhood of zero which consists of subgroups.

If (R, τ) and (R̄, τ̄ ) ∈ ℜ and R is a nilpotent ring of index of nilpotence n,
then every continuous isomorphism ϕ : (R, τ) → (R̄, τ̄) is a superposition of n
semitopological isomorphism.

Proof. Let B and B̄ be the sets of all neighbourhoods of zero in the topological
rings (R, τ) and (R̄, τ̄) correspondingly. For each natural number 0 ≤ k < n− 1, we
shall define the set Bk = {Wk(V, V̄ ) = V +

(
Rn−k

⋂
ϕ−1(V̄ )

)
| V ∈ B, V̄ ∈ B̄} in

the ring R. Let’s show that each of these sets Bk satisfies the conditions BN1–BN6
of Theorem 1.2.2 from [4]. Then by Theorem 1.2.5 from [4] it is possible to take Bk

as a basis of neighborhoods of the zero for determining some ring topology τk in the
ring R.

It is easy to notice that the set Bk satisfies the conditions BN1–BN4.

Let’s check the condition BN5. If Wk(V, (V ) ∈ Bk, then there exist V1 ∈ B

and V̄1 ∈ B̄ such that V1 · V1 ⊆ V and V̄1 · V̄1 + V̄1 · V̄1 + V̄1 · V̄1 ⊆ V̄ . As
ϕ : (R, τ) → (R̄, τ̄ ) is a continuous mapping then we can consider that V1 ⊆ ϕ−1(V̄1).
Then Wk(V1, V̄1) · Wk(V1, V̄1) = V1 · V1 + (Rn−k

⋂
(V1 · ϕ−1(V̄1) + ϕ−1(V̄1) · V1 +

ϕ−1(V̄1) ·ϕ
−1(V̄1))) ⊆ V +(Rn−k

⋂
(ϕ−1(V̄1) ·ϕ

−1(V̄1)+ϕ−1(V̄1) ·ϕ
−1(V̄1)+ϕ−1(V̄1) ·

ϕ−1(V̄1))) ⊆ V + (Rn−k
⋂
ϕ−1(V̄ )) = Wk(V, V̄ ), i.e. the condition BN5 is executed.

Let’s check the condition BN6.

If Wk(V, V̄ ) ∈ Bk and r ∈ R, then there exist V1 ∈ B and V̄1 ∈ B̄ such that
(r · V1)

⋃
(V1 · r) ⊆ V and (ϕ(r) · V̄1)

⋃
(V̄1 · ϕ(r)) ⊆ V̄ . Then r · Wk(V1, V̄1) =

r ·
(
V1 + (Rn−k

⋂
ϕ−1(V̄1))

)
⊆ V +

(
Rn−k

⋂
ϕ−1(V̄1)

)
= Wk(V, V̄ ).

It is similarly proved that Wk(V1, V̄1) · r ⊆Wk(V, V̄ ).
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Thus, we have proved that each of these sets Bk determines some ring topology
τk in the ring R.

Let’s notice now that if topological rings (R, τ) and (R̄, τ̄ ) ∈ ℜ are separable
then considering (see [4, Proposition 1.2.2]) we obtain that

⋂

Wk(V,(V )∈Bk

Wk(V, V̄ ) =
⋂

V̄ ∈B̄

⋂

V ∈B

(
V + (Rn−k

⋂
ϕ−1(V̄ ))

)
=

=
⋂

V̄ ∈B̄

[(Rn−k
⋂
ϕ−1(V̄ ))](R,τ) ⊆

⋂

V̄ ∈B̄

ϕ−1([V̄ ](R̄,τ̄)) =

=
⋂

V̄ ∈B̄

ϕ−1(V̄ ) = ϕ−1({0}) = {0}

for any 0 ≤ k < n − 1, and according to (see [4, Corollary 1.3.6]) the topological
ring (R, τk) is separable.

As for any 0 ≤ k < n − 1 the set Wk(V, V̄ ) = V + (Rn−k
⋂
ϕ−1(V̄ )) is a group

if V and V̄ are subgroups then (R, τk) ∈ K if (R, τ) ∈ K and (R̄, τ̄) ∈ K for each of
the classes which are specified in the formulation of this theorem.

As Rn = {0} then τ = τ0 and as ϕ = ϕ ◦ εn−2 ◦ . . . ◦ ε0, where ǫi : R → R
is the identical mapping for any 0 ≤ i ≤ n − 2, then to complete the proof of
the theorem we need to check that for any 0 ≤ k < n − 1 the identical mapping
εk : (R, τk) → (R, τk+1) and the mapping ϕ : (R, τn−1) → (R̄, τ̄) are semitopological
isomorphisms.

Let 0 ≤ k < n− 1 and Wk(V, V̄ ) = V + (Rn−k
⋂
ϕ−1(V̄ )) be any neighbourhood

of the zero in (R, τk) and r ∈ R. There are neighbourhoods U and Ū of the zero in
(R, τ) and (R̄, τ̄), correspondingly such that r ·U +U · r+U ·U +U ·U ⊆ V and
Ū + ϕ(r) · Ū + Ū · ϕ(r) + Ū · Ū + Ū · Ū ⊆ V̄ . As ϕ : (R, τ) → (R̄, τ̄ ) is a continuous
isomorphism then, without loss of generality, we can consider that ϕ(U) ⊆ Ū . Then

r · ε−1
k (Wk+1(U, Ū )) + ε−1

k (Wk+1(U, Ū )) · r+

+U · ε−1
k (Wk+1(U, Ū)) + ε−1

k (Wk+1(U, Ū )) · U = r ·
(
U +

(
Rn−k

⋂
ϕ−1(Ū)

))
+

+
(
U · r +

(
Rn−k

⋂
ϕ−1(Ū )

))
· r + U ·

(
U +

(
Rn−k

⋂
ϕ−1(Ū)

))
+

+
(
U +

(
Rn−k

⋂
ϕ−1(Ū )

))
· U ⊆ r · U + r ·

(
Rn−k

⋂
ϕ−1(Ū)

)
+ U · r+

+
(
Rn−k

⋂
ϕ−1(Ū )

))
· r + U · U + U ·

(
Rn−k

⋂
ϕ−1(Ū)

))
+

+U ·U+
(
Rn−k

⋂
ϕ−1(Ū)

)
·U ⊆ V +Rn−k+1

⋂(
ϕ−1(ϕ(r) · Ū+ Ū ·(ϕ(r)+ϕ(U) · Ū+

+Ū · ϕ(r))
)
⊆ V +Rn−k+1

⋂
ϕ−1(V̄ ) = Wk(U, Ū)

if k < n−2 and r ·ϕ−1(Ū ))+ϕ−1(Ū)·r+U ·ϕ−1(Ū ))+ϕ−1(Ū))·U = R2
⋂
ϕ−1

(
ϕ(r)·

Ū + Ū · ϕ(r) + ϕ(U) · Ū + Ū · ϕ(U)
)
⊆ ϕ−1(V̄ ) ⊆Wn−2(V, V̄ ).
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Then, according to Theorem 2, for any 0 ≤ k < n − 1 the identical mapping
εk : (R, τk) → (R, τk+1) and the mapping ϕ : (R, τn−1) → (R̄, τ̄) are semitopological
isomorphisms.

The theorem is completely proved.
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