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Multi-dimensional Darboux type differential systems
with quadratic nonlinearities

0.V. Diaconescu

Abstract. In the article the n-dimensional autonomous Darboux type differential
systems with nonlinearities of the 2"® degree are considered. With the aid of theorem
on integrating factor the particular invariant GL(n,R)-integrals are constructed as
well as the first integrals of Darboux type for considered systems. These integrals
represent the algebraic curves of the 1°* degree. The recurrence formula of particular
invariant GL(n,R)-integrals of the Darboux type differential system is found.

Mathematics subject classification: 34C05,34C14.
Keywords and phrases: The Darboux type differential system, comitant, invariant
GL(n, R)-integrating factor, invariant GL(n, R)-integral.

Consider the system of differential equations

dﬁ'
dt

= ala® + al ez’ = Pi(x,a) (j,onf=T,m5 n>2), (1)

where coefficient tensor @ , is symmetrical in lower indices, in which the comp-

lete convolution holds. The system (1) is considered with the action of the group
GL(n,R) of center-affine transformations [1], and = = (z',22%,...,2") is a phase
variable vector of the system.

Suppose that system (1) admits (n — 1)-dimensional commutative Lie algebra

with operators

Xa=8)o  (=Tma=Tn—T) 2)
and 5
A:Pj(ﬂj‘,a)— (]Zl,n) (3)

ozl
Consider the determinant constructed on coordinates of operators (2)
follows
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From [2] it follows that holds
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Theorem 1. If n-dimensional differential system (1) admits (n — 1)-dimensional
commutative Lie algebra of operators (2), then the function p = %, where A # 0
from (4), is the integrating factor for Pfaff equations

1 i—1 i+1 n
61 e 1 1 e é‘l
1 i—1 §i+l n
Z+ _1 cee _1 _1 cee _1 Z _ . _ . . _
E (_1) / ]1 ]i—l gji-i-l ]n dz' =0 (Z - 1777‘7 J = 17n - 1)7
i=1 Jj+1 j+1 j+1 o Syl
Pl Pi—l Pi-i-l P

defining a general integral of the system (1).

Following [3], consider system (1) in a "Darboux” like case, i.e. system (1)
written in the form

dzI . . ,
— = aa® + 207 R(2) = Pl(2,0) (joa=Tm n>2), (6)

where R(z) # 0 is a homogeneous linear polynomial with constant coefficients in
coordinates of the vector x.

According to [4] will treat invariant GL(n,R)-integrating factors and invariant
GL(n,R)-integrals of the system (6) with n =2,3,4,5, ...

1. Case n = 2. Will denote the invariants and comitants of the system (1) as
follows

J— o — « (07 - (07 A O
Lo =uagl, Iro=aglag?, Kio=ag'c*r*eq a,,

(7)

« « 7 a
P o= aaiﬁxﬁ, Py = ag;aafﬁxﬁ, Kig= aﬁ}/xﬁx“/xa%alaz,

where the first of lower indices for I, K, P and K from (7) shows the degree of
invariant or comitant with respect to coefficients of the system (1), and the second
lower index shows the dimension of the system (n = 2). In [4] it is shown that
invariant condition which differs the system (6) from (1) is the following: K 12=0.
In the same paper with the aid of Theorem 1 and expressions (7) is proved

Theorem 2. System (1) with IN(LQ = 0 and n = 2 has the invariant GL(2,R)-
integrating factor w of the form pu=! = Ky 9®99, where K19 =0 and

@272 = 8[1,2P1,2 — 12P2’2 + 3(]1272 — 1272) =0

are invariant particular GL(2,R)-integrals of this system.
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2. Case n = 3. Following [3] will denote the invariants, comitants and covariants
of the system (1) as follows

Lz =agl, Iaz3=aglag?, I33=aglag?ags,
i /81 /82 « (6% (6%

K33 = aa)aazaq2c™ 3;55355152537 8)
_ a1 .0 _ a1 02 .0 _ a1 00,03 0

Py 3= Qg g% Py 3= Uyl 5T P33 = A3 0a; Qg 5T

o o g .03
Ki3= aﬁﬁ/xﬁaﬂx 207 Caranas

where the meaning of the lower indices for I, K, P and K is the same, and the vector
r1 = (21,22, 23) is cogradient [5] to the phase variable vector z = (z!, 22, 23). The
vectors z and 7 are independent. In [3] it is shown that invariant condition which
differs the system (6) from (1) is the following: K; 3 = 0. In the same paper with

the aid of Theorem 1 and expressions (8) is proved

Theorem 3. System (1) with I~(173 = 0 and n = 3 has the invariant GL(3,R)-
integrating factor w of the form pu=! = K3 3®3 3, where K33 =0 and

®33=1/3(I13 — 3N 3ls+2I53) — 3/2(I23 — 17 3) P13 — 4l13Ps3 + 4P53 =0

are invariant particular GL(3,R)-integrals of this system.

3. Case n = 4. Consider the next invariants, comitants and covariants of the
system (1)

_ a1 _ Q1,00 _ a1 00,03 _ Q1,00 03,04
‘[174 = Qq; s [274 = QayQads ‘[374 = Q3007 Aay» ‘[4,4 = QayQa; a5y

_51ﬁ2a253a4aro¢ococ4 _ 401
Kgyq = Aoy oy g2 Gy Uyt Qb T T3 6P €81 828381, 1,4 = aalﬁznﬁ,

)

(9)

a1 aa2

P4 = agja,;

B8 — 401 02,03 .03 — 401 502 ja3 04 .03
57, Ps 4 = g} 0q; Gy 5T, Py 4 = g 0q; Ggs Gas g% s

o o a9 Q3 .00
Ki4= aﬁﬁ/xﬁzn“/:n 2r7° x5 €0 anasan s

where the meaning of the lower indices for I, K, P and K is the same, and the vectors

z1 = (21,22, 23,27) and 2y = (23,723,723, 23) are cogradient to the phase variable

vector z. One can verify easily that invariant condition which differs the system (6)
from (1) is the following: K4 = 0. With the aid of Theorem 1 and expressions (9)
it is proved the following

Theorem 4. System (1) with I~(174 = 0 and n = 4 has the invariant GL(4,R)-
integrating factor p of the form p~' = Kg.4®P44, where K4 =0 and

Pyq=Lyg—2(4/5L34P1 4+ LoaPoy+ L1 aPss+ Pya) =0 (10)
are invariant particular GL(4,R)-integrals of this system. In (10) we have
Liy=—I14, Loy= 1/2(11274 —1Iy4), L3a=1/6(3114l24— 2134 — 15,4),

Lua = 1/24(8I1 4I34 — 61s4 — 617 4 T2 4 + 313, + I ),
where Iy, 4 (k=1,4) are from (9).
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4. Case n = 5. Consider the next invariants, comitants and covariants of the
system (1)

_ _ 0100 _ a1 ,02 03
‘[175 ) [275 = Uy lais [375 = Q3007 Aasy»

_ Q1 Q2,03 04 _ 01,00 08 0 O
‘[475 = QqyAa) 005003, [575 = Qa5 o) Aan Aoz Aoy

_ B B2 as, B3, a4,05,01 a7, 08,09 .01 .03 .06 010 405
K10,5—aa1aa2aa3aa4ao¢5aagaa7aagaagaam$ T2TPXT X E B B9 B384 85 ) (11)

P 5= agiﬁxﬁ, Py5 =a%lal? z0, P35 =a%a%?al? zP,

a2 Va8 ag a1 a3
_ 01,09 03 04 ,3 _ O] 02 Q3 04 05 ﬁ
Pys = agiagiagia,, 527, P55 = aglagiagiagia,’ sx7,

% 91 a3 04 O
Kis= aﬁ“/‘/pﬁx’y‘raz‘rl Lo T3 Eajazazasas;

where the meaning of lower indices for I, K, P and K is the same, and the vectors

z; = (z}, 22,23, 7}, 2%), (i =1,3) are cogradient to the phase variable vector z. As

it is easy to see the invariant condition which differs the system (6) from (1) is the
following: K5 = 0. With the aid of Theorem 1 and expressions (11) is proved the
following

Theorem 5. System (1) with I~(175 = 0 and n = 5 has the invariant GL(5,R)-
integrating factor p of the form p~' = Ki05P55, where K195 = 0 and

$s55=Lss —2(5/6LasPis+ LssPas+ LosPss+ LisPas+ Ps5) =0  (12)
are invariant particular GL(5,R)-integrals of this system. In (12) we have
Lis=—Is, Lys=1/2(I{5 — I55), Lss=1/6(3I15l25—2I35—1I} ),

Lys=1/24(811 5135 — 6145 — 611 5Io5 + 3155 + I} 5),
L575 = —1/120(]1575 _10[%,51275+20[12,5I3,5+15IL512275_3011,51475_2012,513,5+24I575)7
where Iy 5 (k =1,5) are from (11).

5. The general case n > 2.
Write the center-affine invariants, comitants and covariants in general case of
system (1) as follows

_ o _ Q1,00 _ Q1 Q9,038 _ Q1 Q9 03 «
Il,n — aa17 I2,n — aa2aa17 I3,n - aagaalaagv "'yIn,n - aanaalaaz‘“aaz,la
_ B B2 a9 B3 oy 05 Ba a7 Q8 ,Q9 Am—1 .1 O3 1.6 10 « B
Km,n = aalaazaaSaa4aa5aa6aa7aa8aa9aam...aam rxrPrPr LTI nEﬁlm,Bn?

_ 01 B _ a1 02 .0 _ a1 00,03 03
P, = g, 51", P, = g4 04, 577, Ps,, = g3 0G; g gT7 5 s

’
Q1 502 03 (20) g
Pon= Ugyy, Aos O -0 627,

I~(17n = aibxaxﬁxmxf%g‘*...azg'LQaﬁlg%gn,

(0470417052, '-'7am7-'-7an757517527 75n = 17”7 m = Ta n Z 2)
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where €3,3,8,..3, 1S a unit n-vector, and the vectors z; = (:17},:1712, s,
(i = 1,n — 2) are independent cogradient vectors [5] to x .
Remark 1. System (1) with K, = 0 has the form (6), where R(z) = %le,n-

Will call the systems written in the form (6) a Darboux type differential system
(analogically to the case when n = 2 in [4]).

As it is easy to see the center-affine invariant condition differ the system (6) from
(1). Indeed, it is true that for system (6) with IN(Ln =0, we have P, ,, = (n+1)R(x).

One can verify that the next theorem generalizes cases 1-4

Theorem 6. System (1) with I~(17n =0 andn = 2,3,4,5 has the invariant GL(n,R)-
integrating factor p of the form

N_l = Km,nq)n,ny

where Ky, , = 0 and

n

q)n,n = Ln,n_2( Ln—l,npl,n+Ln—2,nP2,n+Ln—3,nP3,n+---+L1,nPn—1,n+Pn,n) =0

(14)
are invariant particular GL(n,R)-integrals of this system, and L;, (i = 1,n) are
the coefficients of characteristic equation of the system (1) as follows

n—+1

A"+ Ly A"+ Lo A" 2+ o4 Ly 1o A+ Ly =0 (15)
and they can be expressed though the invariants from (13) by the recurrence formula

1 o
Lipn=—UTin+LicinLlipn+LiconLon+ ...+ LinLic1,) (1=1,n). (16)

With the aid of the cases 1-4 it is easy to verify that holds the next

Theorem 7. System (1) with IN(Ln =0 and n = 2,3,4,5 has the first invariant
GL(n,R)-integral of Darbouz type [6] as follows

Klaor =C (17)

if and only if I, = 0, where Ky, ,, I~(17n,117n are from (13), and ®,, ,, is from (14).
The proof of Theorem 7 for system (6) follows from the equation

AK@n ) = -LK, o

m,n > nn m,n < n,n’
where A is from (3).
Remark 2. There exists the assumption that Theorems 6 and 7 hold for n > 6.

One can verify that holds
Remark 3. Expression Kp,, = 0 from (13) is the invariant particular GL(n,R)-

integral for linear system %2 = aa® (a=T,n).
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