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Biharmonic curves in Cartan-Vranceanu
(2n+1)-dimensional spaces
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Abstract. Biharmonic curves in Cartan-Vranceanu spaces of dimension 2n+1 are
characterized and an example of such curve is given.
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1 Preliminaries

First we should recall some notions and results related to the biharmonic maps
between Riemannian manifolds, as they are presented in [6] and in [7].

Harmonic maps f : (M,g) — (N, h) between a compact Riemannian manifold,
(M,g), and a Riemannian manifold, (N,h), are the critical points of the energy
functional E(f) = 3 [, |df|?vy and it is proved (in [4]) that the corresponding Euler-
Lagrange equation is 7(f) = traceVdf, where 7(f) is called the tension field of f.
If the manifold M is not compact f is said to be harmonic if 7(f) = 0. The critical
points of the bienergy functional E»(f) = 1 [,,|7(f)[?v, are called biharmonic maps.
In [6] the Euler-Lagrange equation for Fs is given

o(f) = —A7(f) — traceRY (df  7(f))df =0,

where RV (X,Y) = VxVy — VyVx — V(x,y]- The equation m3(f) = 0 is called the
biharmonic equation. Note that the harmonic maps are also biharmonic. Then the
main interest is to find the non-harmonic biharmonic maps, which are called proper
biharmonic maps.

2 Cartan-Vranceanu spaces

Let us consider the following two-parameter family of Riemannian metrics, called
the Cartan-Vranceanu metrics,

n
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defined on (2n+1)-dimensional manifold M, where M = R?**! if m > 0, and

1
M = {(x17y17x27y27"'7xn7yn72) S R2n+1’x? +yz2 § __7i - 17”}
m

if m < 0. The biharmonic curves in 3-dimensional Cartan-Vranceanu spaces are
characterized in [2] and, moreover, their explicit parametrizations is given in the
cited paper. For the 3-dimensional case another results are obtained if m =0, # 0
and if { = 1, m # 0. Thus, if m =0, [ # 0 then (M, ds? ) is the Heisenberg group,
Hs, and the biharmonic curves in this space are studied in 1. fl=1, m#0
the biharmonic curves are studied in [3]. In (2n+1)-dimensional case, if m = 0,
I # 0 then (M, dsl%m) is the generalized Heisenberg group, Ha,11, and a study of
biharmonic curves in this space was given in [5].

In the following let us consider a (2n+1)-dimensional Cartan-Vranceanu space
(M, ds%m), with m # 0, and the elements of M are of the form X = (z1,y1, 22,92, ...
weey Ty g}n, z). We can define a global orthonormal frame field on M by

2i—1 Zal‘i 2 aZ’ 21 Zayi + 2 82’ 2n+1 aZ’

for i = 1,n, where F; = 1 + m(z? + y?). The Levi-Civita connection of the metric
dslz’m is given by,

VB, F2j1 = 20;;my; Ea;,

Vi, Eaj = 26 5ma;Fai—1,

Vg, 1 Eaj = 5ij(_2myiE2i—1 + %E2n+1)a

V gy Fajo1 = 6;5(—2ma; Eyi—1 — 5Foni1), (2)
Va1 Boic1 = Vi, Eany1 = —5 By,

V Eani1 Boi = Vi, Eopi = $Bo1,

V1572n+1E2n-i-1 =0,

for 4,5 = 1,n. Also, one obtains

[Eai—1, Eaj—1] = 0, [Ea;, Eoj] = 0,
[E2i—1, Eont1] = 0, [Ea, Eopy1] =0,
[Eai—1, Eaj] = 0ij(2ma; By — 2my; Eoi—1 + 1 Eopy1),

The curvature tensor field of V is
R(X,Y)Z =VxVyZ -NVyVxZ -V xyZ,
and the Riemann—Christoffel tensor field is
R(X,Y,Z,W) =g(R(X, Y)W, Z),
where X, Y, Z, W € x(R?"*1). We will use the notations

Rabc - R(Eaa Eb)Ea Rabcd = R(an Eb7 Ea Ed),
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where a,b,c,d = 1,2n + 1. Then the non-zero components of the curvature tensor
field and of the Riemann-Christoffel tensor field are, respectively

Ri2i—1)2j-1)¢2k) = ——2 ik B2 + 25ikE2j7
R2i—1)@2j)@2j-1) = E2z: i # J
Rizi—1y@iyon—1y = il — 4m) Bn; + 5 Eny,,
Ri—1)2j)2i) = Ezg 1, & # ],
R2i—1)2i)(2k) = —0ik (42 4m) By — & Boy_1, 3)
Rioi—1y@en+1)(2i-1) = —2%E2n+1,
R 1)(2n+1)(2n+1) ; TE2-1,
R2iy2j)2k—1) = 5kE2z 4L 5kE2] 15
Ri2iyent1)2i) = E2n+17
R(2z)(2n+l)(2n+l) E227
( 2., .
R(2i—1)(2j—1)(2i)(2j) = —127 P F
Rii—1y2j)(2j-1)20) = — 710 1 # J»

a2
R2i)(2i-1)(2i-1)(2) m, ()

Rpiy@i-1)2j-1)2) = 5 Z#Ja
Riont1)(2i-1)(2i-1)(2n+1) =~ —z,
| Bentn@i@ientl) = — 7

for i,5,k =1,n.

3 Biharmonic curves in (2n+1)-dimensional
Cartan—Vranceanu spaces

Let v: I CR — (M, ds%’m) be a non-inflexionar curve, parametrized by its arc
length. Let {T', N1, ..., N2, } be the Frenet frame in (M, ds?, ) defined along v, where
T = ~' is the unit tangent vector field of v, Ny is the unit normal vector field of
v, with the same direction as V7T and the vectors Ny, ..., Na, are the unit vectors
obtained from the following Frenet equations for ~.

VT = x1Wi
VN = —x1T+ x2V2
VrNop—1 = —Xon—2N2n—2 + x2n-1N2n
VrNo, = —X2n-1N2n—1
where x1 = ||[V2T|| = ||[7(%)|, and x2 = x2(8),..., Xoan = Xon(s) are real valued

functions, named the curvatures of v, where s is the arc length of ~.
In [2] is proved the following result

Proposition 3.1. Let v: I CR — (N™ h), n > 2, be a curve parametrized by arc
length from an open interval of R into a Riemannian manifold (N,g). Then 7 is
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biharmonic if and only if

x1x; =0
03 2 B
X1 — X7 — x1x5 + x1R(T, N1, T,Ny) =0
2xix2 + X1Xh + X1 R(T, N1, T, No) = 0 (6)
X1X2X3 + XlR(T, Ny, T, Ng) :_0
x1R(T,N1,T,Ny) =0, k=4,n.

Using Proposition 3.1 and equations (4), after a straightforward computation,
one obtains

Theorem 3.2. Let v : I C R — (M,ds?, ) be a curve parametrized by its arc
length. Then v is a proper biharmonic curve if and only if

x1 € R\ {0},

Xi+x3=—m,

X/2 =12, (7)
X2X3 = 13,

e =0, k=4,2n,

with ng, k = 1,2n, given by

m = —R(T, Nl,T, Nl) = —4mz ng 1N1 — TQZN2Z 1) + (8)
=1

n

2
3 [Z(TQiNfi—l - TQi_le")}

l n
4 (T2n+1 + (N2 +1) )
=1

4

and
Nk = _R(T7N17T7Nk) = (9)

n
= —dm (T NP — TuNZ ) Ty N — TuNZ )
i=1
312 3 AN i . 12
4 Z(T21N22 1 T2i—1N12Z) Z(T%ngl_l _ T2i—1N]32) _ —N12”+1N]3"+17
=l i=1

for k =2.2n, where T = Y 2" T, F, and Ny, = 2" N2E,,.
From the second equation of (7) follows immediately

Corollary 3.3. Ifl =0 and m < 0 then all biharmonic curves of (M, d312,m) are
geodesics.

In order to find a proper biharmonic curve v : I € R — (M, dsﬁm), v =
(x1(8),y1(8), 2(8),y2(8), ..., T (8), yn(s), 2(s)), let us suppose that the components

of its tangent vector T'(s) = +/(s) are Tp;—1(s) = w, Toi(s) = W,

Tont1(s) = cosa, for i = 1,n, where 3; are smooth functions, s being the arc
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length of v, and « € (0, ) is a constant. Working this way is suggested by the fact
that T is a unitary vector field and by the paper [2], where it is proved that, in
dimension 3, the tangent vector is of this form for all proper biharmonic curves of
Cartan—Vranceanu spaces.

The covariant derivative of the vector field T is given by

n
VTT = Z[(Téi—l — meiTgiTQi_l + 2ma:,-T22i + lTQiT2n+1)E2i—1+
=1

+(Ty; — 2ma; T Toi—1 + 2my;To; 1 — 1Toi—1Tony1)En) + T4y Bons1 =

n .
sin o .
= E Jn (—A;sin i E9i—1 + A; cos fiEa;),
i—1

where ) ) ]

sin G; sin « cos 3; sin «
Vn vn
Next, assume that A; = A, for any i = 1,n (that is the values of A;’s are the

same for all indices). It follows, from the first Frenet equation, that x; is given by

2

+ 2my; —lcosa.

x1 = ||VrT| = |Asina|.
Suppose that Asina > 0. Then
x1 = Asina (10)
and

n
1 .
Ny = Z %(— sin 3; Eo;—1 + cos B; Fa;).
=1

The system T = ' is equivalent with

z _ cosfsina
L m(zf + ;) N
Yy sin B;sina |
= , 1=1,n, 11
1+ m(z? +y?) vn (11)
sin
2 =cosa + é > (s sin B — yi cos ;).
x vn

Assume that 3] # 0, for any ¢ = 1,n. By derivation of (10), taking into account
that x1; must to be constant, one obtains

2ma;x, + 2my;y, o

i .
! L+m(z?+y2) 7

From the last equations we have
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where b; are constants. If we take b; = b to be independent of 7, one obtains

b cos G; sin «

T
W(s) = —REERE, i~ T, (12)
)

z(s) = (cosar)s + %(Sin2 )s.

Again using the facts that x; is a constant and the terms A; do not depend on 7 it
follows that (] must be constants which values are the same for all indices. Hence

14+ m@2?+y?)  n+mbisin’a
B b B bn

g=C

, 1 =1,n.

Thus

n 4+ mb? sin? «

() = —————— - s+ d;, 13
5i(s) L (13
where d; are constants.

From expressions of x1, 1" and Ny we have, after a straightforward computation,

n

B cos o
VrNi+xaT =)
i=1 v

(cos B; Ei—1 + sin (B; Fa; )+

l
+ (5 sin o + A sin o cos a) Eont1,

where B = (—% + mesinzoz + lcosa)cosa — é = —Acosa — L. From the second

2

Frenet equation we have X% = |V N1+x1T||> = B? cos? oz+(% sin a+ A sin a cos ).
It follows that xo is a constant. Now, since —m; = (477” —1?)sin? o + % and n, = 0,
k > 2, the curve + is biharmonic and non-geodesic if and only if the second and
the fourth equations of (7) hold. From the second equation, after a straightforward

computation, one obtains that
4
A2+Alcosa—(—m —1%)sin? a = 0. (14)
n

Assume that m > 0. If 12 + (22 — 512)sin® @ > 0 then, solving equation (14),
one obtains

—lcosa + \/12 + (192 — 5/2) sin? o

A= )
2
and
—(nl + \/12 + (48 — 572) sin? a)
b= o + (15)
dmsin® o
2
\/(ﬂl cosa + \/12 + (192 — 512) sin? a) + 16nmsin? a

+

4dm sin? o
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Since x1 # 0 one obtains A # 0. Then 4Tm —124£0.

For the values founded for b, from the third Frenet equation, it follows that
x3 = 0, and then the fourth equation of (7) holds.

We obtained
Proposition 3.4 Let (M, dsim) be a (2n+1)-dimensional Cartan-Vranceanu space
such that m >0 and 22 — (2 £0. Letv: 1 C R — (M,dsl%m),

v = (21(8), y1(8), 22(8), Y2(8), s T (8), yn (), 2(8)),
be a curve parametrized by its arc length, given by

b cos 3; sin «

IEZ(S) = T,
bsin (; sin «
yz(s) = = 17”7

NLD

z(s) = (cosar)s + %(sin a)?s.

where o € (0,7), 3 are given by (13), b is given by (15) and I?+ (X2 —5/2) sin® o >
0. Then v is a biharmonic curve and it is not a geodesic.
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