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GL(2, R)-orbits in a competing species model
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Abstract. A particular model with two parameters describing the dynamics of two
competing species is analyzed from algebraic viewpoint involving the GL(2, R)-orbits.
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1 Introduction

In this paper we study a particular family of planar vector fields modelling the
dynamics of two competing populations and corresponding to a couple of similar
species of animals which compete with each other for a common food supply.

The competition between two species is modelled by the competitive Lotka-
Volterra system







ẋ1 = x1(r1 − a11x1 − a12x2),

ẋ2 = x2(r2 − a21x1 − a22x2),
(1)

where x1, x2 represent the number of the populations of the two species, r1, r2,
represent the growth rate of the species, and aij > 0, i, j = 1, 2, represent the
competitive impacts of species j on the growth of species i.

The model we study in this paper is proposed as an application by M. W. Hirsch,
S. Smale and R. L. Devaney in [2] and has the form







ẋ1 = x1(a − x1 − ax2),

ẋ2 = x2(b − bx1 − x2),
(2)

where x1, x2 represent the number of the populations of the two species, and a and
b are positive parameters. The system (2) is a particular case of (1).

In [3] the equilibrium points are found and the phase portrait and the parameter
portraits are determined. Herein we determine the GL(2, R)-orbits of the system (2)
and construct the corresponding Lie algebra. Then we determine the first integrals
of the system (2) for particular values of the parameters a and b.
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2 GL(2, R)-orbits of the system (2)

In the tensorial form the system (2) reads

ẋj = aj
αxα + aj

αβxαxβ, (j, α, β = 1, 2). (3)

The dimensions of the GL(2, R)-orbits of the system (3) are given by

Theorem 1. [1]. The GL(2, R)-orbits of the system (3) has the dimension:

4, if K5(K9 + β) 6= 0,
or K5 6≡ 0, K9 + β ≡ 0, K1 6≡ 0, W1 6≡ 0,
or K5 6≡ 0, K9 + β ≡ 0, K1 ≡ 0, K2 6≡ 0, W2 6≡ 0,
or K5 ≡ 0, K1 6≡ 0, I4 6= 0;

3, if K5 6≡ 0, K9 + β ≡ 0, K1 6≡ 0, W1 ≡ 0,
or K5 6≡ 0, K9 + β ≡ 0, K1 ≡ 0, K2 6≡ 0,W2 = 0,
or K5 6≡ 0, K9 + β ≡ 0, K1 ≡ 0, K2 ≡ 0,K7 6≡ 0,
or K5 ≡ 0, K1 6≡ 0, I4 = 0, K2 6≡ 0;

2, if K5 6≡ 0, K9 + β ≡ 0, K1 ≡ 0, K2 ≡ 0, K7 ≡ 0,
or K5 ≡ 0, K1 6≡ 0, I4 = 0, K2 ≡ 0,
or K5 ≡ 0, K1 ≡ 0, K2 6≡ 0;

0, if K5 ≡ 0, K1 ≡ 0, K2 ≡ 0,
where β = 27I8 − I9 − 18I7, W1 = K1(2K11 − I1K5 − 2K1K2) + K2K6,
W2 = 3K2K7 − 2K3K5, the invariants I1, I4, I7, I8, I9 and the comitants
K1, K2, K5, K6, K7, K9, K11 having the forms [6]:

I1 = aα
α, I4 = aα

p aβ
βqa

γ
αγεpq, I7 = aα

pra
β
αqa

δ
γδε

pqεrs, I8 = aα
pra

β
αqa

γ
δsa

δ
βγεpqεrs,

I9 = aα
pra

β
βqa

γ
γsa

δ
αδε

pqεrs, K1 = aα
αβ , K2 = ap

αxαεpq, K3 = aα
βaβ

αγxγ ,

K5 = ap
αβxαxβxpεpq, K6 = aα

αβaβ
γδx

γxδ, K7 = aα
βγaβ

αδx
γxδ, K9 = aα

αpa
β
γqa

γ
αβxδ,

K11 = ap
αaα

βγxβxγxqεpq.

For system (2) we have a1
1

= a, a1
2

= 0, a2
1

= 0, a2
2

= b, a1
11

= −1, a1
12

= −a/2,
a1

22
= 0, a2

11
= 0, a2

12
= −b/2, a2

22
= −1. Therefore, in our particular case, we obtain

I1 = a + b, I4 =
1

4
(2 + a)(a − b)(2 + b),

I7 = −a2/4 + a/2 − 3a2b/8 + ab/2 + b/2 − a2b2/4 − 3ab2/8 − b2/4,

I8 = −a2/4 + a/2 − a2b/8 + b/2 − a2b2/4 − ab2/8 − b2/4,

I9 = −(a + 2)(b + 2)(a + b + 2ab − 4)/8, K1 = −(1 + b/2)x − (1 + a/2)y,

K2 = (a − b)xy, K3 = −(a + b2/2)x − (b + a2/2)y,

K5 = (b − 1)x2y − (a − 1)xy2, K6 = (1 + b/2)x2 + (a + ab + b)xy + (1 + a/2)y2,
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K7 = (1 + b2/4)x2 + (a + ab/2 + b)xy + (a2/4 + 1)y2,

K9 = (1 − ab/2 − b/2)x − (1 − a/2 − ab/2)y, K11 = (b2 − a)x2y + (b − a2)xy2,

β = −2(b − 1)2(a − 1)2, W1 = x2y2(a + b + 2ab − 4)(a − b)/2,

W2 = (a + 2ab + b3/4 + 3ab2/4 − b2 − 3b)x3y + (5a2b/2 − 5ab2/2 − 2b + 2a)x2y2−

−(3a2b/4 − a2 + b − 3a + a3/4 + 2ab)xy3,

whence, the theorem holds

Theorem 2. GL(2, R)-orbits of the system (2) has the dimension:
4, if a 6= 1 or b 6= 1,
2, if a = b = 1.

3 The parametric portrait and the phase portraits for
the system (2)

The number and the nature of the equilibrium points of the system (2) are
studied in [3]. Namely, from the biological viewpoint (x, y > 0) and for a, b ≥ 0,
in the parametric portrait there are 12 strata (Fig. 1), i.e. there are 12 topological
nonequivalent corresponding phase portraits (Fig. 2).

Fig. 1 The parametric portrait
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Fig. 2. Phase portraits for (2)

Remark 1. The case 11 in Fig.2 corresponds to the orbit of dimension 2, and the
others to the orbit of dimension 4.

4 Lie algebras and some first integrals of the system (2)

To complete our algebraic investigation of the system (2), we attempted to con-
struct Lie algebras for each system from Section 3. We supposed that system (2)
admits the Lie algebra corresponding to the linear group of transformations having
as generator the operator [5]:

X = ξ1

∂

∂x
+ ξ2

∂

∂y
, (4)

where
ξ1 = Ax + By + C, ξ2 = Dx + Ey + F.

It was found that the only system which admits such an algebra correspond to the
orbit of dimension 2. One can verify using CSA Mathematica or Maple that the
system (2) on the orbit with dimension 4 does not admit such algebra. Similarly
we have found that this systems does not admit Lie algebra having as generator the
operator (4) with coefficient vectors as follows:

1. ξ1 = A1x
2 + A2xy + A3y

2 + A4x + A5y + A6,

ξ2 = B1x
2 + B2xy + B3y

2 + B4x + B5y + B6;

2. ξ1 = A1x
3 + A2x

2y + A3xy2 + A4y
3 + A5x + A6y + A7,

ξ2 = B1x
3 + B2x

2y + B3xy2 + B4y
3 + B5x + B6y + B7;

3. ξ1 = A1x
4 + A2x

3y + A3x
2y2 + A4xy3 + A5y

4 + A6x + A7y,
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ξ1 = B1x
4 + B2x

3y + B3x
2y2 + B4xy3 + B5y

4 + B6x + B7y;

4. ξ1 =
A1x + B1y + C1

D1x + E1y + F1

, ξ2 =
A2x + B2y + C2

D2x + E2y + F2

.

Assume that x1 = x, x2 = y. So, following [3] we have considered the cases:

1. The system (2) for a = b = 1 corresponds to the case 11 (Fig.2). As this system
is on the orbits with dimension 2, it admits the one-dimensional Lie algebra with

operator X = −x
∂

∂x
+x

∂

∂y
. By means of this operator the first integral F1 ≡

y

x
= C1

was found.

2. The system (2) for a = b = 0 corresponds to the case 0 (Fig.2). It admits the

first integral F2 ≡ −
1

y
+

1

x
+ C2 = 0.

3. The system (2) for a 6= 0, b = 0 corresponds to the case 1 (Fig.2). It admits
the first integral

F3 ≡

(

ya

(

−
a

y

)a

Γ

(

−a,−
a

y

)

ax − ya

(

−
a

y

)a

Γ (−a) ax + e
a
y aya + C3 ax−

−e
a
y yax

)

a−1x−1 = 0.

4. The system (2) for b 6= 0, a = 0 corresponds to the case 7 (Fig. 2). It admits
the first integral

F4 ≡

(

xb

(

−
b

x

)b

Γ (−b) by − xb

(

−
b

x

)b

Γ

(

−b,−
b

x

)

by − be
b
x xb + C4 by+

+e
b
x xby

)

b−1y−1 = 0.

Remark 2. The integrals F1 - F4 can not be expressed by center-affine invari-
ants and comitants of the system (2). Moreover, integrals F3, F4 contain Gamma-
functions.

Remark 3. For the system with ab 6= 0, a 6= 1 and b 6= 1 the authors were not able
to find the first integral.

Throughout the paper the Computer Algebra Systems Maple 9.5 and Mathema-
tica 5 were widely used.
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