
BULETINUL ACADEMIEI DE ŞTIINŢE
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Abstract. Functional bases of centro-affine invariants are constructed for the three-
dimensional differential systems with polynomial right-hand sides of order less than
three.
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1 On the number of elements in a functional basis
of invariants

It is known [1–3] that in the study of a polynomial differential system with the
aid of Lie algebras and the orbit’s theory an important role belongs to invariants
and comitants of the systems [4–5]. Functional basis of invariants (comitants) should
be especially mentioned. This can be explained by the fact that knowledge of Lie
algebra of operators allows us to determine beforehand the exact number of elements
in a minimal basis. In this article using the general theorem of algebraic invariants
theory [4] functional bases of centro-affine invariants are studied for different three-
dimensional differential systems with right-hand sides of order less than three.

Consider the three-dimensional differential system

ẋj = aj + aj
αxα + a

j
αβxαxβ (j, α, β = 1, 3), (1)

where the coefficient tensor a
j
αβ is symmetrical in lower indices, in which the com-

plete convolution holds, and the group of centro-affine transformations GL(3, R):
xj = q

j
rx

r (∆ = det(qj
r) 6= 0; j, r = 1, 3).

The Lie algebra of operators [1] for linear representation of the group GL(3, R)
in the space of coefficients of system (1) is given by the following operators:

di = D
(0)
i + D

(1)
i + D

(2)
i (i = 1, 9), (2)

where

D
(0)
1 = a1 ∂

∂a1
, D

(0)
2 = a2 ∂

∂a2
, D

(0)
3 = a3 ∂

∂a3
,

D
(0)
4 = a2 ∂

∂a1
, D

(0)
5 = a3 ∂

∂a1
, D

(0)
6 = a1 ∂

∂a2
,
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D
(0)
7 = a3 ∂

∂a2
, D

(0)
8 = a1 ∂

∂a3
, D

(0)
9 = a2 ∂

∂a3
; (3)

D
(1)
1 = a1

2

∂

∂a1
2

+ a1
3

∂

∂a1
3

− a2
1

∂

∂a2
1

− a3
1

∂

∂a3
1

,

D
(1)
2 = −a1

2

∂

∂a1
2

+ a2
1

∂

∂a2
1

+ a2
3

∂

∂a2
3

− a3
2

∂

∂a3
2

,

D
(1)
3 = −a1

3

∂

∂a1
3

− a2
3

∂

∂a2
3

+ a3
1

∂

∂a3
1

+ a3
2

∂

∂a3
2

,

D
(1)
4 = a2

1

∂

∂a1
1

+ (a2
2 − a1

1)
∂

∂a1
2

+ a2
3

∂

∂a1
3

− a2
1

∂

∂a2
2

− a3
1

∂

∂a3
2

,

D
(1)
5 = a3

1

∂

∂a1
1

+ a3
2

∂

∂a1
2

+ (a3
3 − a1

1)
∂

∂a1
3

− a2
1

∂

∂a2
3

− a3
1

∂

∂a3
3

,

D
(1)
6 = −a1

2

∂

∂a1
1

+ (a1
1 − a2

2)
∂

∂a2
1

+ a1
2

∂

∂a2
2

+ a1
3

∂

∂a2
3

− a3
2

∂

∂a3
1

,

D
(1)
7 = −a1

2

∂

∂a1
3

+ a3
1

∂

∂a2
1

+ a3
2

∂

∂a2
2

+ (a3
3 − a2

2)
∂

∂a2
3

− a3
2

∂

∂a3
3

,

D
(1)
8 = −a1

3

∂

∂a1
1

− a2
3

∂

∂a2
1

+ (a1
1 − a3

3)
∂

∂a3
1

+ a1
2

∂

∂a3
2

+ a1
3

∂

∂a3
3

,

D
(1)
9 = −a1

3

∂

∂a1
2

− a2
3

∂

∂a2
2

+ a2
1

∂

∂a3
1

+ (a2
2 − a3

3)
∂

∂a3
2

+ a2
3

∂

∂a3
3

; (4)

D
(2)
1 = −a1

11

∂

∂a1
11

+ a1
22

∂

∂a1
22

+ a1
23

∂

∂a1
23

+ a1
33

∂

∂a1
33

− 2a2
11

∂

∂a2
11

−

−a2
12

∂

∂a2
12

− a2
13

∂

∂a2
13

− 2a3
11

∂

∂a3
11

− a3
12

∂

∂a3
12

− a3
13

∂

∂a3
13

,

D
(2)
2 = −a1

12

∂

∂a1
12

− 2a1
22

∂

∂a1
22

− a1
23

∂

∂a1
23

+ a2
11

∂

∂a2
11

+ a2
13

∂

∂a2
13

−

−a2
22

∂

∂a2
22

+ a2
33

∂

∂a2
33

− a3
12

∂

∂a3
12

− 2a3
22

∂

∂a3
22

− a3
23

∂

∂a3
23

,

D
(2)
3 = −a1

13

∂

∂a1
13

− a1
23

∂

∂a1
23

− 2a1
33

∂

∂a1
33

− a2
13

∂

∂a2
13

− a2
23

∂

∂a2
23

−

−2a2
33

∂

∂a2
33

+ a3
11

∂

∂a3
11

+ a3
12

∂

∂a3
12

+ a3
22

∂

∂a3
22

− a3
33

∂

∂a3
33

,



FUNCTIONAL BASES OF CENTRO-AFFINE INVARIANTS . . . 59

D
(2)
4 = a2

11

∂

∂a1
11

+ (a2
12 − a1

11)
∂

∂a1
12

+ a2
13

∂

∂a1
13

+ (a2
22 − 2a1

12)
∂

∂a1
22

+ (a2
23 − a1

13)
∂

∂a1
23

+

+a2
33

∂

∂a1
33

− a2
11

∂

∂a2
12

− 2a2
12

∂

∂a2
22

− a2
13

∂

∂a2
23

− a3
11

∂

∂a3
12

− 2a3
12

∂

∂a3
22

− a3
13

∂

∂a3
23

,

D
(2)
5 = a3

11

∂

∂a1
11

+ a3
12

∂

∂a1
12

+ (a3
13 − a1

11)
∂

∂a1
13

+ a3
22

∂

∂a1
22

+ (a3
23 − a1

12)
∂

∂a1
23

+

+(a3
33−2a1

13)
∂

∂a1
33

−a2
11

∂

∂a2
13

−a2
12

∂

∂a2
23

−2a2
13

∂

∂a2
33

−a3
11

∂

∂a3
13

−a3
12

∂

∂a3
23

−2a3
13

∂

∂a3
33

,

D
(2)
6 = −2a1

12

∂

∂a1
11

− a1
22

∂

∂a1
12

− a1
23

∂

∂a1
13

+ (a1
11 − 2a2

12)
∂

∂a2
11

+ (a1
12 − a2

22)
∂

∂a2
12

+

+(a1
13 − a2

23)
∂

∂a2
13

+ a1
22

∂

∂a2
22

+ a1
23

∂

∂a2
23

+ a1
33

∂

∂a2
33

− 2a3
12

∂

∂a3
11

− a3
22

∂

∂a3
12

− a3
23

∂

∂a3
13

,

D
(2)
7 = −a1

12

∂

∂a1
13

− a1
22

∂

∂a1
23

− 2a1
23

∂

∂a1
33

+ a3
11

∂

∂a2
11

+ a3
12

∂

∂a2
12

+ (a3
13 − a2

12)
∂

∂a2
13

+

+a3
22

∂

∂a2
22

+ (a3
23 − a2

22)
∂

∂a2
23

+ (a3
33 − 2a2

23)
∂

∂a2
33

− a3
12

∂

∂a3
13

− a3
22

∂

∂a3
23

− 2a3
23

∂

∂a3
33

,

D
(2)
8 = −2a1

13

∂

∂a1
11

− a1
23

∂

∂a1
12

− a1
33

∂

∂a1
13

− 2a2
13

∂

∂a2
11

− a2
23

∂

∂a2
12

− a2
33

∂

∂a2
13

+

+(a1
11−2a3

13)
∂

∂a3
11

+(a1
12−a3

23)
∂

∂a3
12

+(a1
13−a3

33)
∂

∂a3
13

+a1
22

∂

∂a3
22

+a1
23

∂

∂a3
23

+a1
33

∂

∂a3
33

,

D
(2)
9 = −a1

13

∂

∂a1
12

− 2a1
23

∂

∂a1
22

− a1
33

∂

∂a1
23

− a2
13

∂

∂a2
12

− 2a2
23

∂

∂a2
22

− a2
33

∂

∂a2
23

+

+a2
11

∂

∂a3
11

+(a2
12−a3

13)
∂

∂a3
12

+a2
13

∂

∂a3
13

+(a2
22−2a3

23)
∂

∂a3
22

+(a2
23−a3

33)
∂

∂a3
23

+a2
33

∂

∂a3
33

.

(5)

According to [2] is proved the following
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Theorem 1. The polynomial θ(a) in the coefficients of the system (1) is a centro-
affine invariant [3] of the system (1) with weight g iff the equalities

di(θ) = −gθ (i = 1, 3), dj(θ) = 0 (j = 4, 9), (6)

hold, where di (i = 1, 3) and dj (j = 4, 9) are the operators (2)–(5).

Definition 1. The set of polynomial invariants {θs(a), s ∈ B} of the system (1)
with respect to the GL(3, R)-group is called a functional basis of invariants of the
system (1) with respect to this group if any invariant θ(a) of the system (1) with
respect to the GL(3, R)-group can be written as a univocal function of the invariants
θs(a). (Here B is some set of finite or transfinite natural numbers.)

Definition 2. A functional basis of invariants of the system (1) with respect to
the GL(3, R)- group is called minimal if any invariant could not be removed out,
overwise it is not a functional basis anymore.

With the aid of Theorem 1 we obtaine

Lemma 1. The number of elements µ in a functional basis of centro-affine invari-
ants for the system (1) is equal to 22 (i.e. µ = 22).

Proof. We observe, according to equalities (6), that any invariant θ(a) satisfies a
non-homogeneous linear system of partial differential equations of the first order.
In the theory of equations (see for example [6]) it is known that the number of
functionally independent solutions (invariants) of the system (6) is equal to

µ = N − rankM1 + 1, (7)

where N is the number of coefficients in the system (1), and M1 is the matrix,
constructed on coordinate vectors of the operators (2)–(5). As for coefficients of
the system (1) we have N = 30, and the general rank of the matrix M1 is equal to
9, according to equality (7) we obtain that the number of functionally independent
solutions (invariants) of the system (6) is equal to 22. Lemma 1 is proved.

Remark, with the aid of respective combinations of the operators (3)-(5), the
truth of equalities of the type (7) can be showed for any subsystem of the system
(1). Taking into consideration this fact and equality (7) we obtain that for µ holds

Lemma 2. The number of elements µ in the basis of centro-affine invariants for
the three-dimensional differential system is given in the Table 1.

Table 1

µ Differential system Number of the system

0 ẋj = aj (j = 1, 3) (8)

3 ẋj = a
j
αxα (j, α = 1, 3) (9)

10 ẋj = a
j
αβxαxβ (j, α, β = 1, 3) (10)

4 ẋj = aj + a
j
αxα (j, α = 1, 3) (11)

13 ẋj = aj + a
j
αβxαxβ (j, α, β = 1, 3) (12)

19 ẋj = a
j
αxα + a

j
αβxαxβ (j, α, β = 1, 3) (13)
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Remark 1. For the system (8) we have µ = 0, as writing the equation (6) with

the operators D
(0)
i (θ) = −gθ (i = 1, 3), Dj(θ) = 0 (j = 4, 9) from (3) we obtain

that the constant is the unique solution of this system. Such invariants will not be
considered further.

To construct invariants of the system (1) and (9)–(13) we will use their notation
with the aid of the convolution and alternation [4]. Further the unit three-vector
εpqr with coordinates ε123 = −ε132 = ε312 = −ε321 = ε231 = −ε213 = 1 and
εpqr = 0 (p, q, r = 1, 3) will be used in other cases.

2 Centro-affine invariants of functional bases
for the systems (9)–(13) and (1)

Theorem 2. The expressions

θ1 = aα
α, θ2 = aα

βaβ
α, θ3 = aα

γ aβ
αa

γ
β , (14)

form a functional basis of centro-affine invariants of the system (9).

Proof. We observe that the invariants (14) satisfy D
(1)
i (θj) = 0 (i = 1, 9; j = 1, 3),

where D
(1)
i is from (4). One can verify that the Jacobi matrix for the polynomials

from (14) has the general rank 3. Hence the indicated invariants are functionally
independent and according to Table 1 form a functional basis of centro-affine invari-
ants of the system (9). Theorem 2 is proved.

From (5) with the aid of information from Table 1 we obtain

Theorem 3. The expressions

i1 = aα
pγaβ

qαa
γ
rβεpqr, i2 = aα

psa
β
qta

γ
ruaδ

αδa
µ
βµaν

γνεpqrεstu,

i3 = aα
βpa

β
δqa

γ
rsa

δ
νta

µ
γuaν

αµεpqrεstu, i4 = aα
δpa

β
νqa

γ
βra

δ
µsa

µ
γta

ν
αuεpqrεstu,

i5 = aα
psa

β
qta

γ
αra

δ
νua

µ
βµaν

γδε
pqrεstu, i6 = aα

psa
β
qta

γ
δra

δ
αua

µ
βνa

ν
γµεpqrεstu, (15)

i7 = aα
psa

β
qta

γ
βra

δ
µuaµ

γνa
ν
αδε

pqrεstu, i8 = aα
psa

β
qta

γ
αra

δ
δua

µ
βγaν

µνεpqrεstu,

i9 = aα
psa

β
qta

γ
βra

δ
γuaµ

αµaν
δνεpqrεstu, i10 = aα

psa
β
qta

γ
νra

δ
βua

µ
δµaν

γαεpqrεstu

form a functional basis of centro-affine invariants of the system (10).

Jacobi matrix for the invariants i1 − i10 is calculated when

a1
11 = a1

12 = a1
13 = a1

22 = 1, a1
23 = 2, a1

33 = 3, a2
11 = −1,

a2
12 = 6, a2

13 = −1, a2
22 = 0, a2

23 = 5, a2
33 = 0,

a3
11 = a3

12 = a3
13 = 1, a3

22 = 7, a3
23 = 4, a3

33 = 0,
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its rank is equal to 10, that shows the functional independence of i1 − i10.

Using the operators D
(0)
i + D

(1)
i (i = 1, 9) from (3)–(4) and µ = 4 from Table 1,

is proved

Theorem 4. The expressions (14) and

θ4 = aα
µaβ

αaγ
νaδaµaνεβγδ (16)

form a functional bases of centro-affine invariants of the system (11).

Using the operators D
(0)
i + D

(2)
i (i = 1, 9) from (3), (5) and µ = 13 from Table

1, is proved

Theorem 5. The expressions (15) with any three invariants from the following
four

i11 = aα
αβaβ , i12 = aα

αβa
β
γδa

γaδ, i13 = aα
βγa

β
αδa

γaδ, i14 = aα
βνa

β
αγa

γ
δµaδaµaν (17)

form a functional basis of centro-affine invariants of the system (12).

Jacobi matrix for elements of a basis of centro-affine invariants of the system
(12) from (15) and (17) is calculated when

a1 = 3, a2 = 5, a3 = 7, a1
11 = a1

12 = a1
13 = a1

22 = 1, a1
23 = 2,

a1
33 = 3, a2

11 = −1, a2
12 = 6, a2

13 = −1, a2
22 = 0, a2

23 = 5,

a2
33 = 0, a3

11 = a3
12 = a3

13 = 1, a3
22 = 7, a3

23 = 4, a3
33 = 0,

its rank is equal to 13, that shows the functional independence of the indicated
invariants.

Remark 2. The invariants (17) for the system (12) are obtained from tensorial ex-
pressions of the comitants K1, K6, K7 and K17, respectively, from the monograph
[4, p. 141–142] after the substitution x− for a−.

Using the operators D
(1)
i + D

(2)
i (i = 1, 9) from (4)–(5) and µ = 19 from Table

1 is proved

Theorem 6. The expressions (14), (15) and

i15 = aα
p aβ

αqa
γ
βra

δ
γδε

pqr, i16 = aα
p a

β
δqa

γ
γra

δ
αβεpqr, i17 = aα

p a
β
δqa

γ
αra

δ
βγεpqr,

i18 = aα
γ aβ

αpa
γ
βqa

δ
δrε

pqr, i19 = aα
p aβ

αa
γ
βqa

δ
µra

µ
γδε

pqr, i20 = aα
p aβ

γaγ
µqa

δ
βra

µ
αδε

pqr, (18)

form a functional basis of the centro-affine invariants of the system (13).

Jacobi matrix for elements of a basis of centro-affine invariants of the system
(13) from (14), (15) and (18) is calculated when

a1
1 = −7, a1

2 = 5, a1
3 = −9, a2

1 = 4, a2
2 = 5, a2

3 = 7,
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a3
1 = −3, a3

2 = −2, a3
3 = 5, a1

11 = a1
12 = a1

13 = a1
22 = 1,

a1
23 = 2, a1

33 = 3, a2
11 = −1, a2

12 = 6, a2
13 = −1, a2

22 = 0,

a2
23 = 5, a2

33 = 0, a3
11 = a3

12 = a3
13 = 1, a3

22 = 7, a3
23 = 4, a3

33 = 0,

it’s rank is equal to 19, that shows the functional independence of indicated invari-
ants.

Remark 3. The invariants

i21 = aα
βaβ

αγaγ , i22 = aα
γ a

β
αβaγ , i23 = aα

γ a
β
δ a

γ
αβaδ,

i24 = aα
βaβ

αγa
γ
δµaδaµ, i25 = aα

γ a
β
αβa

γ
δµaδaµ (19)

for the system (1) are obtained from tensorial expressions of the comitants K3, K4,

K8, K12 and K13, respectively, from the monograph [4, p. 141–142] after the sub-
stitution x− for a−.

Using the operators D
(0)
i + D

(1)
i + D

(2)
i (i = 1, 9) from (3)–(5), Remark 3 and

the statement of Lemma 1 about the number of centro-affine invariants in functional
basis (22 elements) for the system (1), is proved

Theorem 7. The expressions (14)–(16) and (18), with i11 from (17) and i21
from (19) form a functional basis of centro-affine invariants of the system (1).

Jacobi matrix for elements of a basis of centro-affine invariants of the system (1)
from (14)–(16) and (18) with i11 from (17), i21 from (19) is calculated when

a1 = 3, a2 = 5, a3 = 7, a1
1 = −7, a1

2 = 5, a1
3 = −9,

a2
1 = 4, a2

2 = 5, a2
3 = 7, a3

1 = −3, a3
2 = −2, a3

3 = 5,

a1
11 = a1

12 = a1
13 = a1

22 = 1, a1
23 = 2, a1

33 = 3,

a2
11 = −1, a2

12 = 6, a2
13 = −1, a2

22 = 0, a2
23 = 5,

a2
33 = 0, a3

11 = a3
12 = a3

13 = 1, a3
22 = 7, a3

23 = 4, a3
33 = 0,

its rank is equal to 22, that shows the functional independence of indicated invari-
ants.

One can verify

Remark 4. With the aid of the invariants (14)-(19) it is possible to construct
other functional bases of centro-affine invariants of the system (1) consisting of 22
elements.
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