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Abstract. We describe some radical filters of noetherian rings.
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Let R be a ring. The category of right R-modules will be denoted by Mod —R.
Let L,(R) be the set of all right ideals of the ring R. Let Spec,(R) be the set of
all maximal right ideals of R. If NV is a submodule of a module M we shall write
N < M. A set P C R is said to be similarly-closed in case

VpePVreR: r~p = rep.
Let
Ep:={I €L, (R)| (IneN Jay,as,...,ap, € P: I =ajas...a,R)VI=R}.

We shall say that R is a domain if Ya,b € R\ {0} : ab € R\ {0}.

A ring R is said to be a principal ideal domain in case it is a domain such that
every its right ideal is a right principal ideal and every its left ideal is a left principal
ideal.

Definition 1. A right ideal A is similar to a right ideal B if R/A = R/B. In this
case we shall write A ~ B.

Definition 2. A set G C L, (R) is said to be similarly-closed in case YA € G VB €
LT(R): A~B = Bed.
Let [G] ={P | 3A€ G: P = R/A} for G C Spec,(R).

Definition 3 [1, 2]. A set E C L.(R)is called a radical filter if the following
conditions are fulfilled

GlLIeE, ICJ,JeL,(R) =J€ckE.

G2.I1€E,acR = (I:a)€E.

G3. I1e€E, JCI, JeL,(R),Vacl:(J:a)eE = JEE.

Let

EG:{[ ’ HRENU{O}HAQ,Al,...,AnGLT(R)Z I=AC A C...CA, =R
AVie{l,2,...,n}: A;/A;i_1 € [G]}.
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Theorem 1. Let R be a right noetherian ring. If G C Spec,.(R) is similarly-closed
then Eq is a radical filter of R.

Proof. Gl. Let [ € Eg, I C J, J € L,(R). Then
HHENU{O}Ele,Al,...,AnELT(R)Z I=ACA C...CA, =R

A Vi e {1,2,...,n}: Ai/Ai—l S [G] (*)
It follows from this that

0=Ag/ICA/IC...CAJI=R/I AVie{l,2,... n}:

(Ai/1)/(Air /1) € [G] ()

and 0 C J/I C R/I. Now taking this into consideration by Corollary 3.5.3 [4] we
have that
JJ)I=By/ICB/IC...CBy/I=

=R/I A Vie{1,2,....k}: (B;/I)/(Bi_1/I) € [G]

for some By, By,..., B € L.(R).
It follows from this that J € Eg.

G2. Let I € Eg, a € R. Then we have (*). Hence (**). But 0 C (aR+1)/I C
R/I. Now taking this into consideration by Corollary 3.5.3 [4] we have that
0=Co/ICCL/IC...CC,JI=

—(@R+1)/T AYie{1,2,....t1: (Ci/]))(Ci_1/]) € [G]

for some Cy,C4,...,Cy € L.(R).
It is obviour that R/(I : a) = (aR + I)/I. Taking this into account we obtain
that (I :a) € Eq.

G3. Let I € Eg, JC1I,Je L. (R),Ya€l:(J:a)€ Eg. It is obvious that
R/J is noetherian as a factor-module of the right noetherian module R. Hence I/J

is also noetherian as a submodule of R/J. It is clear that >  (aR+ J)/J = I/J.
acl
Since I/J is finitely generated as a noetherian module,

(ayR+J)/J + (aaR+ J)/J + ...+ (asR+ J)/J =1]J

for some {ay,as9,...,as} C I.
Then I/J = (@ (anR + J)/J)/S for some submodule S of @ (ap,R+ J)/J.
h=1 h=1
Since

VhE{l,Q,...,S}:(CLhR—i-J)/J%R/(JZCLh) A\ (J:ah) € Eg,

Vhe{l,Q,...,S} H{Bh’i ‘ Bh7i<(ahR+J)/J, 1€ {O,l,...,ph}}: 0=DBpoC
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C Bh71 c...C Bh,ph = (ahR—l— J)/J A Vie {1,2, e ,ph} : Bh,i/Bh,i—l S [G]
It follows from this that
O:BLO gBLl c... gBLm EBBQJ c...C Bl,pl @Blpz c...

s

... C Biy, ®Bayp, ® ... ® Bap, = P(anR+J)/J
h=1

is a composition series for € (apR + J)/J with all factors belonging to [G]. Since

h=1
0CSC @(apR+ J)/J, by Corollary 3.5.3 [4], there exists a composition series
h=1
0C Ly/SCLy/SC...CL,/S= <@(ahR+ J)/J)/S with all factors belonging

h=1
to [G] (where S < Ly <Ly <...< L, = @ (apR+J)/J). Now taking into account
h=1

I/J= (@ (an R+ J)/J > /S, it is easy to see that there exists a composition series
h=1

0= DMy/J <M /JC...CM,/J=1/J with all factors belonging to [G]. But since

I € Eg, there exists a composition series 0 = No/I C N1/I C ... C N,/I = R/I

with all factors belonging to [G]. Therefore 0 = My/J C My/J C ... C M,/J C

Ny/J C...C N,/J=R/J is a composition series with all factors belonging to [G].

Therefore J € Eq. ]

Lemma 2. Let R be a domain. IfVi € {1,2,...,n} : a; € R\{0}Aa;R is a mazimal
right ideal of R, then
LoCLiC...C L, 1CL,

18 a composition series for Ly, where

Ls:=ajay...an—sR/ajas...anR, s€{0,1,...,n—1}, L, := R/ajas...ayR.

Proof. It is clear that
Lgy1/Ls = R/ay—sR, s€{0,1,...,n—1}. O

Therefore we have the following proposition.

Proposition 3. Let R be a right noetherian domain and let P be a similarly-closed
subset of R such that 0 ¢ P. If G C Spec,(R) is a similarly-closed set containing
the set {aR | a € P}, then the radical filter Eq contains the set Ep.

Let R be a principal ideal domain. An element p € R is said to be an atom in
casep#0 A pgUR) N Va,be R: (p=ab = ac€U(R) V beU(R))). The
set of all atoms of R will be denoted by Qg .
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Taking into account Theorem 1 and the proof of Lemma 1 we obtain
(see [3, p.69-70] and [4, Corollary 3.5.3]).

Corollary 4 [5]. Let R be a principal ideal domain. If P C Qg is a similarly-closed
set then Ep is a radical filter.

Corollary 5. Let R be a Dedekind domain. If G C Spec,(R) is similarly-closed
then Tg . ={I € L,(R) | (3ne N3, Is,....I, € G: I =151...1,) V I=R}is
a radical filter of R.

Proof. It is obvious that

is a composition series for L,, where
Ly := 11[2”'[71—5/[1[2---In7 S € {0,1,... , N — 1}, L, := R/Ilfg...[n,

because
Lsy1/Ls =2 R/I,—s, s€{0,1,...,n}

(see Proposition 17 [6]).
Now apply Theorem | and Corollary 3.5.3 [4]. d
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