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Abstract. The computation schemes of collocation and mechanical quadrature
methods for approximate solving of the complete singular integral equations with
piecewise continuous coefficients and a regular kernel with weak singularity are elab-
orated. The case when the equations are defined on the unit circumference of the
complex plane is examined. The sufficient conditions for the convergence of these
methods in the space Lo are obtained.
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1 The Problem Formulation

Let I'g be a unit circumference of the complex plane C with the center at the
origin, let DT be a domain bounded by T'y, D~ = C\ {D* UT}, and let Ly(Ty)
be a space of all functions f : I'g — C that are Lebesgue measurable and square
integrable on I'y.

We will denote by PC(T'y) a Banach algebra of all functions a : 'y — C which
are continuous on 'y with exception of a finite number of points in such a way that
at each point of discontinuity there exist unilateral finite limits a(t —0), a(t+0) and
a(t —0) = a(t).

To each element a € PC(I'g) we associate the function a : I'g x [0, 1] — C in the
following way a(t, ) = pa(t+0)+(1—p)a(t),t € To, 0 < p < 1. The set T'; of values
of the function a(t, ) represents a closed curve. This curve is a union of the set of
values of the function a(t) and segments pa(tx+0)+(1—p)a(ty) (0 < p <1,k =1,n),
where t1, ..., t, are all points of discontinuity of the function a. The curve I'; can be
oriented in a natural way.

We say that the function a € PC(T'y) is 2-nonsingular if the curve 'y doesn’t go
through the origin. We denote the number of rotations of the curve I'; around the
origin by index indsa of the 2-nonsingular function a.

In Ly(T'g) we consider the following singular integral equation

(Ap =) ao(H)o(t) + bo—(”/F ) gy i/r h(t, P)p(r)dr = F(t), tE€To, (1)
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where ag,by,f : I'9 — C,h : I'g x 'y — C are known functions, ag,by €
PC(PO), h(t,T) = h()(t,T)‘T — t‘_ﬁ/ (0 << 1), hg € C(PO X Fo),f S LQ(PO) and
v :I'g — C is an unknown function.

It is known that operators K,S : Ls(I'g) — L2(I'g), defined in the follo-
wing way (Kp)(t) = 2%” fFo h(t,T)p(T)dT, (Sp)(t) = %ffo %d?, are bounded
[1,2]. Taking into account that |[co|l2 < ||¢/|coll®]|2 for all functions ¢ € PC(Ty), the
operator A = agl +byS + K which describes the left term of equation (1) is bounded
in<L2(P0)

In [3, 4] the theoretical foundation of the collocation and quadrature methods for
equation (1) in the norm of the space Ly(T'g) was obtained in the case of coefficients
that satisfy Holder condition on I'y and in [5] the foundation was obtained in the
case of continuous coefficients on I'y. In the present paper we will state conditions of

convergence of these methods in Ly(Ty) in the case when coefficients of the equation
(1) belong to the space PC(T'y).

2 The deduction of a computation schemes

We will denote by P,, the set of all trigonometric polynomials of the form
n

Z rpth (t € Ty), where r, (k = —n,n) are arbitrary complex numbers. We

k=—n
will consider on I'y the following equidistant points

tj =exp (2mij/(2n+1)), j = —n,n. (2)
In the following it is convenient to write equation (1) in the equivalent form

(Ap =)a(t)(Pep)(t) +b(t)(Qp)(t) + (K)(t) = f(t),t € Lo, 3)

where a(t) = ag(t) + bo(t),b(t) = ap(t) —bo(t),P = (I +5)/2,Q = I — P, I is the
identity operator, and .S is a singular operator.

The presence of discontinuity in the kernel of the regular part of equation (1)
implies essential difficulties in the practical realization of the calculation scheme of
the collocation method applied to it, and the quadrature method cannot be applied.

In order to eliminate this drawback, in an analogous way to [3, 6], we introduce
a new equation

(App 2)alt)(P)(E) +HOQE)E) + (Kpo)(t) = ()t €T, ()
in which )
(K20 = 5 [ holt.)e(r)ar,

ho(t,7)|T —t|77, for |T—t| >p
= - 1).
e R YRS Sl STV L)
Equations (3) and (4) have the same characteristic part, and the kernel of the
regular part of equation (4) is a continuous function on I'g in both variables.
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In the following the collocation and quadrature methods will be applied to equa-
tion (4). The obtained approximate solutions will be considered as the approxima-
tions of the exact solution of equation (3), and, thus, of equation (1).

According to the collocation method we will seek for an approximate solution of
equation (4) in the form of the polynomial

- Z a,i")tk € P, (5)
k=—n
unknown coefficients of which oz,(gn) = ai (k = —n,n) will be determined from the

following system of linear algebraic equations (SLAE)

Zaktk—Fb Zaktk—FZak—/ (tj,7)TRdr=Ff(t;),j = —n,n. (6)

k=—n k=—n T'o

The proposed calculation scheme essentially simplifies the process of its numerical
implementation.

If for solving equation (4) the method of quadratures is applied, then we will seek
for the approximate solution of this equation in the form (5) and we will determine
coefficients ay (k = —n, n) as solutions of SLAE

. k+l_rry & —
alt; Zakt +b(t Zakt + 5 +1Zakzh (tj, )t =f(t;),5 = =n,n. (7)

k=—n k=—n s=—-n

Let a bounded and measurable function f : I'g — C be given. There exists a
unique interpolation polynomial

k=—n j=—n

such that (L, f)(t;) = f(t;) for each j = —n,n [7, p.151]. The operator L,, for which
L? = L,, is a Lagrange interpolation projector. Besides this nonorthogonal projec-
tor, we consider an orthogonal projector S,, : La(I'g) — P, which for each function
¢ € Ly(I'g) puts into correspondence a partial sum of order n of the Fourier series

after the system of functions {tk } oo (Sn)(t Z @itk. Taking into account
k=—n
that for functions of the form (5) the following equalities are true (S, ¢, )(t) = @n(t),
we obtain that systems of equations (6), (7) are equivalent to the following operator
equations
(An, pion =) Ln(aP +bQ + Kp)Spppn = La f, (9)
(An p#n =) La(aP +bQ + A0)Sun = Luf, (10)
where (A, o) (t) = ﬁ fFo L7 (h,(t,7)¢n(7))dr. Notice that here and in what follows
L7 denotes the operator L,,, applied with respect to the variable 7. Therefore in the
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following instead of systems (6) and (7) we will study operator equations (9) and,
respectively, (10) which are considered in the subspace Py, in which the same norm
as in Lo(Ty) is introduced.

In the case of an equation with coefficients from PC(Ty), in order to apply the
methods studied in the paper it is necessary to choose the right term f from a
subclass of La(I'g). As such a subclass the set R(I'g) of all bounded, defined on
Iy and integrable by Riemann functions can be chosen. With the norm ||g|le =

sup |g(t)| the set R(I'g) becomes the Banach space.
telo

3 Some preliminary results

In this section we will state some relations between integral operators with kernel
ho(t,7)|T —t|~" and h,(t,7), considered in the space Lo(I'g). These results, as well
as other results from this section, will be used for the theoretical foundation of the
elaborated computational schemes.

We will denote by x,(t) the function defined on Ty in the following way. If
C,D(t) S LQ(F(]), then

Xolt) = —— /F (holt, )| — t77 = hy(t, ))(r)dr,

2w
where ho(t, 7) and h,(t, ) are the defined above functions.

Lemma 1. Let ho(t,7) € C(Ty x T'g) (in both variables) and ¢(t) € L2(T'o). Then
it 1s true that

1—
a) IIxpll2 < dip 2 flolla;

b) (K,p)(t) € C(To);

c) The operator K, : Ly(I'g) — C(I'y) is completely continuous.

Proof. Lett € I'g and 'y := {7 € I'g : |7 —t| < p}. Then, as x,(t) = 0 for
|7 —t| > p, we have

1 1
2 2
= — dt| = —
Xl o /Fo Ixp|”|dt] o /Fo
1 /
(277)3 T

2
1
= W/FO </r,, |ho(t, 7)| |7 — ¢ = p77| \go(r)Hdﬂ) \dt|.

Since |7 — |77 —p~7 > 0(7 € I',), from the last relation we obtain

2
hol[¢ p(7)lld7]
2  lho C/ / dt).
”XP”2 = (271')3 Ty r, |7__t|»y ’ ‘

2

1
|dit| =

2mi

/F lho(t, 7|7 — 7 = hy(t, 7)o (r)dr

2
|di] <

/F ho(t, T) UT —t77 - p_“*] o(T)dr
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Estimating the interior integral using the Holder inequality for integrals
(see [8, p.496]), we obtain

lo(7)] dr| = 1 lo(7)] dr] < |dT| lo(7)|? dr]
|7 —t] S =t —tp/? - |7 —t|y |7 —t|
T, T, Iy Iy
Then
2 ||h0||%/ / |dT]| / ()|
X < dr| | |dt].
|| P||2 (271')3 To r, ‘T — t’ﬁf r, ’ t’7| | | |

|d7]

_ t|”f

(SIS
N

We estimate integral frp | using the following relation (see [9, p.10])
T

\dr| = |ds| < gdr, (11)
where ds is a length of the arc of the circumference Tt (the smallest arc from two

possible ones), and dr is a length of the chord that subtends the arc Tt (Ir—t| =r).
Then when 7 passes the arc I, the value r passes the segment [0; p]. Using relation

(11) we obtain
|dT| s /p _ s 1—
<= rdr=———p 7.
/Fp [T =t T 2 o 2(1=1)

holle: 1 4o ()|
2 ~ || 0llc 1 '\/// —
HXP||2 = 1672 (1 _ 7)10 |T _ t|ﬁ/ |d7—||dt|

T'o I'p

_ HhOHC 1 1 ﬁ//| |2/ |dt|
16m2 1 —~ |7 t|“f

Repeating the above argumentation, we obtain for interior integral the following

estimation )
/ 4] < E/ rVdr = —— 277,
o [Tt T 2 ) -~

Taking this into account, we obtain

Then we have

kol 277
oz < =6, € T p' !cp )ldr],

o(~2-7/2)
m”ho\\c-

from which results the inequality a), in which d; =

Now we will show that the function (K,¢)( fFo (T)dr is con-
tinuous on I'g. For ¢ € Lo(Iy) we have HcpH2 < a. The functlon h »(t,7), being
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continuous on the compact I'g x I'g, is uniformly continuous. In such a way for € > 0
there exists 0 > 0 such that the inequalities |to — t1] < 0, |72 — 71| < 0 imply the
relation |h,(t2,m2) — h,(t1,71)| < /. Taking into account the last inequality and
Holder inequalities, we obtain for |ty —t1| < ¢

(Kpp)t2) — (o) ()] < 5 [ [holta,) = hylta, (o)l ldr] <
To

1 1/2 vz

< o0 ([ ity = ot riPiarl ) ([ fePlarl) < Zligla < (2
s To To «

In such a way, the function (K,p)(t) is continuous.

The affirmation from point c) is stated using the Arzela-Ascoli theorem. The
linearity of the operator K, is evident. Let M be a bounded set in Ly(I'g). In
this way there exists @ > 0 such that |plls < a (¢ € M). For every ¢ € M,
according to inequality (12), we obtain that inequality |to — ¢1] < ¢ implies
|(K,p)(t2) — (Kpp)(t1)] < e. This means that the functions of the set K,(M)
are equally continuous. Let us show that the set K,(M) is bounded in C(I'y). Let
B = max |h,(t,7)|. We have

t,7€lo

()0 < 5 | IhottDle(rlor] <

1/2 1/2
< 3 ([ motenlart) ([ epiart) < el

So, for each K,p € K,(M) we have ||K,¢|lcry) = max |(K,p)(t)| < af. Therefore,
€lo

the set K,(M) C C(T'y) is uniformly bounded and functions of this set are equally
bounded.

According to the Arzela-Ascoli theorem the set K,(M) is relatively compact in
C(I'p) and in such a way the operator K, is completely continuous. The lemma is
proved.

Lemma 2. Let the operator A, defined by the left term of equation (3), be invertible
in the space Lo(Tg). Then for p such that

Ep i= dy pt=)/2 HA_1H2 <q <1, (13)

the operator A,, defined by the left term of equation (4), is invertible in Lo(I'y)
as well and the inequality || A, |2 < (1 —¢e,) A2 is true. For the solutions

o=A"1f and p, = A;lf of equations (3) and (4), respectively, we have

lp — @pll2 < ep(1 — 5p)_1 HA_1H2 [ £ll2-

Proof. Using item a) from Lemma 1 we obtain the estimation |[(A—A4,)z|/2 = || (K —
Kp)zlz = lIxpllz < dip"/2|lzll2, Vo € La(To). Then [|A — Ayllz < dip' =7/,
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We will show that if inequality (13) holds, then the operator A, is invertible for
sufficiently small values of p. For this we will use the representation A, = A — (A —
Ap) = A(I—A~1(A=A,)). Since [ A1 (A—Alls < A~ [adip0-/2 =, < gy < 1
is true, then according to Banach theorem about small perturbations of an invertible
operator, results the existence of the inverse operator A;l =(I-A"YA-A,) 1At
the norm of which satisfies the inequality

145, < 10 = A7HA = AT |47, = (1 =)~ A7l
For solutions ¢ and ¢, of equations (3) and (4), respectively, we have

lo = wpllz < [AT = AZH|, £l < [[ATH, 114, — Ally [[ 45, 1£1l2 <

< (1= ) [AT 5 dip 2 flls = (1 = )7 AT, If 2

The lemma is proved.

Remark 1. As e, — 0 when p — 0, it results that o —¢,[|2 — 0 when p — 0. This
fact justifies the made convention with relation to the possibility of approximation
of the exact solution of equation (3) with the approximate solution of equation (4),
obtained according to the collocation method. In the following we will consider that
p satisfies condition (13). This is true if p is sufficiently small.

It is known from [10, p.5; 11, p.12], that the operator L,, that acts in the space
Ly(Ty) is unbounded, but being looking for as an operator that acts from the space
R(Tg) to La(Ty) it is bounded, and in [11] it is shown that

|Lnf = fll2 — 0, Vf € R(T). (14)

Lemma 3. Let {tj}?:_n be the system of points (2). Then for each integer number
m, such that |m| < 2n the following relation is true:

1 - ., 1, if m=0
2n+1_ztj_{0,ifm7é0 ’ (15)
j=—n
Proof. For m = 0 relation (15) is evident. For m 75 0, |m| < 2n, we have t,, # 1
n
1 — 20l
and t2"*!1 = 1. In such a way we obtain j;n = ];n th = m = 0. The

lemma, is proved.

Lemma 4. For each measurable and bounded function g : I'g — C and each polyno-
mial p, € Py, the following relation is true

HLngan2 < Hg”oo”pn”27 (16)

where ||gljco = sup |g(t)].
telo



34 TITU CAPCELEA

Proof. Taking into account the fact that the functions t”, t = ¢, n € Z, form an
orthogonal basis in Ly(T'g) and relations (8) and (15), the norm of the polynomial
L, f (f is measurable and bounded in L9(T'y)) can be calculated:

1 2m
2 _ - _ 2
IZaf18 = 5= | 0= A =

k=—n
e X (3 s (zm)

k=—n \j=-n I=—n

= (Qn_l‘_l)i > ft) (Z m<z tﬁ;’)) = 2n1+1 ST ry)P
j=—-n l=—n k=—n j=—n

In this way we obtain:

z@k

(L)) a0 = o

ILng pall3 = t)? 1o (t)1 < 19112l Ln 2all3 = llgllZllpall3,

]——n
which implies relation (16). The lemma is proved.

Lemma 5. Fach 2-nonsingular function a € PC(Ty) can be represented in the form
a(t) = rn(t)h(t), where ry, is a trigonometric polynomial from P, and h € PC(Ty)
(h is 2-nonsingular and with the same discontinuities as a) such that ||h — 1||sc =

sup [h(t) — 1] < ¢ <1.
telg

Proof. The 2-nonsingular function a € PC(T'y) with discontinuity points t1, ..., ¢,
can be represented in the form a(t) = |a(t)|exp(if(t)). We set p(t) = |a(t)|. From
the hypothesis it results that p € PC(I'g) and there exists § > 0 such that p(¢) > §
for all ¢ € T'y. In such a way we can include p in the factor h and so we can assume,
without loosing generality, that a(t) = exp(if(t)).

We choose an arbitrary point tg € L'y, to # t; (j = 1,n) as an initial point from
which the calculation of argument begins. The fact that a(t, u) # 0 for all (¢, pu) €
Iy x [0,1] allows us to choose the function # with real values in such a way that 6 is
continuous at all points ¢ € I'y which are different from ¢; (j = 0,n), is left continuous
at to,t1,...,t, and for § > 0 the relations |0(t;) — 0(t; + 0)] < 7 — & (j = 1,n) are
true while a(tg) — a(to + 0) is multiple of 2. We define the functions b, c € PC(T)
with real values in the following way: b(t;) = 0(t;), b(t +0) =6(t; +0), j =0,n,
c(to) = 0(to), c(to+0) =0(to+0), c(t;) = c(t; +0) = 2(0(t;) +6(t;+0)), j=Tn,
and on residual arcs of Ty, b(t) and c(t) are defined by linear 1nterpolat10n Then
the following inequality is true

sup [b(t) — o(t)| < %(w _ ). (17)

telo
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The mode of choice of functions b(t) and ¢(¢) implies the fact that the functions
0(t) — b(t) and exp(ic(t)) are continuous on I'g. So, the following function

f(t) = exp(i(0(t) — b(t) + c(t))) (18)

is continuous on I'g. It is evident that |f(t)] = 1 for all t € T'y. Therefore, ac-
cording to the Wierstrass second theorem of approximation, there exists trigono-

n
metric polynomial p,(t) = Z ath such that pn(t) # 0 on Ty and which approxi-
k=—n
mates uniformly the function f, such that f can be represented in the following way

f=pn(l —m), and for m € C(T'y) the following relations are true:

1
sup [m(t)| < 3, (19)
telg 2
1 5
—15 <arg(l —mf(t)) < T (20)

We mention the fact that relation (20) can be obtained by choosing the polynomial

Pr in such a way that for the function m the value sup |m(t)| is sufficiently small.
telg

We define the function w in the following way w(t) = (1 — m(t))exp(i(b(t) —
c(t))), t € T'g. Then u € PC(I'y). As the function f from relation (18) is equal to
pn(1 —m), we conclude that a(t) = exp(if(t)) = f(t) exp(i(b(t) — c(t))) = pn(t)u(t).
Since p, € C(Ty), pn(t) # 0 on T'y, and the function a is 2-nonsingular, from the
last relation it results that the function w is 2-nonsingular and it has the same
discontinuities as a. From relations (17) and (20) we obtain |argu(t)| < 7/2 — 6/4,
and from (19) we obtain |u(t)| > 1/2. In such a way values of the function u are
situated in a semi-plane of the line Reu(t) > 09 > 0(t € I'g). More exactly, the
values u(t) for all ¢t € Ty are situated in the triangular sector as it is indicated on

the figure.

: =

Evidently, by the similarity transformation with the coefficient v (> 0) this sector
can be translated into a sector all points of which are distant from point 1 with the
distance which is less than 1. So, a number v > 0 can be chosen such that for all
t € T'o the values yu(t) belong to the unit circle and ||[1—vyu|loc = sup [1—vyu| < ¢ < 1.

telo

Now we set 7, (t) = Y 'pn(t), h(t) = yu(t). As a(t) = r,(t)h(t), it results that the
lemma is proved.
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Corollary 1. According to Lemma 5, each 2-nonsingular function a(t) € PC(Ty)
can be represented in the form

a(t) = ra(t)(g(t) + 1), (21)

where ry, € Pp, and the function g € PC(Tg) satisfies the condition ||g|lcc =

sup |g(t)] < ¢ < 1. So, we have indy(g(t) + 1) = 0, and, as r,(t) and g(t) + 1
telg
do not have common discontinuity points, we obtain that indya(t) = indr,(t).

4 The formulation and the proof of the convergence theorems

Let equation (3) have a unique solution, i.e. the operator A that describes the left
term of the given equation is invertible in Ly(T'g). We will show that this condition
is sufficient for the convergence of the collocation and quadrature methods applied
to this equation.

The integral operator K with the weak singularity (see equation (1)) is com-
pletely continuous in the space Lo(T'g) [1].

Let the operator M = aP+bQ € L(L2(I'y)) be invertible. Then M is néetherian
and Ind M = 0, that implies the néetherian character of the operator A = M + K
and the condition IndA = IndM = 0 [2, p.145]. Let dimker A = 0. Then,
as IndA = dimker A — dimcoker A, we obtain that dimcoker A = 0, and thus
ImA = Ly(Ty), that implies the invertibility of the operator A in Lo(Ty).

Taking into account all the mentioned above and the necessary and sufficient
conditions of invertibility of the operator M (see [12, 13]), the following results
about convergence of the collocation and quadrature methods can be formulated:

Theorem 1. Let the following conditions be true:

1) ao(t), bo(t) € PC(To), f(t) € R(I'o), ho(t,7) € C(I'g x I'o);

2) (i) b(t+0) #0,te Ty, (15) ¢é(t,p) # 0, (t,u) € T x [0,1], where
c=ab !,

3) The number k := indsc(t) = 0;

4) dimker A = 0;

5) Nodes t; (j = —n,n) are calculated according to formula (2).

Then, for sufficiently small p (¢, < @1 < 1) and for sufficiently large n
(n > ng), system (6) has a unique solution ay(k = —n,n). The approzimate
solutions n(t), constructed according to formula (5), converge when p — 0 and
n — oo to exact solution p(t) of equation (1) in the norm of the space Lo(To)
lim, o limp, o0 || — @nll2 = 0.

Theorem 2. Let all conditions of Theorem 1 be true with the exception of
ho(t,7) € Ho(Tg x T'y), where H, is the Banach space of all functions that satisfy
Holder condition on Ty (see, for example [4, 6]). Then the affirmations of Theorem
1 are true with the condition that SLAE (6) is changed with SLAE (7).
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Proof of Theorem 1. According to condition (ii) we have that the function
¢ € PC(Ty) is 2-nonsingular. Then according to the above corollary c is repre-
sented in the form (21) and indyc(t) = indr,(t). From condition 3) it results that
indry(t) = 0.

As the trigonometric polynomial r,(t) # 0 on T'g, it can be represented in the
form (see [14, p.30])

n+k

rn(t):H( —tht )tkH(t—t) (22)

Jj=1

where k = indry,(t), and t;r (J=Ln+k)(t; (j =1,n—k)) are all zeroes (taking
into account their multiplicity) of the polynomial r,(¢) which belong to the domain
D™ (the domain D~). As polynomials

n+k

N H (1 t+t—1) rt () = nl:f (t — t;) (23)
j=1

satisfy conditions r () # 0,t € D~ UTo, r}_,(t) # 0,t € DT UTy, and

(r +k)i1 (respectlvely (rt . )*!) are analytical in D™ (respectively in DT), and

k = indry(t) = 0, we obtain that equality (22) is a canonic factorization of the
polynomial r,, with respect to the closed contour I'y

rn(t) =1y (t)ry (1) (24)

n

Taking into account properties of polynomials (23) (for £ = 0) and the equality
P+ Q = I, we obtain that Pr,, Qe, = Q(r;7) "1 Py, = 0. From this we have

P(r) 5P = (ry)' Py P(r)*'P = P(r;)™! (25)

The condition (i) implies the existence of the inverse of the function b € PC(Iy).
We have that b=! € PC(I'g). Relations (21), (24) imply for the 2-nonsingular
function ¢ = ab~! € PC(Iy) (a, b are coefficients of equation (3)) the representation

ct) = ry (Ory (HA(L), (26)

where h(t) = g(t) + 1 is a function that possesses properties described above (in
Lemma 5).
According to equality (26) equation (4) is equivalent to the equation

h(t)ry (D (P)(t) + (ry (1) Q) (E) + (15 (1) 07 (O(Kpp) (1) = f1(#),  (27)

where f1 = (r)7'~1f € R([o). Thus, system (6) is equivalent to the sys-
tem A(t;)ry (8) (Pen) (85) + (r3f (85)) 71 (Qn) (85) + (157 (8)) 7107 (1) (K pion) (85) =

fi(t;), 7 = —n,n. As the last system is equivalent to the following operator equation

Ln(thP + (TT—lL—)_lQ + (T:L—)_lb_le)Sn(Pn = Lnfla Pn € Pna (28)
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equations (9) and (28) are equivalent. Thus, the invertibility of the operator L,,(aP+
bQ + K,)S,, implies the invertibility of L, (hr, P+ (r,1)7'Q + (r}) 1071 K,)S,, and
vice versa.

Using relations (25), we obtain

hry P+ (rf)7'Q = hPry P+ hQry P+ P(ri) 7' Q + Q) ™'Q =

= hPr;, +Q(r;)) ™+ hQr, P+ P(r})7'Q,

and, as
hPr, + Q)™ = (hP + Q)(Pry, +Q(r)™) = (I + gP)(Pry, +Q(r,)™)

is true, it results that equation (28) has the form
Lo (T gP)(Pry + Q)™ +h@ri P4 P(i) ™ @+ ()07 Ky ) Suipn = L

Introducing notations V = (I + gP)(Pr, + Q(r,)™Y), K = (rh)7v 71K,
Koy = hQr,, P+ P(r;))71Q, the last equation is written in the following form

Ln(V + Kl + K2)Sn90n = Lnfl- (29)

We will show that for sufficiently large n, the operator L,(V + K + K3)S,,
defined by the left term of equation (29), is invertible as an operator that acts from
Py, to Py, and approximate solutions ¢, converge to the solution ¢, of equation (4).
Toward this end we will show that for sufficiently large values n all conditions of
the following known affirmation about the relation between convergence manifolds
of operators C' and C' + T', where T is a complete continuous operator (see [4, p.22;
15, p.432]) are true.

Let X,Y be Banach spaces, and {P,},{@,}(n = 1,2,...) are two sequences
of projectors with domains D(P,) C X, D(Q,) C Y and closed images Im P,, C
X, Im@, CY. By L(X,Y) we will denote the Banach algebra of all linear and
bounded operators that acts from X to Y, and by K(X,Y) - the ideal of all complete
continuous operators that acts from X to Y. By GL(X,Y) we denote the set of all
invertible elements of L(X,Y).

Lemma 6. Let the operator C € GL(X,Y), for n > ng the relation C(Im P,) C
D(Q) be true and operators Q,CP,, € GL(Im P,,,Im Q). Let Z be a Banach space
that is continuously embedded in Y, such that Z C L(C,P,,Q,) :={f €Y : f €
D(Qn), n>n1(f), |C f — (QuCP) 'Qunfllx — 0} - the convergence manifold of
the operator C after the system of projectors Q,, and P,. Also, let T € K(X,Z) and
the following two conditions be true:

DdimKer(C+T)=0;  2) Qulz € L(Z,Y).

Then the operators Qn(C + T)P, € GL(Im P,,Im@,) for n > ng and the
equality L(C, P, Q) = L(C + T, P, Q) holds.
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Weset X =Y = Ly(Ty), Qn =Ly, Bo=S, C=V D(Qn) = R(Ty),
Z = R(Iy), T = K; + Ks. Let us show that all conditions of the lemma take place.

Using relations (23) and (25), it can be easily verified that the operator
B = Pr;, + Q(r;/)~! is invertible in Ly(Ty), with the inverse operator B! =
P(ry) ™ +@Qr

As ||S|l2 =1 and P = (I + S5)/2 is a projector, it results that ||P||s = 1. From
here we have [|[gP|l2 < [lg]l2 < [|9]lo, and, as [|g]jcc < 1 (see Corollary 1), it results
that the operator D = I 4 gP is invertible in Ly(T'g). In such a way the invertibility
of operators B and D implies the invertibility of the operator V in Lo(I'p).

Lemma 7. The inclusion BP, C P, takes place.

Proof. Let x,(t Z ¢ixt® be an arbitrary polynomial from P,. As ro(t) =
k=—n
0
Z It* and (7‘:[ katk It results that r,, Z I tF Z q; =
k:——n k=0 k=—n j=—n
o
Z ngth, and ( kat Z q]t] = Z spt*. Then we have
k=—2n Jj=-n k=-n
n -1
P(r,x,) = antk and Q((r:{)_lxn) = Z stk from which we obtain
k=0 k=—n
-1
P(ryz,) + Q((rf) ' antk + Z spt® € P,. Thus, BP, C P, takes
k=0 k=—n

place, and the lemma is proved.

On the basis of this result and thanks to the fact that PC(I'y) is an algebra, we
obtain Vx,, € Py, Vx, = DBz, = (I + gP)y, € PC(I'g) C R(I'9) = D(Q,). As the
operators L,V S, are linear and dimP, < oo, it results that they are bounded as
operators that act in P,.

We consider the operator D,, = L,(I + gP)S, € L(P,). Using the evident
relations S,z, = z,, Px, € P,, and [|[Pz,|2 < ||z,||2, where x, € P,, as well
as relation (16), we obtain ||L,(I + gP)Spznlle = ||(Sn + LngPSp)xyn|2 = ||zn +
LngPn|l2 2 |#nll2 — [LngPanllz > [|znllz = I9llcc[Pznllz 2 llznllz — lglleollznll2 =
(I—=lgllso) |Tnll2, YV, € Py. The constant C' = 1—||g||oo > 0, because [|g]|oc < g < 1,
therefore the operator D,, is bounded below in P,. As Im D, = P,, according to
the known criterion of invertibility (see [16, p.209]), the operator D,, is invertible in
P,.. At the same time the following inequality is true:

1

lznllz < 7 1(Sn + LngPSn)xnll2, Tn € P (30)

19loo
The relation Bz, € P, (z, € P,), implies the representation L, V'S, = L,(I +
gP)S,(Pr; +Q(r})~!) = D, B, and the invertibility of the operators D,, and B in
P,, implies the invertibility of the operator L,V S, in P,.
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The Banach space R(I'g) is included continuously in Ly (I'g). We will show that
R(To) € L(V, S, Ly).

As it was shown above, the operators V and L,V S, are invertible respectively
in Ly(To) and in P, with the inverse operators V=1 = (P(r;; )=t +Qr;")(I + gP)~!
and (L,VS,)™' = (P(r;)~' + Qr;))(L,(I + gP)S,)~!. Then for f; € R(Ty) we
have

HV_lfl - (ansn)_anf1H2 <

<|1P(ry) ™+ Qrf2ll(L + gP) ™ f1r = (La(I + gP)Sp) ™ Luful2. (31)

Let
Y= (I+gP)"'fi € La(To), (32)
Un = (Ln(I + gP)Sy) ' Lufi € Pa. (33)
Evidently, the following relation is true:
Wn—l/JHz < HSnw—wn\bJrHSnw—Wb (34)

As Spp — by, € Py, using consecutively inequalities (30) and (33), we obtain for the
first term from the right term of inequality (34)

1
St — nll2 < WH(STL + LngPSn)(Sptp — tbn) |2 =
B 1
1 —[lgllos
From relation (32) we obtain ¢» = f; — gPv. Then we have (S, + L,gPS,)¢Y =
Snf1 — SpgPy + L,gPS,1, but in relation (35)

1 1
o 1Snf1 = SngPY + LngPSntp — Ly fill2 < —5— %
1= lgllo 1= lgllo

X([LngPSntp = gPPll2+ [1Sng P — gPYlla+ [|Snf1 — filla+ [ Lnfi — fill2)- (36)

Lemma 8. For every x € La(T')

H(Sn + LngPSn)¢ - Lnf1||2' (35)

[Sn1 — nll2 <

|LngPSpz — gPx|2 — 0. (37)

Proof. For the proof of the lemma we will use the Banach-Steinhaus theorem [16,
p.271]. Consecutively using relations (16), ||Pzy|l2 < ||znll2 (zn € Prn) and ||Sy|l2 =
1, we obtain for every x € La(T'g), ||LngPSnz|l2 < ||9]lool|PSnzll2 < ||9]locl|Snzll2 <
llgllooll]l2 == €z < 00. Such sequence of operators L, gPS, : La(T'g) — P, is simply
bounded. As Ly(I'g) is the Banach space, it results that the sequence L,gP.S, is
uniformly bounded (see [16, p.269, Theorem 1]) ||L,gPSy|2 < const, n=1,2,....

m

If P = {xm(t) = > siptF|s, € C}is the set of trigonometrical polynomials of

=—m
order m (m > 0), defined on Iy, the set | ;> _, P is dense in Lo(Ty). If z € Uy Pk»
then there exists m such that x = z,, € P,,, and it is true that S,z,, = x,, for



COLLOCATION AND QUADRATURE METHODS FOR INTEGRAL EQUATIONS ... 41

n > m. The inclusions g € PC(T'g) C R(I'y) and Pz, € P,, C R(I'y) imply the fact
that gPx,, € R(I'g). Then according to relation (14) it results:

|LngPSnxm — gPxmlla = [|[LngPxm — gPxm||2 — 0, Vo, € U Pr.
k=0

On the basis of all the mentioned above, according to the Banach-Steinhaus theorem,
we have that
|LngPSynx — gPz||2 — 0, Vo € Ly(Ty).

The lemma is proved.

As i) € Ly(T'p), relation (37) implies
”LngPSnw - ngH2 — 0. (38)

Let Lo (Tg) be a Banach algebra of all essentially bounded functions on T'y.
An alternative characterization for this space is Loo(I'g) = {p € L2(Tg) : of €
LQ(PQ), Vf S LQ(PO)} [17, p.39]. Then, as g € PC(F()) C LOO(PO) and Py € LQ(PO),
we have gPy € La(T'y), and thus (see [11, 16])

1Sng P — gP|l2 — 0. (39)
Analogously, as f1 € R(I'g) C Lo(T'y), we have

Snf1 = fill2 — 0, (40)

and according to relation (14),

| Lnf1 — fill2 — 0. (41)

Using relations (38)—(41), we obtain from (36) ||Sp® — ¥nll2 — 0. The last
relation with ||Sp — 9|2 — 0, implies in (34) |[¢n, — ¢|2 — 0, ie. |[(L,(I +
gP)S,) L f1 — (I + gP)~!fi1ll2 — 0. As the operator P(r;)~! + Qr; is bounded
in Ly(Ty), from (31) we obtain:

V71— (LaVSa) ' Lufill2 — 0, Vf1 € R(T).

In such a way the inclusion R(I'g) C L(V, Sy, Ly,) takes place.

It is easy to verify (see [18, p.96]) that for every x € Lo(I'y), the functions Qr,, Px,
P(r;7)~1Qz are continuous on T'y. Taking into account item b) from Lemma 1 we ob-
tain that the bounded operators Ky = (r;)) 1071 K, and Ky = hQr,, P+ P(r;))7'Q,
where (rF)~'v71, h € PC(Ty), act from Ls(T) to PC(I'y) C R(Iy). As the
operator K, is completely continuous (see item c) of Lemma 1) and equalities
QryP = (ry S — Sry), P(ri)7'Q = —3((rf)™1S — S(rj)~!), are true, and
r, (r)~1 are continuous functions on T'g, we obtain that the operators K, Ko

n

are completely continuous (see |2, p. 1,89 € 2(lo), 0))-
letely conti (see [2, p.33]) K1, Ky € K(La(To), R(To))
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The conditions 1)-4) of the convergence theorem assure the invertibility of the
operator A of equation (3). Then, according to Lemma 2, if relation (13) is true,
the operator A, is invertible as well, which implies the relation dimKerA, = 0. As
A, =V + K + K, we obtain that dimKer(V + K; + K3) = 0. As it was mentioned
above, the operator L, € L(R(Ty), L2(Ty)).

In such a way all conditions of Lemma 6 about the lineal of convergence of
the operator V + Ky + Ko are verified, and according to it we obtain that the
operators L, (V 4+ Kj + K»3)S,, : P, — P, are invertible for sufficiently large n and
ﬁ(V, S, Ln) = ﬁ(V—I—Kl + Ko, Sy, Ln) is true. Then R(Fo) Cﬁ(V-i—Kl + Ko, Sy, Ln)
and, as equations (29), (9) and, respectively, (27), (4), are equivalent, we obtain
that equation (9) for sufficiently large n has a unique solution, and the approximate
solutions ¢, converge to the exact solution ¢, of equation (4) |¢, — ¢nll2 — 0.
From here and from Lemma 2, using the relation |[p—¢n |2 < |lo—¢pll2+l¢p—enll2,
we obtain [|¢ — ¢pll2 — 0 when n — oo and p — 0.

In such a way Theorem 1 is proved.

Proof of Theorem 2. It is easy to verify that equation (10) is equivalent to the
following operator equation

(An + Fn)‘ﬁn = Lnfa (42)

where A, @, = Lp(aP +bQ + K,)¢n, T'ngn = —Ln(K, — Ay)@n, and the operators
K, and A,, were defined above.

Of course, A, @, = Ly, f is an operator equation of the collocation method studied
above. So, equation (42), which describes the quadrature method, can be interpreted
as the perturbation of the equation of the collocation method.

In such a way to state the convergence of the quadrature method we will use the
following lemma about the stability in the sense of Mikhlin of the approximation
method [4, p.31; 15, p.438].

Let X,Y be Banach spaces, and { P,, }, {Q, } be sequences of projectors considered
in Lemma 6.

Lemma 9. Let A € GL(X,Y) and Ay, := Q,AP, € GL(ImP,,ImQ,) (n > ny),
and Z 1is a Banach space which is continuously embedded in Y in such a way that
ImQ, CZ C LA Pp,Qn),Qunlz € L(Z,)Y), and let y € Z.

Then there exist positive constants p,~y which do not depend on n and y in such
a way that for the operator R, € L(ImP,,ImQ),), which verifies the relation

[Rnllx—z <7, (43)

we have
1) The equation

has the unique solution (n > ng);
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2) For solutions T, x, € ImP, of equation (44) and, respectively A,z, = Qny,
the estimation

1Zn — znllx < pllyllzl|Rullx—2 (45)
holds.

We set X =Y = Ly(Ty), Z=R(To)4, Qn=Ln,Py=5n, A=A, R,=T,,
y = f. The conditions of the last lemma with the exception of relation (43) were
already verified in the proof of Theorem 1. Evidently I',, € L(ImS,,, ImL,). We will
show that for I',, condition (43) holds and even more, ||I',|/z,—r — 0 when n — occ.
In such conditions, taking into account estimation (45), we have ||Z,, — |2 — 0
when n — oo.

Taking into account the identity f L7 (hy(t, 7)pn(T))dr= f 2L7[Thy(t, T)]en (T)dT,

Vo, € P, (see [18, p.72]), and the fact that (A ngon)() (Kppn)(t) € C(Iy),
as well as Holder inequalities, we obtain |(Kypn)(t) — (Anen)®)|lc =

(2m)~ ?é%f)(pr (Thy(t,7) — L] [Thy(t, 7)])en(T)dr| <

(2
Ly [rho (8, D) on ()] ldT| < (2F)_1?é%§\\7hp(tﬁ) — Ly[rhy(t, T)]Hzllsonllz As t

|Th,(t,7) — L] [Th,y(t,7)]||l2 is a continuous function on I'gp,3t, € Iy such that
%%XHThP(uT) - LZL[ThP(th)]”Q = ”Thp(tmT) - L;[Thp(tmT)]HZ As Thp(th) S
0

C(Tg) by 7, using the relation [|g— Lngll2 < 2E,(g),Vg € C(I'g) (see [19, p.63]),
we obtain ||7h,(t,, ) — L] [Thy(tn, 7)]||2 < 2E] (Th,(tn, 7)). According to Jackson

theorem in C(T'g) (see [19, p.43]) we have EJ(Th,(tn, 7)) < 12w7(Thy; n——i-l) <

where w(g;d) is the modulus of continuity of the function g(t).

12 1
In such a way we have [(Kyon)(t) — (Angn)(t)llc < —w(hp; = )llnll2-

Then taking into account the estimation ||L|c < dilnn (see [19, p. 49]) we have
IPnenlle < ILnllc(Kpen)(t) — (Anen)(B)llc < d2lnn w(hp; ———)ll¢nll2-
Taking into account that h,(t,7) € Hs(To x I'g),d = min(e,7y) (see [20,

1
p.22; 6, p.10]), we have w7 <hp;?> = sup  |hy(t,7") — hy(t,7")] <
n 1
|T'—T”|Sn—+1

)~ ?éaxfhh (t,7) —

1
12WT(hp, n——|—1)7

1
—.
L (n+1)

\|Fn<pn||R(p0 = ||I‘n<pn||c(p0) and then ||I'y|z,—r < dinlnn — 0 when n — .

sup  ds|t —7"|° = ds Consequently, as Ty, € C(Ty), we have

‘ !l __ H|<

In virtue of Theorem 1, the equation Ay, = L, f, which describes the colloca-
tion method, for all sufficiently large n, has the unique solution ¢,, and ||p, —¢| — 0
when n — oo (¢ is the solution of equation (1)). Applying Lemma 9 we obtain
that equation (42) (equivalent to equation (10)) has the unique solution ¢, and

[@n = @nll = 0 (n — o0).
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Then ||@n — ¢l < |Pn — nll + ln — ¢l] = 0 when n — oo and in such a way

we convince of the verity of statements of Theorem 2.
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