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1 Introduction

1.1 Definition. A real function £ on a ring R is called a pseudonorm if the following
conditions are satisfied:
1 5( ) =0 for all z € R;
¢(x)=0iff x = 0;
§(x—y) <&(x) +&(y) forall v,y € R;
E(x-y) <E(z)-&(y) for all x,y € R.

1.2 Remark. The condition 3 is equivalent to the following conditions: & (x 4+ y) <
<E(x)+€(y) and € (—x) = & (x) for all z,y € R.

1.3 Definition. The pseudonorm ¢ is called a norm if the condition & (x-y) =
= ¢ (x) - & (y) is satisfied for all x,y € R.

1.4 Remark. It is clear that any pseudonorm &£ defines some separated topology
on a ring R. However, the same topology can be defined by various pseudonorms.

1.5 Definition. Let (R,&) and (R 5) be pseudonormed rings. A homomorphism

: R — R is called an isometric homomorphism if £(¢(z)) = inf{&(x4+a) | a €
E Kergp} for all z € R.

If ¢ is also an isomorphism then the concept of isometric homomorphism coin-
cides with the concept of isometric isomorphism in usual sense.

The following isomorphism theorem is frequently applied in algebra.

1.6 Theorem. Let R be a ring and B be a subring of the ring R. If N is an ideal
of the ring R then the quotient rings B/(BN N) and (B 4+ N)/N are isomorphic.

1.7 Remark. In particular, if the condition BN N = {0} is satisfied in the theorem
1.6 then the rings B and (B + N)/N are isomorphic.
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1.8 Remark. Let (R,&) be a topological or pseudonormed ring. In order to for-
mulate analogues of this theorem it is natural to demand that the isomorphism
preserves the topology or the pseudonorm, respectively. So:

—if £ is a topology then the isomorphism should be a homeomorphism;

—if ¢ is a norm or a pseudonorm then the isomorphism should be an isometric
isomorphism.

Therefore situation is more difficult in this case.

First, it is necessary to define the corresponding structure £ (the topology or the
pseudonorm, respectively) on the quotient ring R/A.

We shall consider one of the most natural definitions of ¢ for the topology or the
pseudonorm €&.

A. If ¢ is a topology then the topology ¢ is defined by € = sup{r | 7 is a ring
topology on R/A and the canonical homomorphism f4 : (R,§) — (R/A,T) is a
continuous homomorphism } in topological algebra.

In this case fa : (R,§) — (R/A,g) is a surjective, continuous and open homo-
morphism. Such homomorphisms are called topological homomorphisms.

B. If ¢ is a pseudonorm then the pseudonorm ¢ is defined by the equality
E(x+A) = inf{(x+a) |[a€ A} in the theory of the normed rings, i.e. the
canonical homomorphism fa : (R,§) — (R/A,f) is an isometric homomorphism
(see Definition 1.5).

If £ is a topology or a pseudonorm then the ring (R/A,g) is designated by
(R, &)/ A hereinafter.

Second, theorem 1.6 is not always true for the above mentioned topology or the
pseudonorm on the quotient rings R/A.

This article is devoted to the study of analogues of Theorem 1.6 for pseudonormed
rings. (Analogues of Theorem 1.6 for topological rings have been investigated in [1]).

1.9 Remark. If (R, ¢) and (R,é) are the pseudonormed rings, f : (R,§) — (R,é) is
a surjection and an isometric homomorphism then the mapping f: (R,&)/(Kerf) —
— (R, 5‘) defined by the equality f (r + Kerf) = f (r) is an isometric isomorphism.

1.10 Remark. The topology or the pseudonorm ¢ defined above on the quotient
ring R/A is a separated topology or a separated pseudonorm if and only if A is a
closed ideal in the topological ring (R, &) or (R, 7¢), respectively.

If £ is a pseudonorm then the topology 7¢ coincides with the topology on the
topological ring (R, 7¢)/A.

2 Basic results

2.1 Theorem. Let (R,§) and (R, 5) be pseudonormed rings, ¢ : R — R be a ring

isomorphism. The inequality € (p (x)) < € (x) is satisfied for all z € R iff there
exists:
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— A pseudonormed ring (R, f) such that the pseudonormed ring (R,§) is a sub-
ring of the pseudonormed ring (ﬁ,é) ;

— An isometric homomorphism ¢ : (]%, f) — (R, §~> such that ¢ is an extension
of the isomorphism o, i.e.
¢ () =@ () and € (¢ (x)) = inf{f(x+a) la € Kergb} for all x € R.

Proof. Necessity. Let the inequality £(p(x)) < €(x) be valid for all z € R.
We shall consider the ring R which is the direct product of rings R and R, i.e.

A~

R = { 7= <a, b) ‘a €ER, be R} is a ring with operations of addition 71 + 7o =
= <a1 + asg, 51 + 52) and multiplication 71 - 7o = (al - ao, 51 . 52), where
= <a1,l~)1) and 79 = <a2,52).

Let’s define the pseudonorm ¢ on the ring R as follows: & () = max { £(a),€ (5) },

where 7 = (a, 5) It is clear that the function é satisfies the axioms of pseudonorm.

Let’s consider the subring R’ = { @’ = (a,¢ (a)) | @ € R} of the ring R. Tt follows
from the inequality £ (¢ (a)) < £ (a) that

¢ (a) = (a0 (@) = max { £ () . (¢ (@) } =€ ().

If we put in correspondence to an element a € R the element (a, (a)) € R’ then
the mapping defined by this rule is an isometric isomorphism of the pseudonormed
rings (R, &) and (R’,¢’). Therefore we shall identify any element a € R with the
element (a,p(a)) € R'. Hence, we shall not distinguish the pseudonormed rings
(R,¢) and (R',¢’), i.e. we can assume that the pseudonormed ring (R, £) is a subring

of the pseudonormed ring (]A% é)

We shall consider as mapping ¢ : ( ) (R ) the mapping defined by the

equality ¢ ((a, b)) = b. Then ¢ (a) = ¢ ((a, ¢ (a))) = ¢ (a) for any a € R, i.e. the
mapping ¢ is an extension of the isomorphism .

Then Kerg = {fGRMb(f) :0} = { (a,lN)) eR
an ideal of the ring R and

mf{ (r+a)]aeKercp}:inf{f((r,f)—i—(a,O))\aER}:
{5 ((r+a,7) loe R} = inf fmax{¢(r+0),6@)}} <
max { €(0),€ (M)} = £(7) = £(2 (7)) = £(2 (7).
Thus,
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On the other hand, for any a € Kery and # = (r,7) € R the inequality

max { € (r+a),£(7) } > €(7)
also takes place.

The set {max { E(r+a) ,é(f)} la € Kergb} is bounded below by the number
€ (), therefore inf { max { §(r+a) ,5(7")} la € Kercﬁ} > £ (7). We have

inf{é(wa) ]deKercﬁ}:inf{f((r+a,f)) \aeR}:

= inf {max{f(r+a),

acKerp

(M}} =€) = €@ @),

Hence,

inf { £(7 +a) |a€ Kerg | > E(p(7). 2)
From inequalities (1) and (2) we shall receive the required equality:
£ () =it {€(+a) |acKerg}, (3)
ie @: (R, é) — (R, 5) is an isometric homomorphism.
Sufficiency. Let (]A%,é) be a pseudonormed ring and ¢ : (ﬁ,é) — (R, §~> be
an isometric homomorphism such that the pseudonormed ring (R, &) is a subring

of the pseudonormed ring (1:2,5) and the homomorphism ¢ is an extension of the
isomorphism ¢. Then

§2)=£@) >inf{{(@+a) lac Kerp} =E(p (@),

i.e. the inequality & (¢ (z)) < & (2) is valid for any z € R.
The theorem is proved.

2.2 Definition. Let (R,§) and (R, 5—) be pseudonormed rings. An isomorphism
f: R — Rissaid to be a semi-isometric isomorphism if there exists a pseudonormed

ring (]A%, é) such that the following conditions are valid:

— the ring R is an ideal in the ring R;

*fRZ&

— the isomorphism f can be extended up to an isometric homomorphism
f: (R, é) — (R,S) of the pseudonormed rings, i.e.

f(f(f)) :inf{é(f+i) ‘ieKerf} for all 7€ R.
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2.3 Theorem. Let (R,§) and (R,f) be pseudonormed rings and f : R — R be a
ring isomorphism. Then the following statements are equivalent:
L. The isomorphism f: (R,§) — (R,é) is a semi-isometric isomorphism of the
pseudonormed Tings;
§(b-a) =

5 e @) <c@ and S8 <EG @) <€) forany ae R
and b€ R\{0};
III. There exist a pseudonormed ring (R, §~> and a homomormism f :R— R

such that: o )
a) R is an ideal in the ring R, S‘R =¢ and f‘R =f;

b) E(f(r) = min{g(r—l—a) ‘a € Kerf} for everyr € R, i.e. for everyr € R
there exists an element a, € Kerf such that € (f (r)) = £ (r + a,).

Proof I = I1.
1. Let f: (R,§) — (R,é) be a semi-isometric isomorphism. Then it follows

from Definition 2.2 that there exist a pseudonormed ring <I:2,é> and an isometric
homomormism f : <I:2,é> — (R,@ such that R is an ideal of the ring R, E‘R =¢
and f e f-
Since f is an isometric homomorphism then {(f(7)) = inf{{(7 +i) | i € Kerf}
for any 7 € R. It means that this equality is valid also for r € R, i.e.
5(]8(7”)) Zinf{é(r+i) ‘iGKerf}.

Since f‘R = ¢ and f‘R = f then we have

EG ) =E(fm) =it {r+i) |[ie Kerf} <€(rr0)=E() =€(r).

Thus the inequality & (f (r)) < & (r) is valid for any r € R.

2. Let’s show in the beginning that RN Kerf = {0}.
Since f‘R = fand f : R — R is a ring isomorphism then R N Kerf =

—{ier|f@)=0}={ieR|f()=0}={0}.

§(r-a)
A Y e )
jeKerfandi=r+j€R. Theni-a=(r+j)-a=r-a+j-a.

Since RN Kerf = {0} then (a-j) € RN Kerf = {0}. It means that #-a =
=r-a+0=r-a€ R. Then

E(r-a)=E(r-a)=&(7-a) <E(F)-€(a) =E(F) - €(a) = E(r + ) - £ (a).

3. Let’s verify the inequality <E(f(r)) for any r € R, a € R\{0}. Let
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Hence ( )
/)"-a A A
<&(r+j) forany j e Kerf.
et
The set {f(r—kj) ‘j € Kerf} is bounded below by the number %.
a

§(r-a)
¢ (a)

It means that the number is one of the lower bounds of that set. Therefore

The inequality ééa(('l)r) < f(f (r)) =¢(f (r)) is similarly proved.

Hence I = I1 is proved.

Proof I1 = I11.
Let the mapping f : (R,§) — (R, 5) possesses the following properties:

f is an isomorphism;
€(f (a)) <& (a) for any a € R;

E(a-b) _ Eb-a) _
30 <&(f(a)) and 0 <&(f(a)) forany a € R and be R\{0}.

Let’s prove that the statement IIT is valid.
Let’s consider the ring R=R® R = { (r,7) | re€ R, F€E R} which is the direct
sum of the rings R and R. Let’s define the real-valued function € on R as follows:

E((rm) =€(r—f71 () +E(P).

Let’s define the mapping f : (R, f) — (R,E) by the equality f ((r,7)) = f(r).

1. Let’s show that € is a pseudonorm on the ring R.

L.1. Tt is obvious that £((r,7)) > 0 for all r € R and 7 € R because the
pseudonorms £ and £ accept non-negative values, i.e. the condition 1 of the definition
of a pseudonorm is valid.

1.2, Since £(z) = 0 & 2 =0 and 5_(37)_1:_0 g = 0 then £((r,7)) =
—oeelr-rtm)rin=oe {070 o
0

Thus, the condition 2 of the definition of a pseudonorm is valid, i.e. £ ((r,7)) =0
iff (r,7) = 0.
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1.3. Since the inequalities & (z1 — 22) < € (z1) +& (x2) and € (71 — %) < € (1) +
+& (7o) are valid for any 1, 72 € R and i1, 72 € R then

E(r—aq7-0)=E(r—q—f1T-0)+EF -0 =
=E(r—q— PO+ @)+ET - =
=&((r=f7@) — (a1 3
SE(r=f10) +€(a— () (
=E@r=FTE)+E) + (= @) +E@) =€) +E((0,0) -
We have shown that the condition 3 of the definition of a pseudonorm is valid,
ie. £((r—q,7—q) <&((n,7)+€((¢q,q)) forall, g€ Rand 7, G € R.

1.4. Let’s verify the inequality E((r-q,7-q) < E((r,7) - £((q,7)) for any
r,g€ Rand 7, g € R.
Really,

E((rq7- Q) =E(r-q—f1F Q) +EFq) =
=E(rq— 1™ - 1)
=£((T'q—7"'f_1(§))+(7"'f_ @—fFF)- @) +EF- ).

~
al‘r\r
—~
8
—
~—
+
780
)
N
o
g,
a
g
=
Q
=}
~<
8
—_
8
(V]
Mm
=y
—+
=
[}
=}

Since the inequality & (z1 + x2

(
Since the inequalities & (z1-72) < E(f(z1) - &(x0) and €& (z1-2) <
<& (x1) - € (f (z2)) are valid for any 1, x2 € R then
&(r- (q—f‘l(q))) 6(( — @) @) q)<
SEFE)-Ela=FT @)+ =) -€(F (7 @) +EC-a).-

The inequality & (71 - 72) < & (1) - € (72) is valid for any 71, 9 € R. Therefore
é_(f(r))f(q—f_l(_))+£(T—f_1(7’)) (@) +E(F-9) <
<Ef(r)-€(a—f~ ) ¢(r- ) £(q) +&(F)-£(a)
=E((f(r)—T)+7)- (q— @)+ ( ) - €@+ E) - E(D)

"(q
Since the inequality & (71 + 72) < € (1) + & (yg) is valid for any %1, 72 € R then
o

+E(r—f1m) - E@+EF) () <
))+§(r—f L) €@ +EF) -£@q) =

E((fr)—m)+7)-&(a—f~
SEF @) =7 +E@)-E(a—
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=)= +&M)-€(a—F1@) +(E(r— 1) +E(7) €@
Since the inequality £ (f (7)) < ( ) is valid for any x € R then

Ef ) =) +E@) (a1 @)+ (E(r—F1(7) +EM) - E@) <
<SEFEE) -n)+ 57’) é’( @)+ (Er-fH) HEM) €@ =
=(E(r =7 m) +Em) £ f1 )+(§(T—f (1) +€() - €(@) =

= (€(r=f71 M) + 57*)(( (@) +€(@) =€((r,7) - £((¢.9) -

Thus, the condition 4 of the definition of a pseudonorm is valid, i.e.

E((r-q,7-9) <&((r,7)-£((q,9) forany r,q€ R and F,q€R.
We have shown that the function & ((r,7)) = E(r— f_1 (7)) + £(7) defines a

pseudonorm on the ring R.

2. Let’s identify the ring R with the set of pairs { (r,0) |r € R}. It is obvious
that R is an ideal of the ring R. . .
Let’s consider the restrictions of the pseudonorm £ and the homomorphism f on

the ring R = {(r,0) |r € R}, ie. E((r,0) =& (r— f710))+£(0) =& (r —0)+0 =
=& (r) and f((r,0)) = f(r).

We have that f‘R = ¢ and f‘R = f.

3. Let’s show that f : <R,£> — (R,f) is an isometric homomorphism.

3.1. Since f is an isomorphism and f ‘R = f then

Kerf = {7 e R 10 =0} = { () € [ F () =0} -
—{rnerifm=0f={eneRlr=0f={©7|reR}.

It means that the kernel of the homomorphism is Kerf = {(0,7) | 7 e R}.
3.2. Let’s take any (r,7) € R and (0,;) € Kerf. Then
E((rm) +(0,7) =E((nm+7) =€ (r—fHF+) +E(T+]) =

=E(r—f ) TG HEEHT) ZEF () =T =) +EF+T) = E(f ().

Thus, the inequality & ( f (r) < E((r,7) + (0, 7)) is valid for the element (r,7) € R
and any element (0,7) € Kerf. It means that £ (f (r)) is one of the lower bounds
of the set {f((r, 7)+(0,7)) ‘ 0,7) € Kerf}. Therefore, the inequality

E(F ) <imt {£(n7) +(0.9)) | (0.) € Kerf} (4)

is valid for any (r,7) € R.



QUOTIENT RINGS OF PSEUDONORMED RINGS 11

3.3. Let’s take any clement (r,7) € R. Let jo = f(r) —7 € R. Then
(r,7) 4 (0,0) = (r,7) + (0, f (r) = 7) = (r, f (r)), that is

E((r,7) +(0,50) = E((r, f () = € (r — (r)) +&(f(r) =

E(r—r)+&(f(r) =€0)+E(f (D—0+§((D=§UWD-
~ Thus, for any (7:, T) € R there exists j, = 0,f(r)—7) € Kerf such that
((r,7) +(0,50)) = & (f (1))

From here the inequality
inf { €7 +j) | j € Kerf } <&((r,7) + (0,J0) = (f (1) (5)

follows.  From inequalities (4) and (5) the equality E(f(r)) = inf{ﬁi((r,f) +
+(0,7)) | (0,5) € Kerf} follows. Besides it follows from the equality £((r,7) +
+(0,jo)) = &(f(r)) that

E(f(r) = min{é((r,f) +(0,7)) ‘(OJ) € Kerf} =

= min{&((r,0) + (0,7)) | (0,7) € Kerf}, where (0,7) = (0,7) + (0,7) € Kerf.

We have shown that there exist a pseudonormed ring <R,£> and a homomor-
phism f : R — R such that:

R is an ideal of the ring R, §~R =¢ and fR =f;

E(f(r)) = min{&((r,0) + (0,7)) | (0,7) € Kerf}, for every 7 € R, i.e. for any
r € R there exists an element (0, a,) € Kerf such that £ (f (r)) =& ((r,0) + (0,a,)).

Hence II = I11 is proved.

Proof 111 = 1. o
From the condition 3 of the theorem there exist a pseudonormed ring <R, £ > and

a homomorphism f: R — R such that:
R is an ideal of the ring R;

g, =¢fl =r
E(f(r) = mln{ﬁ(?"+a)‘aGKerf}foreveryreR.

Let 7 € R. As f: R — Ris an isomorphism then there exists a unique element
r € R such that f(r) = f (7). Since the isomorphism f is the restriction of the
homomorphism f on the ring R then f(r) = f(r). It means that f(r) = f (7).
Then f (r —7) = 0. Hence, the element r — 7 belongs to the kernel of the homomor-
phism f.

Then

E(FM) =€ () =min{£¢+a) |ae Kerf} =
:min{é(r—l—a+(f—f)) ‘aGKerf}:
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:min{g’(f—k(a—i-(r—f))) ‘aeKerf}:min{é(f—Fj) ‘jEKerf}.

Since for any set of real numbers .S having the least element this element coincides
with inf S then

5(]?(77)) :inf{g(f’—i—j) ‘j € Kerf}.
Thus, f can be extended up to the isometric homomorphism f : (R, 5) — (R, 5),
and f: (R,§) — (R, 5—) is a semi-isometric isomorphism by Definition 2.2.

The theorem is proved.

2.4 Corollary. If (R,§) is a pseudonormed ring with the unit e and & (e) = 1 then
any semi-isometric isomorphism of (R, &) is isometric.

Let’s consider the inequality {éa(l;)b) < E(f(a)) < €(a) for b = e. We have
fa)= 0D 09 g7 () < £0). Therefore €7 (@) = £ (0)

1 €(e)

2.5 Corollary. If (R,§) is a normed ring then any semi-isometric isomorphism of
(R,&) is isometric.
Really, in normed rings the equality & (a-b) = & (a) - £ (b) is valid. From this

equality it follows that & (a) = £a)-£(0) = £la-b) < E(f(a)) < &(a). It means

_ £ (b) ¢(b)
that £ (f (a)) = & (a).

2.6 Corollary. Let R and R be rings with zero multiplication (i.e. a-b=0 for all
a,b€ Randa-b=0 for all a,b € R). If ¢ and & are pseudonorms on R and R,
accordingly, and f : R — R is a ring isomorphism such that £ (f (1)) < &(r) for
every r € R then the isomorphism f is semi-isometric.

Sér(q)q) =0<E(f(r) < €&(q) then from Theorem 2.3 it follows

that f : (R,§) — (R,{‘) 18 a semi-isometric isomorphism.

Really, since

2.7 Corollary. Let (R,§) and (R,{‘) be pseudonormed rings and f : (R,§) — (R,{‘)
be a semi-isometric isomorphism. If & is a pseudonorm on R such that & (f (r)) <
< E(f(r) < E(r) for every r € R then f : (R,€) — (R, 5) is a semi-isometric
isomorphism.

Really, Sér(q)q) <E(f(r) <E(f(r) < €(q). It means that f : (R, &) — (R,E)

is a semi-isometric isomorphism.

2.8 Theorem. Let (R,§) and (R,f) be pseudonormed rings and f : R — R be a
ring isomorphism. Then the following statements are equivalent:

L &(a) 2 E&(f(a) and &(a-b) <E(f(a))-E(f (b)) for any a,b€ R.
1I. There exist a pseudonormed ring R,é and a homomormism f :R— R
such that:
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R is an ideal in the ring R, é‘R =¢ and f‘R =f;

£ () = min{ £(r+a)
there exists an element a, € Kerf such that € (f (1)) =& (r + a,);
The annihilator of the ring R contains Kerf, i.e. Kerf C {a €eR ‘ a-R=

a € Kerf} for every r € R, i.e. for everyr € R

=R-a= O} (in particular, (Kerf)2 =0).

Proof I = II. Let the mapping f : (R,§) — (R,E) possesses the following pro-
perties:

f is an isomorphism;

£(f(a)) < &(a) for any a € R;

§(a-b) <E(f(a))-&£(f (b)) for any a € R, b€ R\{0}.
Let’s prove that the statement II is valid.

Let (R’ , 5) be a ring with zero multiplication which elements belong to R. We
shall consider the ring R = R @ R = {(r,7) |r € R, 7 € R'} which is the direct
sum of the rings R and R'. Let’s define the real-valued function § on R as in
Theorem 2.3, i.e. {((r, 7)) =& (r— f71(F)) +£(7).

Let’s define the mapping f : (R, f) — (R,E) by the equality f ((r,7)) = f(r).

Let’s show that é is a pseudonorm on the ring R.

The conditions 1 — 3 of Definition 1.1 can be verified by analogy with
Theorem 2.3.

Let’s verify the condition 4 of the definition of a pseudonorm. Since R’ is a
ring with zero multiplication then & ((r,7) - (¢,q)) = ((r-¢,7- ) = € ((r - ¢,0)) =
=¢(r-q) forany r,q€ R and 7,g€ R'.

It follows from the inequality & (a-b) < & (f (a)) - € (f (b)) that

E(r-q) <ES ()€ (@) =E((f(r)=7)+7)-E((f (@) —D + D).

3
E((f(r)=m)+7)-E((f(@)—D+D < (Ef(r) =)+ (7)) (E(f(0) — ) + (@) -
It follows from the inequality & (f (a)) < £ (a) that
Ef(r)—m)+E@) - (E(f(@) - +£(@) <
SEE=17M)+Em) - Elg— @) +€(@) =) - €((0,) -

Thus, the condition 4 of the definition of a pseudonorm is valid, i.e. f ((r-q,7-q)) <
<E((r,7)-€((q,7)) forany 7, g€ R and 7,G€ R.

We have shown that the function & ((r,7)) = E(r— f71(F)) + &(7) defines a
pseudonorm on the ring R.
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Like in Theorem 2.3 let’s identify the ring R with the set of pairs { (r,0) |r € R}
which is an ideal in the ring R. Let’s consider the restrictions of the pseudonorm

¢ and homomorphism f on the ring B = {(r,0) [r € R}, ie. &((r,0)) =
=&(r=/f71(0) +€(0) =& (r —0) +0=¢(r) and f((r,0)) = [ ().
We have that E‘R =¢ and f‘R: f-

Let’s show that the annihilator of the ring R contains Kerf.

Since f : R — R is an isomorphism then Kerf = { (r,7) € R| f ((r,7)) = O} =
~{mner =0} ={oOnehrer}

Since (0,7) - (a,a) = (0-a,7-a) = (0,0) and (a,a) - (0,7) = (a-0,a-7) = (0,0)
for any (0,7) € Kerf and (a,a) € R then Kerf C AnnR.

Let’s show that f : (R, f) — (R,S) is an isometric homomorphism by analogy
with Theorem 2.3. Let (r,7) € R and (0,) € Kerf. Then

E((r,7)+(0,) =&((ri+7)=&(r—f 1 (F+)) +EF+]) =

=(r—fTTE T HEC+HN ZEF ) =T =D FEF+T) = E(f ().
Thus, the inequality & (f (1)) < é((r, 7) + (0, 7)) is valid for the element (r,7) € R

and any element (0,5) € Kerf. It means that £ (f (r)) is one of the lower bounds
of the set {f((r, 7)+(0,7)) ‘ 0,7) € Kerf}. Therefore, the inequality

E(F ) <mt { (1) +(0.9)) | (0.) € Kerf } (6)

is valid for any (r,7) € R.
Let (r,7) € Rand jo = f (r)—7 € R. Then (r,7)+(0,jo) = (r,7)+(0, f (r) — 7) =
= (r, f (r)). It means that

o~

E((r,7) +(0,50) = E((r, f(r) = € (r = fTH(F()) + E(F(r)) =

=&r—r)+&(f(r) =€) +&(f (1) =0+&(f(r) =E(f (1))
~ Thus for any (r,7) € R there exists jo = (0,f(r — 7)) € Kerf such that
E((r,7) +(0,0)) =& (f (7))

From here the inequality

inf {£(7+7) |7 € Kerf } <&((r,7) + (0,70) = E(F () (7)

follows.
From inequalities (6) and (7) the equality

E(f () =inf { () +(0,9)) | (0,) € Kerf |
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follows. .
Besides it follows from the equality & ((r,7) + (0,70)) = £ (f (7)) that

E( () =min { € ((r,7) +(0,7)) | (0.]) € Kerf } =
= min { £((,0) + (0,1)) | (0,7) € Kerf },
where (0,7) = ((0,7) + (0,7)) € Kerf.
We have shown that there exist a pseudonormed ring (ﬁ,é) and a homomor-
phism f : R — R such that:
R is an ideal of the ring R, f‘R =¢ and f‘R =f;

€(f(r)) = min {é((r, 0) + (0,4)) ‘ (0,4) € Kerf} for every r € R, i.e. for any
r € R there exist an element (0,a,) € Kerf such that £ (f (r)) = £ ((r,0) + (0,a,));

The annihilator of the ring R contains Ker f .

Hence I = I1 is proved.
Proof IT = I. Let (R,§) and (R,E) be pseudonormed rings, f : R — R be
a ring isomorphism. Let (R, f) be a pseudonormed ring and f : R — Rbea
homomorphism such that the following conditions are valid:

a) R is an ideal in the ring R; é‘R = ¢ and f‘R =f;

b) £(f (1)) :min{é(r—l—a) ‘ae Kerf} for every r € R;
¢) The annihilator of a ring R contains Kerf.

It follows from Theorem 2.3 that the inequality & (a) > £ (f (a)) is valid for any
a€ R.

Let’s show that the inequality & (a - b) < & (f (a))-£ (f (b)) is valid for any a,b € R
as well.

Theequalitiesg(f(a)):min{é(a—i—i) ‘iEKerf}:é(a—i-ia)andg(f(b)):
= min{é(b—kj) ‘j € Kerf} = f(b—i—jb) are valid for any a,b € R, where i, jp
are some elements from Kerf. It means that

E(f (@) -€(F 1) =E(atia) £(0+35) > E((atia) (b+35)) =
=E&(a-b4a-jy+ig-b+ia-jp).

_ Sinse idq,Jp € KAerf C AnnR then a - j, = ig - b = iy - j, = 0. Hence
E(F (@) €(F(4) > E(@-btajptia-binjs) =E(a-b) for amy abe R,

3
Thus, £ (a) > € (f (a)) and € (a-b) <E(f (a)) - £(f (b)) for any a,b € R.

The theorem is proved.
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