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Multi-dimensional Darboux type differential systems

with quadratic nonlinearities

O.V. Diaconescu

Abstract. In the article the n-dimensional autonomous Darboux type differential
systems with nonlinearities of the 2nd degree are considered. With the aid of theorem
on integrating factor the particular invariant GL(n, R)-integrals are constructed as
well as the first integrals of Darboux type for considered systems. These integrals
represent the algebraic curves of the 1st degree. The recurrence formula of particular
invariant GL(n, R)-integrals of the Darboux type differential system is found.

Mathematics subject classification: 34C05,34C14.
Keywords and phrases: The Darboux type differential system, comitant, invariant
GL(n, R)-integrating factor, invariant GL(n, R)-integral.

Consider the system of differential equations

dxj

dt
= aj

αxα + aj
αβxαxβ ≡ P j(x, a) (j, α, β = 1, n; n ≥ 2), (1)

where coefficient tensor aj
αβ is symmetrical in lower indices, in which the comp-

lete convolution holds. The system (1) is considered with the action of the group
GL(n, R) of center-affine transformations [1], and x = (x1, x2, ..., xn) is a phase
variable vector of the system.

Suppose that system (1) admits (n − 1)-dimensional commutative Lie algebra
with operators

Xα = ξj
α(x)

∂

∂xj
(j = 1, n; α = 1, n − 1) (2)

and

Λ = P j(x, a)
∂

∂xj
(j = 1, n). (3)

Consider the determinant constructed on coordinates of operators (2)-(3) as
follows

∆ =

∣∣∣∣∣∣∣∣∣∣

ξ1
1 ξ2

1 ξ3
1 ... ξn

1

ξ1
2 ξ2

2 ξ3
2 ... ξn

2

... ... ... ... ...
ξ1
n−1 ξ2

n−1 ξ3
n−1 ... ξn

n−1

P 1 P 2 P 3 ... Pn

∣∣∣∣∣∣∣∣∣∣

. (4)

From [2] it follows that holds
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Theorem 1. If n-dimensional differential system (1) admits (n − 1)-dimensional
commutative Lie algebra of operators (2), then the function µ = 1

∆ , where ∆ 6= 0
from (4), is the integrating factor for Pfaff equations

∑

i=1

(−1)i+j

∣∣∣∣∣∣∣∣∣∣∣∣∣

ξ1
1 ... ξi−1

1 ξi+1
1 ... ξn

1

... ... ... ... ... ...

ξ1
j−1 ... ξi−1

j−1 ξi+1
j−1 ... ξn

j−1

ξ1
j+1 ... ξi−1

j+1 ξi+1
j+1 ... ξn

j+1

... ... ... ... ... ...
P 1 ... P i−1 P i+1 ... Pn

∣∣∣∣∣∣∣∣∣∣∣∣∣

dxi = 0 (i = 1, n; j = 1, n − 1),

(5)
defining a general integral of the system (1).

Following [3], consider system (1) in a ”Darboux” like case, i.e. system (1)
written in the form

dxj

dt
= aj

αxα + 2xjR(x) ≡ P j(x, a) (j, α = 1, n; n ≥ 2), (6)

where R(x) 6= 0 is a homogeneous linear polynomial with constant coefficients in
coordinates of the vector x.

According to [4] will treat invariant GL(n, R)-integrating factors and invariant
GL(n, R)-integrals of the system (6) with n = 2, 3, 4, 5, ...

1. Case n = 2. Will denote the invariants and comitants of the system (1) as
follows

I1,2 = aα1
α1

, I2,2 = aα1
α2

aα2
α1

, K1,2 = aα1
α xαxα2εα1α2 ,

P1,2 = aα1
α1βxβ, P2,2 = aα1

α2
aα2

α1βxβ, K̃1,2 = aα1
βγxβxγxα2εα1α2 ,

(7)

where the first of lower indices for I,K,P and K̃ from (7) shows the degree of
invariant or comitant with respect to coefficients of the system (1), and the second
lower index shows the dimension of the system (n = 2). In [4] it is shown that
invariant condition which differs the system (6) from (1) is the following: K̃1,2 ≡ 0.
In the same paper with the aid of Theorem 1 and expressions (7) is proved

Theorem 2. System (1) with K̃1,2 ≡ 0 and n = 2 has the invariant GL(2, R)-
integrating factor µ of the form µ−1 = K1,2Φ2,2, where K1,2 = 0 and

Φ2,2 ≡ 8I1,2P1,2 − 12P2,2 + 3(I2
1,2 − I2,2) = 0

are invariant particular GL(2, R)-integrals of this system.
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2. Case n = 3. Following [3] will denote the invariants, comitants and covariants
of the system (1) as follows

I1,3 = aα1
α1

, I2,3 = aα1
α2

aα2
α1

, I3,3 = aα1
α3

aα2
α1

aα3
α2

,

K3,3 = aβ1
α1a

β2
α2a

α2
α3

xα1xα3xβ3εβ1β2β3 ,

P1,3 = aα1
α1βxβ, P2,3 = aα1

α2
aα2

α1βxβ, P3,3 = aα1
α3

aα2
α1

aα3
α2βxβ,

K̃1,3 = aα1
βγxβxγxα2xα3

1 εα1α2α3 ,

(8)

where the meaning of the lower indices for I,K,P and K̃ is the same, and the vector
x1 = (x1

1, x
2
1, x

3
1) is cogradient [5] to the phase variable vector x = (x1, x2, x3). The

vectors x and x1 are independent. In [3] it is shown that invariant condition which
differs the system (6) from (1) is the following: K̃1,3 ≡ 0. In the same paper with
the aid of Theorem 1 and expressions (8) is proved

Theorem 3. System (1) with K̃1,3 ≡ 0 and n = 3 has the invariant GL(3, R)-
integrating factor µ of the form µ−1 = K3,3Φ3,3, where K3,3 = 0 and

Φ3,3 ≡ 1/3(I2
1,3 − 3I1,3I2,3 + 2I3,3) − 3/2(I2,3 − I2

1,3)P1,3 − 4I1,3P2,3 + 4P3,3 = 0

are invariant particular GL(3, R)-integrals of this system.

3. Case n = 4. Consider the next invariants, comitants and covariants of the
system (1)

I1,4 = aα1
α1

, I2,4 = aα1
α2

aα2
α1

, I3,4 = aα1
α3

aα2
α1

aα3
α2

, I4,4 = aα1
α4

aα2
α1

aα3
α2

aα4
α3

,

K6,4 = aβ1
α1a

β2
α2a

α2
α3

aβ3
α4a

α4
α5

aα5
α6

xα1xα3xα6xβ4εβ1β2β3β4 , P1,4 = aα1
α1βxβ,

P2,4 = aα1
α2

aα2
α1βxβ, P3,4 = aα1

α3
aα2

α1
aα3

α2βxβ, P4,4 = aα1
α4

aα2
α1

aα3
α2

aα4
α3βxβ,

K̃1,4 = aα1
βγxβxγxα2xα3

1 xα4
2 εα1α2α3α4 ,

(9)

where the meaning of the lower indices for I,K,P and K̃ is the same, and the vectors
x1 = (x1

1, x
2
1, x

3
1, x

4
1) and x2 = (x1

2, x
2
2, x

3
2, x

4
2) are cogradient to the phase variable

vector x. One can verify easily that invariant condition which differs the system (6)
from (1) is the following: K̃1,4 ≡ 0. With the aid of Theorem 1 and expressions (9)
it is proved the following

Theorem 4. System (1) with K̃1,4 ≡ 0 and n = 4 has the invariant GL(4, R)-
integrating factor µ of the form µ−1 = K6,4Φ4,4, where K6,4 = 0 and

Φ4,4 ≡ L4,4 − 2(4/5L3,4P1,4 + L2,4P2,4 + L1,4P3,4 + P4,4) = 0 (10)

are invariant particular GL(4, R)-integrals of this system. In (10) we have

L1,4 = −I1,4, L2,4 = 1/2(I2
1,4 − I2,4), L3,4 = 1/6(3I1,4I2,4 − 2I3,4 − I3

1,4),

L4,4 = 1/24(8I1,4I3,4 − 6I4,4 − 6I2
1,4I2,4 + 3I2

2,4 + I4
1,4),

where Ik,4 (k = 1, 4) are from (9).
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4. Case n = 5. Consider the next invariants, comitants and covariants of the
system (1)

I1,5 = aα1
α1

, I2,5 = aα1
α2

aα2
α1

, I3,5 = aα1
α3

aα2
α1

aα3
α2

,

I4,5 = aα1
α4

aα2
α1

aα3
α2

aα4
α3

, I5,5 = aα1
α5

aα2
α1

aα3
α2

aα4
α3

aα5
α4

,

K10,5 = aβ1
α1a

β2
α2a

α2
α3

aβ3
α4a

α4
α5

aα5
α6

aβ4
α7a

α7
α8

aα8
α9

aα9
α10

xα1xα3xα6xα10xβ5εβ1β2β3β4β5,

P1,5 = aα1
α1βxβ, P2,5 = aα1

α2
aα2

α1βxβ, P3,5 = aα1
α3

aα2
α1

aα3
α2βxβ,

P4,5 = aα1
α4

aα2
α1

aα3
α2

aα4
α3βxβ, P5,5 = aα1

α5
aα2

α1
aα3

α2
aα4

α3
aα5

α4βxβ,

K̃1,5 = aα1
βγxβxγxα2xα3

1 xα4
2 xα5

3 εα1α2α3α4α5 ,

(11)

where the meaning of lower indices for I,K,P and K̃ is the same, and the vectors
xi = (x1

i , x
2
i , x

3
i , x

4
i , x

5
i ), (i = 1, 3) are cogradient to the phase variable vector x. As

it is easy to see the invariant condition which differs the system (6) from (1) is the
following: K̃1,5 ≡ 0. With the aid of Theorem 1 and expressions (11) is proved the
following

Theorem 5. System (1) with K̃1,5 ≡ 0 and n = 5 has the invariant GL(5, R)-
integrating factor µ of the form µ−1 = K10,5Φ5,5, where K10,5 = 0 and

Φ5,5 ≡ L5,5 − 2(5/6L4,5P1,5 + L3,5P2,5 + L2,5P3,5 + L1,5P4,5 + P5,5) = 0 (12)

are invariant particular GL(5, R)-integrals of this system. In (12) we have

L1,5 = −I1,5, L2,5 = 1/2(I2
1,5 − I2,5), L3,5 = 1/6(3I1,5I2,5 − 2I3,5 − I3

1,5),

L4,5 = 1/24(8I1,5I3,5 − 6I4,5 − 6I2
1,5I2,5 + 3I2

2,5 + I4
1,5),

L5,5 = −1/120(I5
1,5−10I3

1,5I2,5+20I2
1,5I3,5+15I1,5I

2
2,5−30I1,5I4,5−20I2,5I3,5+24I5,5),

where Ik,5 (k = 1, 5) are from (11).

5. The general case n ≥ 2.
Write the center-affine invariants, comitants and covariants in general case of

system (1) as follows

I1,n = aα1
α1

, I2,n = aα1
α2

aα2
α1

, I3,n = aα1
α3

aα2
α1

aα3
α2

, ..., In,n = aα1
αn

aα2
α1

aα3
α2

...aαn
αn−1

,

Km,n = aβ1
α1a

β2
α2a

α2
α3

aβ3
α4a

α4
α5

aα5
α6

aβ4
α7a

α7
α8

aα8
α9

aα9
α10

...a
αm−1
αm xα1xα3xα6xα10 ...xαmxβnεβ1...βn

,

P1,n = aα1
α1βxβ, P2,n = aα1

α2
aα2

α1βxβ, P3,n = aα1
α3

aα2
α1

aα3
α2βxβ, ...,

Pn,n = aα1
αn

aα2
α1

aα3
α2

...aαn

αn−1βxβ,

K̃1,n = aβ1

αβxαxβxβ2xβ3
1 xβ4

2 ...xβn

n−2εβ1β2...βn
,

(α,α1, α2, ..., αm, ..., αn, β, β1, β2, ..., βn = 1, n; m = n(n−1)
2 ; n ≥ 2)

(13)
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where εβ1β2β3...βn
is a unit n-vector, and the vectors xi = (x1

i , x
2
i , ..., x

n
i ),

(i = 1, n − 2) are independent cogradient vectors [5] to x .

Remark 1. System (1) with K̃1,n ≡ 0 has the form (6), where R(x) = 1
n+1P1,n.

Will call the systems written in the form (6) a Darboux type differential system
(analogically to the case when n = 2 in [4]).

As it is easy to see the center-affine invariant condition differ the system (6) from
(1). Indeed, it is true that for system (6) with K̃1,n ≡ 0, we have P1,n = (n+1)R(x).

One can verify that the next theorem generalizes cases 1-4

Theorem 6. System (1) with K̃1,n ≡ 0 and n = 2, 3, 4, 5 has the invariant GL(n, R)-
integrating factor µ of the form

µ−1 = Km,nΦn,n,

where Km,n = 0 and

Φn,n ≡ Ln,n−2(
n

n + 1
Ln−1,nP1,n+Ln−2,nP2,n+Ln−3,nP3,n+...+L1,nPn−1,n+Pn,n) = 0

(14)
are invariant particular GL(n, R)-integrals of this system, and Li,n (i = 1, n) are
the coefficients of characteristic equation of the system (1) as follows

λn + L1,nλn−1 + L2,nλn−2 + ... + Ln−1,nλ + Ln,n = 0 (15)

and they can be expressed though the invariants from (13) by the recurrence formula

Li,n = −
1

i
(Ii,n + Ii−1,nL1,n + Ii−2,nL2,n + ... + I1,nLi−1,n) (i = 1, n). (16)

With the aid of the cases 1-4 it is easy to verify that holds the next

Theorem 7. System (1) with K̃1,n ≡ 0 and n = 2, 3, 4, 5 has the first invariant
GL(n, R)-integral of Darboux type [6] as follows

K−1
m,nΦn

n,n = C (17)

if and only if I1,n = 0, where Km,n, K̃1,n, I1,n are from (13), and Φn,n is from (14).

The proof of Theorem 7 for system (6) follows from the equation

Λ(K−1
m,nΦn

n,n) = −I1K
−1
m,nΦn

n,n,

where Λ is from (3).

Remark 2. There exists the assumption that Theorems 6 and 7 hold for n ≥ 6.

One can verify that holds

Remark 3. Expression Km,n = 0 from (13) is the invariant particular GL(n, R)-

integral for linear system dxj

dt
= aj

αxα (α = 1, n).
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