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The GL(2, IR)-orbits of polynomial differential systems

of degree four

Angela Păşcanu

Abstract. In this paper we characterize the GL(2, IR)−orbits of the differential
systems ẋ1 = P (x1, x2), ẋ2 = Q(x1, x2), where P, Q are polynomials of degree four,
with respects to their dimensions.
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1 Center-affine transformations

Consider the system

ẋ1 =

4
∑

k=0

Pk(x1, x2) ≡ P (x1, x2), ẋ2 =

4
∑

k=0

Qk(x1, x2) ≡ Q(x1, x2), (1)

where
Pk(x1, x2) =

∑

i+j=k

aijx
i
1x

j
2, Qk(x1, x2) =

∑

i+j=k

bijx
i
1x

j
2.

Denote by E the space of the coefficients

a = (a00, a10, a01, a20, . . . , a13, a04; b00, b10, b01, b20, . . . , b13, b04)

of system (1) and by GL(2, IR) the group of the center-affine transformations of the
phase space Ox, x = (x1, x2).

Applying in (1) the transformation X = qx, where X = (X1,X2), q ∈ GL(2, IR),
i.e.

q =

(

α11 α12

α21 α22

)

, αij ∈ IR, ∆ = det(q) 6= 0, q−1 =
1

∆

(

α22 −α12

−α21 α11

)

,

we obtain the system

Ẋ1 =
4

∑

i+j=0

a∗ijX
i
1X

j
2 , Ẋ2 =

4
∑

i+j=0

b∗ijX
i
1X

j
2 . (2)

The coefficients a∗ of (2) are expressed linearly by coefficients of system (1):
a∗ = Λ(q)(a), detΛ(q) 6= 0. The set Λ = {Λ(q)|q ∈ GL(2, IR)} forms a 4-parameter
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group with the operation of composition. Λ is called the representation of the
GL(2, IR) group of the center-affine transformations of the phase space Ox in the
space of coefficients E of system (1).

The set O(a) = {Λ(q)(a)| q ∈ GL(2, IR)} is called a GL(2, IR)−orbit of the point
a ∈ E or of the differential system (1) corresponding to this point.

Let

qt
1 =

(

et 0
0 1

)

, qt
2 =

(

1 t
0 1

)

, qt
3 =

(

1 0
t 1

)

, qt
4 =

(

1 0
0 et

)

and Gl = {qt
l | t ∈ IR} ⊂ GL(2, IR), l = 1, 4. Denote gt

l = Λ(qt

l
) and a∗l = gt

l (a) ∈ E.

Then Λl = {gt
l}, l = 1, 4, are representations in E of the subgroups Gl, respectively.

Each of the pairs (E, {gt
l }), l = 1, 4, is a differential flow. They define in E the

following differential system of linear equations

da

dt
=

(

dgt
l (a)

dt

)

∣

∣

∣

t=0
= A(l) · a, l = 1, 4. (3)

Let

vl =

4
∑

i+j=0

(

A
(l)
ij

∂

∂aij

+ B
(l)
ij

∂

∂bij

)

, l = 1, 4,

be the vector fields defined in E by systems (3). The coordinates of the vectors vl,
l = 1, 4, are given by the formulas

A
(1)
ij = (1 − i)aij , B

(1)
ij = −ibij ;

A
(2)
i0 = bi0, A

(2)
ij = bij − (i + 1)ai+1,j−1;

B
(2)
i0 = 0, B

(2)
ij = −(i + 1)bi+1,j−1, j 6= 0;

A
(3)
0j = 0, A

(3)
ij = −(j + 1)ai−1,j+1;

B
(3)
0j = a0j , B

(3)
ij = aij − (j + 1)bi−1,j+1, i 6= 0;

A
(4)
ij = −jaij , B

(4)
ij = (1 − j)bij .

If we denote by Lv the derivative with respect to the vector v and we set w =
[u, v], where Lw = LuLv − LvLu, it is easy to determine that the vector fields vl,
l = 1, 4, generate a Lie algebra. The dimension of the orbit O(a) is equal to the
dimension of this algebra, i.e. with the rank of the matrix of dimension 4 × 30
[1, 2]:

M =







A
(1)
00 A

(1)
10 A

(1)
01 A

(1)
20 . . . A

(1)
04 B

(1)
00 . . . B

(1)
04

. . . . . . . . . . . . . . . . . . . . . . . . . . .

A
(4)
00 A

(4)
10 A

(4)
01 A

(4)
20 . . . A

(4)
04 B

(4)
00 . . . B

(4)
04






. (4)

The purpose of this paper consists in the classification of systems (1) according
to the dimensions of their GL(2, IR)−orbits.
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We notice that such classification was done for some particular cases of system
(1) in [2−9].

From [10] follows

Lemma 1. Let O(a) be a GL(2, IR)−orbit of the system (1). Then
1) dimO(a) = 0 if and only if (1) has the form

ẋ1 = bx1, ẋ2 = bx2, b = const; (5)

2) dimO(a) 6= 1, ∀a ∈ E.

By Lemma 1, dimO(a) > 1, i.e. dimO(a) is equal to one of the numbers 2,3 or
4, if and only if

|P (x1, x2) − a10x1| + |Q(x1, x2) − a10x2| 6≡ 0.

Therefore, if the right-hand sides of the system (1) have either at least one con-
stant term a00, b00 or one nonlinear term, then the dimension of the GL(2, IR)−orbit
is at least two.

For the linear system

ẋ1 = a10x1 + a01x2, ẋ2 = b10x1 + b01x2 (6)

the matrix (4) has the form:

M1 =









0 a01 −b10 0
b10 b01 − a10 0 −b10

−a01 0 a10 − b01 a01

0 −a01 b10 0









. (7)

It is easy to determine that rank M1 ≤ 2. So, the linear system has the orbit’s
dimension equal to zero only if it has the form (5) and dim O(a) = 2 in other cases,
i.e. when

ẋ1 = a10x1 + a01x2, ẋ2 = b10x1 + b01x2, |a10 − b01| + |a01| + |b10| 6= 0. (8)

Applying in (1) the transformation of coordinates

x1 −→ x2, x2 −→ x1, (9)

we obtain
ẋ1 = Q(x2, x1), ẋ2 = P (x2, x1). (10)

Denote by v∗l , l = 1, 4, the vectorial fields associated to the differential system
(10).

Remark 1. The equalities αv1 +βv2 +γv3 + δv4 = 0 and δv∗1 +γv∗2 +βv∗3 +αv∗4 = 0
(α, β, γ, δ ∈ IR) are equivalent.

Talking into consideration Remark 1, in order to determine the orbits of dimen-
sion two and three it is enough to examine the following two cases:

αv1 + v4 = 0, (11)

αv1 + v2 + γ v3 + δ v4 = 0. (12)
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2 The case αv1 + v4 = 0

The equality (11) written in the coordinates of v1 and v4 represents a homoge-
neous linear algebraic system in coefficients aij of (1).

If v1 = v4 = 0, then (1) is of the form ẋ1 = a10x1, ẋ2 = b01x2 and it is a
particular case of (6).

In the case when at least one of the vectors v1 and v4 is nonzero, this algebraic
system has nontrivial solutions only for the following values of the parameter α :

α = ±2; 3; 4; ±1; 0; ±
1

2
;

1

3
;

1

4
.

According to Remark 1, it is enough to examine only the cases:

α = 2; 3; 4; −1; −2; 0; 1.

To this values of α the following solutions correspond respectively:

1) aij = 0, (i, j) 6= (1, 0), (0, 2), bij = 0, (i, j) 6= (0, 1);

2) aij = 0, (i, j) 6= (1, 0), (0, 3), bij = 0, (i, j) 6= (0, 1);

3) aij = 0, (i, j) 6= (1, 0), (0, 4), bij = 0, (i, j) 6= (0, 1);

4) aij = 0, (i, j) 6= (1, 0), (2, 1), bij = 0, (i, j) 6= (0, 1), (1, 2);

5) aij = 0, (i, j) 6= (1, 0), (2, 2), bij = 0, (i, j) 6= (0, 1), (1, 3);

6) aij = 0, j 6= 0, bij = 0, j 6= 1;

6a) aij = bij = 0, i + j 6= 1.

Notice that in the case 6a) we obtain the linear system (6).
Denote
i1 = |a00| + |b01 − a10| + |b11 − a20| + |b21 − a30| + |a40| + |b31|,

i2 = |b01 − a10| + |a20| + |a30| + |a40| + |b11| + |b21| + |b31|,

i3 = |a00| + |a20| + |a30| + |a40| + |b11| + |b21| + |b31|.

In order to separate the orbits of dimension two from those of dimension three,
we will determine the conditions on the coefficients of system (1) such that in each
of the cases 1) − 6) all the minors of order three of matrix (4) should be equal to
zero. We have respectively:

1
′

) a02(a10 − b01) = 0; 2
′

) a03(a10 − b01) = 0;

3
′

) a04(a10 − b01) = 0; 4
′

) |a21| + |b12| = 0;

5
′

) |a22| + |b13| = 0; 6
′

) i1 · i2 · i3 = 0.

The cases [1), 1
′

), a02 = 0]; [2), 2
′

), a03 = 0]; [3), 3
′

), a04 = 0]; [4), 4
′

), a21 =
b12 = 0]; [5), 5

′

), a22 = b13 = 0] and [6), 6
′

), i3 = 0] lead us to a system of the
form (6). Later on, assuming that αv1 + v4 = 0, we have the following distribution
by dimensions of orbits of the system (1) (the systems (5) and (6) are not included
here):
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dim O(a)=2

ẋ1 = a10x1 + a02x
2
2, ẋ2 = a10x2, a02 6= 0; (13)

ẋ1 = a10x1 + a03x
3
2, ẋ2 = a10x2, a03 6= 0; (14)

ẋ1 = a10x1 + a04x
4
2, ẋ2 = a10x2, a04 6= 0; (15)

ẋ1 = x1 · F, ẋ2 = x2 · F, F = a10 + a20x1 + a30x
2
1, |a20| + |a30| 6= 0; (16)

ẋ1 = a00 + a10x1, ẋ2 = a10x2, a00 6= 0. (17)

dim O(a)=3

ẋ1 = a10x1 + a02x
2
2, ẋ2 = b01x2, a02(a10 − b01) 6= 0; (18)

ẋ1 = a10x1 + a03x
3
2, ẋ2 = b01x2, a03(a10 − b01) 6= 0; (19)

ẋ1 = a10x1 + a04x
4
2, ẋ2 = b01x2, a04(a10 − b01) 6= 0; (20)

ẋ1 = x1(a10 + a21x1x2), ẋ2 = x2(b01 + b12x1x2), |a21| + |b12| 6= 0; (21)

ẋ1 = x1(a10 + a22x1x
2
2), ẋ2 = x2(b01 + b13x1x

2
2), |a22| + |b13| 6= 0; (22)

{

ẋ1 = a00 + a10x1 + a20x
2
1 + a30x

3
1 + a40x

4
1,

ẋ2 = x2(b01 + b11x1 + b21x
2
1 + b31x

3
1), i1 · i2 · i3 6= 0.

(23)

3 The case α v1 + v2 + γ v3 + δ v4 = 0.

In this section we will need the following notations:

αi = (δ − iα)/(i + 1), δi = (α − iδ)/(i + 1), i = 1, 4, ν1 = δ + 2α, ν2 = α + 2δ;

j1 = |a12 − 3a03α| + |α + δ| + |a00| + |a11| + |a02| + |a13| + |a04|,
j2 = |a00| + |a01| + |a02| + |a03| + |a04|,

j3 = |a11 − 2α a02| + |α + δ| + |a00| + |a01| + |a12| + |a03| + |a13| + |a04|,

j4 = |a00| + |a11| + |a02| + |a12| + |a03| + |a13| + |a04|,

j5 = |a13 − 4α a04| + |α + δ| + |a00| + |a01| + |a11| + |a02| + |a12| + |a03|,

j6 = |a01| + |a03| + |γ + δ2|,

j7 = |a12 + 3δ a03| + |γ + δ2| + |a01|,
j8 = |a12| + |a03|,

j9 = |a13| + |a04|,

j10 = |α + δ| + |a01| + |a04|,

j11 = |a13 + 4δ a04| + |α + δ| + |a01|.

The equality (12) holds if and only if at least one of the following seven series of
conditions is realized:

7) γ = α2 · δ2, a20 = δ2
2a02, a11 = 2δ2a02, b10 = α2δ2a01, b01 = a10 − 2δ1a01,

b20 = −δ3
2a02, b11 = −2δ2

2a02, b02 = −δ2a02, aij = bij = 0, i + j = 0, 3, 4;
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8) γ = α3 · δ3, a30 = a03δ
3
3 , a21 = 3a03δ

2
3 , a12 = 3a03δ3, b10 = a01α3δ3, b01 =

a10 − 2δ1a01, b30 = −a03δ
4
3 , b21 = −3a03δ

3
3 , b12 = −3a03δ

2
3 , b03 = −a03δ3,

aij = bij = 0, i + j = 0, 2, 4;

9) γ = α4 · δ4, a40 = a04δ
4
4 , a31 = 4a04δ

3
4 , a22 = 6a04δ

2
4 , a13 = 4a04δ4, b10 = a01α4δ4,

b01 = a10−2δ1a01, b40 = −a04δ
5
4 , b31 = −4a04δ

4
4 , b22 = −6a04δ

3
4 , b13 = −4a04δ

2
4 ,

b04 = −a04δ4, aij = bij = 0, i + j = 0, 2, 3;

10) γ = α · δ, a20 = −δ(a11 + δa02), a30 = δ2(a12 + 2δa03), a21 = −δ(2a12 + 3a03δ),
a40 = −δ3(a13 + 3δa04), a31 = δ2(3a13 + 8a04δ), a22 = −3δ(a13 + 2δa04), b00 =
−αa00, b10 = a01αδ, b01 = a10 − 2δ1a01, b20 = −a02αδ2, b11 = δ(4δ1a02 − a11),
b02 = a11−3δ2a02, b30 = a03αδ3, b21 = δ2(a12−6a03δ1), b12 = δ(9a03δ2−2a12, )
b03 = a12 − 4δ3a03, b40 = −αδ4a04, b31 = δ3(8a04δ1 − a13), b22 = 3δ2(a13 −
6a04δ2), b13 = δ(16a04δ3 − 3a13), b04 = a13 − 5δ4a04;

11) α = −δ, a30 = −γ(a12 +2δa03), a21 = −2a12δ−4a03δ
2−γa03, b10 = γa01, b01 =

a10+2δa01, b30 = −γ2a03, b21 = −γ(a12+6δa03), b12 = −2δa12−8δ2a03+γa03,
b03 = a12 + 4δa03, aij = bij = 0, i + j = 0, 2, 4;

12) γ = ν1 · ν2, b10 = ν1ν2a01 b01 = a10 − 2δ1a01, a40 = ν1ν
2
2(a13 + 3δa04), a31 =

−ν2(3αa13−8δ2
1a04), a22 = −3(a04α

2 +a13δ+2αδa04 +3δ2a04), b40 = ν2
1ν3

2a04,
b31 = ν1ν

2
2(a13 − 8δ1a04), b22 = −3ν2(a13α − a04α

2 + 6a04αδ + a04δ
2), b13 =

−3δa13 + 4a04δ1(α + 5δ), b04 = a13 − 5a04δ4, aij = bij = 0, i + j = 0, 2, 3;

13) a10 = αb10b01 − δb10, b10 = γa01, aij = bij = 0, i + j = 0, 2, 3, 4.

Notice that in conditions 13) we have a system of the form (6).

Equating to zero the minors of order three of the matrix (4) in each of the cases
7) − 12), we obtain respectively:

7
′

) a01 · a02 = 0;

8
′

) a01 · a03 = 0;

9
′

) a01 · a04 = 0;

10
′

) j1 · j2 · j3 · j4 · j5 = 0;

11
′

) j6 · j7 · j8 = 0;

12
′

) j9 · j10 · j11 = 0.

The relations [7), 7
′

)] − [12), 12
′

)] lead us to the following distribution of the
GL(2, IR)−orbits of the system (1) (the cases which lead us to the system (6) are
not considered here):

dim O(a)=2

ẋ1 = a10x1 + F, ẋ2 = a10x2 − δ2 · F, F = a02(δ2x1 + x2)
2 6≡ 0; (24)

ẋ1 = a10x1 + F, ẋ2 = a10x2 − δ3 · F, F = a03(δ3x1 + x2)
3 6≡ 0; (25)

ẋ1 = a10x1 + F, ẋ2 = a10x2 − δ4 · F, F = a04(δ4x1 + x2)
4 6≡ 0; (26)
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





ẋ1 = x1 · F, ẋ2 = x2 · F,
F = a10 − a11(δ x1 − x2) + a12(δ x1 − x2)

2 − a13(δ x1 − x2)
3,

|a11| + |a12| + |a13| 6= 0;
(27)

ẋ1 = a00 + a10x1, ẋ2 = −α a00 + a10x2, a00 6= 0. (28)

dim O(a)=3







ẋ1 = a10x1 + a01x2 + F,
ẋ2 = α2δ2a01x1 + (a10 − 2δ1a01)x2 − δ2 · F,
F = a02(δ2x1 + x2)

2, a01 · a02 6= 0;
(29)







ẋ1 = a10x1 + a01x2 + F,
ẋ2 = α3δ3a01x1 + (a10 − 2δ1a01)x2 − δ3 · F,
F = a03(δ3x1 + x2)

3, a01 · a03 6= 0;
(30)







ẋ1 = a10x1 + a01x2 + F,
ẋ2 = α4δ4a01x1 + (a10 − 2δ1a01)x2 − δ4 · F,
F = a04(δ4x1 + x2)

4, a01 · a04 6= 0;
(31)















































ẋ1 = a00 + a10x1 + a01x2 − ((a11 + a02δ)x1 + a02x2) · F+
+((a12 + 2a03δ)x1 + a03x2) · F

2−
−((a13 + 3a04δ)x1 + a04x2) · F

3,
ẋ2 = −αa00 + αδa01x1 + (a10 − 2δ1a01)x2−

−(α δa02x1 + (a11 − 3a02δ2)x2) · F+
+(α δa03x1 + (a12 − 4a03δ3)x2) · F

2−
−(α δa04x1 + (a13 − 5a04δ4)x2) · F

3,
F = δ x1 − x2, j1 · j2 · j3 · j4 · j5 6= 0;

(32)







ẋ1 = a10x1 + a01x2 − ((a12 + 2a03)x1 + a03x2) · F,
ẋ2 = γ a01x1 + (a10 − 2a01δ1)x2 + (a03γx1 + (a12 + 4a03)x2) · F,
F = γ x2

1 + 2δ x1x2 − x2
2, j6 · j7 · j8 6= 0;

(33)















ẋ1 = a10x1 + a01x2 + ((a13 + 3δ a04)x1 + a04x2) · F,
ẋ2 = ν1 ν2 a01x1 + (a10 − 2δ1a01)x2+

+(ν1 ν2 a04x1 + (a13 − 5δ4 a04)x2) · F,
F = (ν1 x1 + x2)(ν2 x1 − x2)

2, j9 · j10 · j11 6= 0.

(34)

Remark 2. It is easy to see that the systems (13) − (15), (17) are particular cases
of the systems (24) − (26), (28) respectively. The (16) by substitution (9) can be
reduced to a system of the form (27).

The results obtained above are gathered in the following theorem:

Theorem. Up to a transformation (9), the dimension of the GL(2, IR)−orbit of the
system (1) is equal to

0 if it has the form (5);
2 if it has one of the forms (8), (24) − (28);
3 if it has one of the forms (18) − (23), (29) − (34);
4 in other cases.
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