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Abstract. We investigate the existence and uniqueness of the strong and weak

solutions to a nonlinear differential system with boundary conditions and initial data.
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1 Introduction

Let H be a real Hilbert space with the scalar product < -,- > and the associated

norm || - ||. We shall investigate the nonlinear differential system
du,, (1) — v (t
N (R Y AC)
dt h

(S)
dvu, Un41(t) — up(t
Bty 4 =000 B (1)) 5 g0,
dt h

n=12..., 0<t<T, in H,

with the boundary condition

(BC) vo(t) € —a(ug(t)), 0<t<T

and the initial data

(IC) un(0) = upo, v(0) =vpo, n=1,2,...,

where ¢, > 0,d, >0,Vn=1,2,..., h >0, and A, B, o are multivalued operators

in H which satisfy some assumptions.
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This problem is a discrete version with respect to x (with H = IR) of the hyper-

bolic problem

ou v
E(t7gp) + %(t,lﬂ) + A(U(ta$)) > f(tv$)7

(S)o

%(t,x) + %(t,:n) b Bo(tz)) 3 g(t, ),

x>0, t>0, in R

with the boundary condition

(BC)g v(t,0) € —a(u(t,0)), t>0

and the initial data

(IC)o u(0,x) = up(x), v(0,2) =vo(z), > 0.

The above problem (S)o+(BC)o+(IC)o has applications in electrotechnics (the
propagation phenomena in electrical networks) and mechanics (the variable flow
of a fluid) [5, 6, 13]. The system (S)g for x € (0,1) or x € (0,00), subject
to various boundary conditions has been studied by many authors: V. Barbu,
V. Iftimie, G. Moroganu, R. Luca, etc (see the papers [2, 3, 7, 9, 12]). The problem
(S)+(BC)+(IC) is a generalization of the problem studied in [10], where the opera-
tor o : H — H is everywhere defined and single-valued. The methods used in this
paper to prove the maximal monotonicity of the operators A and A+ B (see below)
are different than those used in [10]. We also mention the papers [10, 11] where we
investigated the system (S) with n =1,2,..., N (N > 1) with some boundary con-
ditions and initial data. Although the proposed problem appeared by discretization
of (S)o+(BC)o+(IC)g, our problem also covers some nonlinear differential systems
in Hilbert spaces. For the basic concepts and results in the theory of monotone
operators and nonlinear evolution equations of monotone type in Hilbert spaces we
refer the reader to [1, 4, 8, 13].

We present the assumptions that we shall use in the sequel

(H1) The operators A : D(A) C H — H, B : D(B) C H — H are maximal
monotone, possibly multivalued, 0 € A(0), 0 € B(0).

(H2) The operator a : D(a) C H — H is maximal monotone, possibly multival-
ued, with D(«) # 0.
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(H3) D(A) N D(«) # 0.
(H4) i) The operator « is bounded on bounded sets.

ii) (int D(a)) N D(A) # 0.
(H5) The constant h > 0.
(H6) The constants ¢, >0, d,, >0, ¥Vn > 1.

2 The results

We shall write our problem (S)+(BC)+(IC) as a Cauchy problem in a certain
Hilbert space, and we shall apply the theory of nonlinear evolution equations of
monotone type.

We consider the Hilbert space X = 12(H) x [2(H), where I3(H) = {(un)n C H,

i un||? < oo} (= 13(H)), with the scalar product
< ((n)ns (Vn)n)s (@n)ns (Tn)n) >x=< (un)n, @n)n >p2 () +

< (Vn)n, Wn)n > (= Zh<un,un>+2h<vn,vn
We define the operator A: D(A) C X — X, with

D(A) = {((un)n, (vn)n) € X, u1 € D(a)},

At wn)o) = {((2=2) (B2 ) ) with € o)}

and the operator B : D(B) ¢ X — X, with D(B) = {((un)n,(vn)n) € X,
un, € D(A), v, € D(B), Vn>1, {(cpA(un))n} C1*(H), {(dnB(vy))n} C I*(H)},
B((un)m (Un)n) = {((Cn’Yn)m (dn(sn)n)a Tn € A(Un)y on € B(Un)y Vn > 1}-

Theorem 1. If the assumptions (H2) and (H5) hold, then the operator A is maximal

monotone in X.

Theorem 2. If the assumptions (H1), (H5) and (H6) hold, then the operator B is

maximal monotone in X.

Theorem 3. If the assumptions (H1), (H2), (H3), [(H4)i) or (H4)ii)], (H5) and
(H6) hold, then the operator A+ B is mazimal monotone.
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Using the operators A and B our problem (S)+(BC)+(IC) can be equivalently

expressed as the following Cauchy problem in the space X

{ T (t) + AU W) +BU) > F1)
U(0) = Vo,

where U = ((un)n, (vn)n), Uo = ((uno)n; (Uno)n),  F = ((fn)ns (gn)n)-

The main result for our problem (S)+(BC)+(IC)<(P) is

Theorem 4. Assume that the assumptions (H1), (H2), (H3), [(H4)i) or (H4)ii)],
(H5) and (H6) hold. If uigp € D(A) N D(a), uno € D(A), Vn > 2, vy € D(B),
Vn > 1 with (uno)n, (Vno)n € P(H), {(cnA(tuno))n}, {(dnB(vno))n} C 12(H), (that
is Uy € D(A)ND(B)), and (fn)n, (gn)n € W0, T;1?(H)
(H
[0

(P)

), then there exist unique
functions up, v, 1> 1, (up)n, (Vn)n € WH(0,T;12(H)), ui(t) € D(A) N D(w),
un(t) € D(A), Vn > 2, v,(t) € D(B), Vn > 1, Vt € [0,T], that verify the system
(S) for allt € [0,T), the boundary condition (BC) for allt € [0,T) and the initial
data (IC). Moreover uy,, v,, n > 1 are everywhere differentiable from right in the

topology of H and

dTu, Uy — U1 \°
= n nA n) — 7 5 217
o (f enA(uy) 3 > n
dTon _ —dB(v)—MO n>1, te[0,T)
dt - gn n n h Y - 9 9 bl

with vo(t) € —a(ui(t)), Yt e€[0,7).

Remark. If Uy € D(A)ND(B) and F € LY0,T;X) then by [1, Corollary
2.2, Chapter III] the problem (P)<(S)+(BC)+(IC) has a unique weak solution
U € C([0,T); X), that is there exist (Fy), € WHY(0,T; X), F, — F, as k — oo,
in LY0,T; X) and (Ug)r € WH(0,T;X), Up(0) = Uy, Uy, — U as k — oo in
C([0,T]; X), strong solutions for the problems

TR0+ (A% B)UL) 3 Filt) for aa. € (0.7), k=12,

3 The proofs

The proof of Theorem 1. The operator A has D(A) # () and it is well defined in
X; if ((un)ns (vn)n) € D(A) then A((up)n, (vn)n) € X. The operator A is monotone;
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indeed

[oe) — —
U — Uy — U +u
Ty > 4 3 < M T 2 T

n=1

Up — Ty >= — < vg —Tg,u; —up >>0, YU = ((un)n, (Vn)n),

U= ((ﬂn)m (ﬁn)n) € D(A)v VAS A(U)v Z € A(U)v
up € D(a), w € D(a), w9 € —a(uy), Vo€ —a(uy).

To prove that A is maximal monotone, it is sufficient (and necessary) to show
that for any A (equivalently there exists a A > 0 such that) R(I + A\A) = X

(see [4, Proposition 2.2]). We consider A = h and we shall prove that for any
Y = ((xn)n, (Yn)n) € X, the equation

I+hA)U)>Y (1)
has a solution U = ((up)n, (vn)n) € D(A).

The equation (1) is equivalent to

{ Up + Up — Up—1 = Tp,

Un+un+1 — Up = Yn, N = 1727’
with vy € —a(uq).

(2)

We look for a solution for (2) in the form

un:uiﬂ—ui
_ 1 2 =1.2
Up =0, +v,, n=172,..

where ((u})n, (v}),) is a solution to

*

.., in H (3)
with vf =0,



EXISTENCE AND UNIQUENESS RESULTS FOR A CLASS OF NONLINEAR ... o1

and ((u2)n, (v2)n) = a((pn)n; (qn)n), where a € H will be determined below and

n

(Pn)ns (n)n) € (12(IR))? is solution of the system

p1t+qr=p
PntGn—Gn-1=0, n=2,3,... (4)
Qn +Pn+1 —Pn=0, n=1,2,..., Withp>0, in IR.

The problem (3) has a solution. To prove this, we consider the operator Ay :
D(-AO) =X - X, AO((un)na ('Un)n) = (('Un - 'Un—l)ny (un-‘rl - un)n): vg = 0. Then
the problem (3) is equivalent to

U+ AyU) =Y. (5)

The above equation (5) has solution, because the operator Ay is maximal monotone
in X. Indeed, Ap is monotone

<A0(U)—A0(U),U—U>X=Zh<vn—?}n_1 —Up +Up—1,Up — Up > +

n=1

(o]
+Zh < Upt] — Up — Upt1 + Un, Uy — Uy >= 0, where vg = vg = 0.
n=1
In addition, Ay is single-valued, everywhere defined and continuous. By

[4, Proposition 2.4] we deduce that the operator Ay is maximal monotone and so
the equation (5) (< the problem (3)) has a (unique) solution.

Using the same argument used before, we deduce that the problem (4) (here
H = IR) has a unique solution ((pp)n, (¢n)n) € I2(IR) x I2(IR). We shall deduce
in what follows the sequences (py)n, (¢n)n by a direct computation (we shall need

p1s q1)-
We set p; = r. Then by (4) we have

pr=7r qu=p—T,
Pn = An—lr — Zp—2p, N > 27 (6)
Gn = Dp—1p — 2p—17, N > 2,

where Ag =1, A; =2, Ay =5 Ay =13, A, =34, As =89,...,
zo=1, 21=3, 20=8, 23=21, z4=2055,...
The sequences (Ay,)n, (zn)n satisfy the recursive relations
Ap =301 —Apa, No=1, A =2,

Zn =32Zp—1—2pn-2, 20=1, z1 =3.
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Using the characteristic equation A> — 3\ + 1 = 0 with the solutions A2 =

3++5

, we obtain for (A,), and (z,), the formulas

2
1 [(3+v5\ " VBE+1 [3-v5\ V5-1
e () e (5 5]
n+1 n+1
zn:% (Lf) _<3_2\/5>  n=0,1,2,... (7)

Then by (6) we obtain

1| 3+vB\ VBt B\ (VE-1
== |75 S p| | S|

1 <3+\/3>”_1<\/3+1 3+\/5>
p— r|+

= I\T 2 2 2
n—1
+ (3 _2\@) <\/g2_ ! P+ 5 _2\/5r> . (8)

The only bounded sequences (pp)n, (¢n)n Which satisfy the relations (6) (of the

345
2

n—1
form (8)) are that in which the coefficient of < ) in (8) is 0. Therefore

we obtain the condition

\/5+1p_3+\/5

2
(qn)n € I*(IR), solutions for (4)

() w5

1 5—1
r—p=0 = r= \/_2 p. Then the condition

r = 0 is also satified. In this way we found the sequences (py,)n,

n
— > 1.
5 5 P 5 )p, Vn>1

Evidently u, = u} +u2 = ul +ap,, n>2and v, = v} +v2 = vl +aq,, n>2
verify the relations (2); for n = 2,3,... and (2)3 for n = 1,2,... We shall determine
a € H such that

up +vy —vo =21, vo € —alu1) < ul+u4ovl +v?—vg =121, vo € —alug)
& ultapitvitaq—vy =1, vo € —a(ul+ap) & apit+aq € —a(uitap) &

5—1 3—VH 5—1 5—1
\/_2 ap + 2\/_ap € —uo <u% + \/_2 ap) & apta (u% + \/_2 ap) 30,
9)
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where u? is the solution for (3).

We denote z = ap; then the equation (9) is equivalent to
o+1
\/_2—1— z+a(uj +2)20.
We obtain the equation
A1(z) + A2(2) 30, (10)
1
where Ay : H — H, Ai(z) = \/324_ z and Ag: D(Ay) C H — H, D(Ag) =

{z € H, u} + 2 € D(a)}, A2(2) = a(u] + 2). The operator A; is single-valued,
everywhere defined, strongly monotone and continuous (so maximal monotone) and
the operator Ag is maximal monotone. Then by [1, Corollary 1.3, Chapter II] we

deduce that the operator A1+ As is strongly maximal monotone in H, so the equation

(10) has a (unique) solution z € D(Az). Then a = z verifies the relation (9).
So we proved the existence of solution U = ((un)n, (vn)n) € D(A) of the system (2)

or equation (1). Therefore the operator A is maximal monotone in X. Q.E.D.

The proof of Theorem 2. We suppose without loss of generality (for an easy
writing) that A and B are single-valued. By (H1), D(B) # ). Because B is defined
by a standard product construction, this operator is evidently monotone. Moreover
B is maximal monotone, thatis YA >0 R(I+AB) =X < VY = ((zn)n, (Yn)n) €
X 33U = ((un)n, (vn)n) € D(B) such that U + MB(U) = Y. The last relation is

equivalent to

((un)ns (vn)n) + A((enA(un))ns (dnB(vn))n) = (Tn)n, (Yn)n) <

Il
—
8
3
S~—
3

=

{ (tn)n + AMenA(un))n

{ Un + AenA(uy) = xp
(Un)n + AdrnB(vn))n

Un + )\dnB(Un) =Yn, n>1

I
—
<
3
~—
3

up = (I + AepA)~Yay,) = J)‘f‘cn(:nn), vp = (I 4+ XdpB) Y yn) = J)]iln(yn), Vn>1.
Because A(0) =0 we have Jl‘f(O) =0,Vu>0and

174 @) = FHO <l = 11 @) < llell, Yo e H, Vp>0.

Similarly by B(0) = 0 we deduce JE(O) =0, Yu > 0 and HJf(x)H < ||z||, Vz €
H, Vi > 0. With this remark we have

o) o) 00 00

A B
D IR @) P <Y llaall <00, DI, W) I <D gl < oo,
n=1 n=1 n=1 n=1
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so U = ((up)n, (vn)n) € D(B). Q.E.D.

The proof of Theorem 3. The operator A+ B : D(A)ND(B) C X — X has
D(A)ND(B) = {((un)n, (vn)n), ur € D(A) N D(a), u, € D(A), Vn > 2, v, €
D(B), ¥Yn>1, with {(caA(un))n}, {(dnB(vn))n} C I2(H)} # 0, by (H1), (H3).

First, we suppose (H4)i) holds. The operator A + B is monotone (A, B are
monotone). To prove that A + B is maximal monotone, we shall show that for any
Fo=((fn, (g%),) € X the equation

U+ A(U)+BU) > Fy (11)

has at least a solution U € D(A) N D(B).
For let Fy € X be given. The equation (11) is equivalent to

wn + =2 e Alun) S
g~ (12)
n+1 — Un 0
vn—l—?+dnB(vn) 3¢, n=12,...,
with vy € —a(uy). (13)
We consider the following approximate problem
UM+ A(UMN + BA(U?) 3 Fy 14
U € D(A), A>0,

where B((un)n, (vn)n) = ((cnAx(un))n, (dnBa(vn))n) with Ay, B the Yosida ap-
proximations of A, respectively B, (A) = +(I — J{Y), By = (I - JP)).

Because Ay, B) are everywhere defined (D(A)) = D(B)) = H), single-valued,
monotone, continuous, we deduce that B) is also everywhere defined in X, single-
valued, monotone and continuous, VA > 0. As A is maximal monotone operator
(Theorem 1), then it follows that A + B} is maximal monotone, ¥ A > 0. Therefore,
for any A > 0 the problem (14) has a solution U* = ((u)n, (vp))n) € D(A). The

problem (15) is equivalent to

u) + T"_l + cpAx(u)) 3 fO
WAy — ud (15)
o+ A B(u)) 368, n=1,2,...,

vy € —a(u}), (u € D(a)). (16)
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Let U = (1), (v9),) € D(A), v € D(a). We denote
= ((F2)n: (ga)n) 1= U° + A(U) + BA(U"), A >0. (17)

The set {B)\(U°); A > 0} is bounded in the space X; indeed
IBAUN% = D bl An(ud)|* + drl| Ba(vp)[1*) <

n=1
<Y h(e )| A% (up) 1P + d2 || BY(w)1?) = BTk, VA >0,
n=1

(where AY is the minimal section of 4, that is A%(x) € A(x), ||A%(@)|| = inf{|ly||, y €
A(x)}, Yo € D(A)).

We deduce by the above inequality and (17) that | F\||x < const., YA > 0,
(const. is a positive constant independent of \).

Using (14) and (17) (we substract them and we multiply the obtained relation
by U* — U in X), we get

[U=U°x < |Fo—-Fallx = [UMx < [U°lx+|Follx +[Fallx < const., YA > 0.

o0
We deduce that Z h(||ud|?+ |lv}?) < const. Because {u?; A > 0} is bounded
n=1

in H, by (H4)i) we deduce that {vj); A > 0} is also bounded in H. So we obtain
that {A(U*); A > 0} is bounded in X. By (14) we get {B\(U*); A > 0} is bounded
in X, ||BA(U)|lx < const., YA >0, so

Zh lenAx (@) + | dnBa(0)]|?) < const., VA > 0. (18)

We shall prove in what follows that the sets {(u})n; A > 0}, {(v))n; A > 0} are
Cauchy sequences (in [2(H)). For this, let U = ((u})n, (v))n), U* = ((uh)n, (vh)n),
A, > 0, be solutions for (14), u € D(a), v} € —a(u}), v} € D(a), v§ € —a(uf).
Then by (14) we have U* + Z* + B\(U*) = Fy, U* + Z' + B,(U*) = Fy, Z* €
AUY), ZF e A(UH) and U —UH + Z> — ZF + B\(U*) — B,(U*) =

We multiply the above relation by U* — U# in X and after some computations
we obtain

o

Dl =l + o — o) Z{cn [< An(up) = Au (), I (up) = T3 () > +

n=1

+ < Ax(up) = Au(ul), AN () — pAy(ulh) >] + du[< Ba(v) = Bu(vh), I3 (vy)—
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—J7(0}) > + < Ba(vp) = Bu(vh), ABa(vp) — uB(vf) >}
Because Ay (u))) € A(J{H(u))), Ba(v)) € B(JE(v))), YA > 0 ¥n > 1, by the

above inequality we deduce

o0

o0
A A
>y — bl + llop — oh1) Z en(AllAx(up)|1? + HAM(UZ)HQJr

n=1

A © Iz
Jrgllflx(uﬁ)ll2 + §HAA(U?L)||2 + §\|Au(uﬁ)ll2 + | A (uf) [1P)+

A A Iz Iz
+dn (M| Ba(vp)|I* + 5\\Bu(v7’i)\\2 + E”BA(U:;)W + §|!BA(UQ)|!2 + §HBu(v¢i)H2+
]| Bu(vi)|I*)] < comst.(A+p), VA, >0, (by (18)).

Therefore
S (hd — b2+ [l — o]2) < const.(A+ ), VA, >0,
n=1
We deduce that {(u})n; A > 0} and {(v)),; A > 0} are Cauchy sequences in I2(H).

Then, there exist )l\lr%(ui;)n = (Un)n, )1\11%(212)” = (Un)n, in I[2(H), (evidently

u) = Up, V) — v, as A — 0, in H,Vn > 1).
Because u? — wuj, as A — 0, in H, {v); A > 0} is bounded in H, so on a

subsequence vj — v, as A — 0 (vg € H), v} € —a(u7) and « is demiclosed, we

deduce that u; € D(a) and vg € —a(uy), that is (13).

Then, by u’\ — u, and v)‘ — v, as A — 0, we deduce that JA )‘ — Up,
JPv) — vy, as A — 0, Vn > 1. Because {A)(u)); A > 0}, {Bx(v)); )\>0} n>1
are bounded (by (18), for any n fixed we have ||c, Ax(u))|| < const., YA > 0, so
[ Ax(up)| < - const ,VA>0)and A, B are demiclosed, we deduce that u,, € D(A)
and Ay (up)) — pn, as A — 0 (p, € H), pp € A(uy), v, € D(B) and By(v)) — qn, as
A— 0 (g, € H), qgn € B(v,), Vn > 1 (eventually on some sequences). By passing
to A — 0 in (15), (16) we deduce that U = ((up)n, (vn)n) is a solution for (12) and
(13). By (12) we obtain (¢, A(upn))n, (dnB(vp))n € 12(H), so U € D(A) N D(B) and
A + B is maximal monotone in X.

If (H4)ii) holds, by Theorem 1 and Theorem 2 we have that A and B are maximal
monotone with int D(A) = {((un)n, (vn)n) € X, w1 € int D(a)} and so int D(A) N
D(B) # 0. Therefore, by [4, Corollaire 2.7] we deduce that A + B is maximal
monotone. Q.E.D.
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The proof of Theorem 4. By Theorem 3, the operator A + B : D(A) N
D(B) ¢ X — X is maximal monotone in X. Using [1, Theorem 2.2, Corollary
2.1, Chapter III] we deduce that for Uy = ((uno)n, (vno)n) € D(A) N D(B) and
F = ((f)n, (gn)n) € WHY(0,T; X), the problem (P)<(S)+(BC)+(IC) has a unique
strong solution U = ((un)n, (vn)n) € WH*(0,T; X), U(t) € D(A) N D(B), Vt €
[0,7). By considering the equation (P); in the interval [0,T + ¢], with £ > 0 (by
extending correspondingly the functions f,, g,, n > 1) we obtain U(T') € D(A) N
D(B). The solution U is everywhere differentiable from right and d:l_—tU(t) = (F(t)—
A(U(t)) — B(U(®)))°, Vt € [0,T), that is the relations from the conclusion of the

theorem are verified. In addition we have
dtU 0 t
2wl < lro) - _
[0 <o -awn-swor], + [
If U and V are the solutions of (P) corresponding to (Uy, F), (Vo,G) € (D(A) N
D(B)) x W0, T; X), then

dF

— T).
o (s)|| ds, Vtel0,T)

X

[U#) = V(©)lx < 10U = Vollx +/0 [1F(s) — G(s)lxds, Vt€[0,T].

Q.E.D.
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