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Abstract. This paper is devoted to a multicriterion vector integer programming
problem with Pareto principle of optimality. Quantitative characteristics of two types
of stability under perturbations of the vector criterion parameters with /1 metric are
obtained.

Mathematics subject classification: 90C10, 90C29, 90C31.
Keywords and phrases: Vector integer linear programming problem, Pareto set,
efficient solution, stability, quasistability, stability and quasistability radii.

1 Introduction

Multiobjective combinatorial models of decision making are widespread in de-
sign, control, economics and many other fields of applied research. Therefore in-
terest of mathematicians in multiobjective problems of discrete optimization keeps
very high, as confirmed by the intensive publishing activity (see, for example, bib-
liography in [1]). One of the areas of investigations in such problems is stability of
the problem solution to perturbations of initial data (of the problem parameters).
Various settings of stability problem give rise to numerous directions of research.
Not touching upon wide spectrum of questions appeared in this area we only refer
to the extensive bibliography [2] and to the monographs [3-5].

Present work is concerned with investigations of quantitative characteristics of
stability. Such a characteristic, usually called stability radius, is defined as the
limit level of perturbations of the problem parameters, which save a given property
of a solution set (or of a certain solution). The perturbed parameters are usually
coefficients of the scalar or vector criterion. As a rule, the results of investigation
of a stability radius are its formal expressions, estimations and algorithms of its
calculation. In the case of a single objective, formulae of stability radius are obtained
for problems of Boolean programming, problems on systems of subsets and on graphs
[6], for some scheduling problems [5,7]. Such formulas are the basis of investigations
for algorithmic aspects of the stability analysis of discrete optimization problems
(see, for example,[8-10]).

Our research continues the cycle of works, devoted to the stability of the vector
(multicriterion) integer programming problems [11-17]. In this paper we analyse the
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discrete analogues of the Hausdorff lower and upper semicontinuity of the Pareto
optimal mapping to estimate limit levels of perturbations of the partial criteria
coefficients mentioned above of the vector integer programming problem in the case
of I; metric. Note that analogous results were obtained earlier in [15] for vector
integer programming problem in the case of [, metric.

2 Basic definitions

Consider n-criterion problem of the vector integer programming with m variables:

Cx = (Cyz,Cyz, ..., Cpz)’ — min,
zeX
where C' = [¢jjlnxm € R™™, n,m € N, Cj is i-th row of the matrix C, i.e.

Ci = (¢i1,¢i2y -+ Cim), t € Ny = {1,2,...,n}, X is a finite set of (feasible) solutions
in Z™, | X| > 1.

Under a vector integer programming problem we understand the problem of
finding the Pareto set, i.e. the set of efficient (Pareto optimal) solutions

P'C)={reX: 7(z,C) =0},

where 7(z,C) ={2' € X : Cx > Ca', Cx # C12'}.
We denote this problem by Z™(C).
We also define the set of weakly efficient solutions (the Slater set [18])

SI"C)={zeX: o(z,C) =0}
and the set of strictly efficient solutions (the Smale set [19])
Sm"(C)={x e X : n(z,C) =0},

where
o(z,C)={2' € X : Cixz > Cix', i€ N},

n(z,C) ={2' € X\ {x}: Cx > Ca'}.

For any matrix C' € R™*™ the following inclusions are evident
Sm"(C) C P"(C) C SI"(C).

It is obvious that in the case, where n = 1, the considered problem turns into
ordinary scalar integer programming problem Z!(C), C € R™, on the bounded set
of feasible solutions. The Pareto set coincides with the Slater set (P(C) = SI'(C))
and they turn into the set of optimal solutions.

Adding a perturbing matrix C" € R™*™ to the matrix C, we model perturbations
of parameters of the problem. Thus, perturbed problem Z"(C + C’) has the form

(C+ C"r — min.
zeX
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The Pareto set of this problem is P™"(C + C”). For any number k € N we define two

metrics [ and I in space R¥, i.e. under norms of the vector z = (21,22,...,2K) €
R”* we understand correspondingly the numbers
2l =" 1zil,  l2lleo = max{| z | i € Ni}.
1EN

This allows us formulate the question about quantitative characteristics of the sta-
bility. Later in p. 4 and 5 we deduce the corresponding formulas of the limit levels of
perturbations. Under the norm of a matrix C’ = [c;j]nxm we understand the norm
of the vector which consists of all elements of the matrix, i.e. the norm of the vector
(C/llv 6/127 ce 7C;z,m—17 C/nm)

We define the set of perturbing matrices in the space with [; metric for an
arbitrary number € > 0:

Qe) = [ e R™ . [|C'|]r < <)

Definitions 14 given below are well known (see, for example,[11,13,15], in that
case the metric [, is defined in the space of perturbing parameters of a vector integer
programming problem).

Definition 1. The vector integer programming problem Z™(C), n > 1, is called
stable to perturbations of elements of matriz C' if there exists a number € > 0 such
that for any perturbing matriz C' € Q(e) the following inclusion holds:

P*(C +C") C P*(C).

It is evident that the stability of the problem is equivalent to the Hausdorff upper
semicontinuity [3,4,20] at the point C' € R™*™ of the optimal mapping

P RV 2%, (1)

i.e. the point-to-set (set-valued) mapping that assigns the Pareto set P"(C) to each
collection of the problem parameters from metric space R™*™.
Let us consider a quantitative evaluation of stability .

Definition 2. Under stability radius of the vector integer programming problem
Z™(C), n > 1, we understand the number

p(C) =sup{e > 0: VC' € Qe) (P"(C+C")C P"((C))}
if the problem Z™(C) is stable, and p}(C) =0 otherwise.

In other words, the stability radius of the problem Z™(C) is the limit level of
perturbations of elements of matrix C' in the space R"*™ with metric {1, which does
not lead to appearance of new efficient solutions.

It is clear that the problem Z"(C') is always stable and its stability radius is
equal to infinity if the equation P"(C) = X holds. The problem Z™(C), for which
the set P*(C) = X \ P"(C) is non-empty, is called non-trivial.
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Now consider the case where the stability of problem Z"(C') is defined as the
discrete analogue of the Hausdorff lower semicontinuity at the point C of optimal
mapping (1). For the vector integer programming problem, the lower semicontinuity
means that there exists a neighborhood of the point C' in space R™*™ where the
Pareto set can only expand.

Definition 3. The vector integer programming problem Z™(C), n > 1, is called
quasistable to perturbations of the elements of matrixz C), if there exists a number
e > 0 such that for any perturbing matriz C' € Q(e) the following inclusion holds

P™(C) C PM(C +C").

Definition 4. Under the quasistability radius of the vector integer programming
problem Z™(C'), n > 1, we understand the number

p(C) =sup{e > 0: VC' € Q(e) (P"(C) C P"(C+ "))},
if the problem Z™(C) is quasistable, and p5(C) = 0 otherwise.

In that way, the quasistability radius determines the limit level of perturbations
preserving all efficient solutions of the initial problem.

3 Auxiliary statements
For any solution x € P"(C) we define the set
P, (C)=P*"(C)No(z,C).
The following properties are obvious.
Property 1. If P"(C) = SI"(C), then P.(C) # 0 for any solution x € P*(C).
By definition, put [z]T = max{0, z}, where z € R.
Property 2. If the inequality
(Ci+CH(x—2") <0 (2)
holds for any index i € N,, then
[Ci(z = 2)]" < [|Cill1llz — /| 3)

Clearly, inequality (3) holds for C;(x — 2') < 0. If C;(z — 2’) > 0, then it follows
from (2) and linearity of function C;(z — 2’) that

(Cile — )] = Cila — a) = (Ci + C))(x — ') — Clla — 2') <

< —Ci(z —2') < ||Cill1llz = 2l].
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Property 3. If x € P*(C) and
Pn(C)ﬂO'(ﬂj‘,C—I—C,) = ®7 (4)
then there exists a solution x* € P"(C) such that x* € SI"(C + C").

Since o(z,C + C') = ), we can put z* = x. If o(xz,C + C’) # (), then taking
into account external stability of the Slater set (see, for example,[18]) there exists
a solution z* € o(xz,C + C’) such that z* € SI"(C + C’). It follows from (4) that
z* € P*(C).

Denote

Cp(z — ')

Cy(z —2a’)

by y(x,2',p,q) for any p,q € N,, v € P*(C), 2’ € P,(C). It is clear that the
values y(z, 2, p,q) and ||Cy||1 are positive for any parameters z,z’, p, ¢ under the
assumption P"(C) = SI"(C).

Lemma 1. Let P*(C) = SI"(C), x € P*(C), p,q € N,, and number v be positive
and such that
[|Cqll1 max{y(z,2’,p,q) : 2’ € P,(C)} <. (5)

Then for any number € > 1) there exist C' € Q(g) and x* € P*(C) such that
" e SI"(C + ). (6)
Proof. It follows directly from Lemma that the inequalities

e >4 > ||Cylh¢(x),

where ((z) = max{vy(z,2',p,q) : 2’ € P,(C)} hold. According to Corollary 1, the
set P,(C) is not empty. It is obvious that there exists number § > 0 such that

e > (1+9)[|Cql[1¢(x) > o (7)

We define the perturbing matrix C' = [¢};]nxm by

{—aj, if i=p, jE Np,
0,

ij if i€ N, \{p}, j € Np,

where oj = (14 9) ¢4 ((x). Hence, taking into account (7), we have

C' € Qe),
Cp = —(1+9)Cy((@), (8)
C!=(0,0,...,0) € R™, i€ N,\{p}. (9)

Let us show that equality (4) holds, i.e. there are no solutions from P"(C)
belonging to o(x,C' + C"). Let 2° € P*(C).
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Case 1: 2" € P,(C). Combining equality (8) and the definition of ((z), we
obtain
(Cp+ ) — 2% = Gyl — %) — (1 + 8)C(2)Cylw — a°) <
< Oy — %) — (14 8)y(z,2°% p, ) Cy(x — 2°) = =60, (x — 2¥) < 0.
Hence, 2° & o(z,C + C')

Case 2: 20 ¢ P*(C)\ P,(C). If there exists an index s € N,, \ {p} such that
Cs(z — 2°) < 0, then it follows from (9) that the inequality (Cs + C%)(x —2%) < 0
holds.

If for any index i € N, \ {p} the inequality C;(z — 2°) > 0 holds, then it follows
from z € P"(C) and 2° € P*(C)\ P,(C)) that the inequality C,(z —2°) < 0 is true.
Hence, we have from equality (8):

(Cp+Cp)(x — 2%) < Cp(z —2%) < 0.

Consequently we obtain 2° ¢ o(z,C + C’) in this case.

Thus, equality (4) holds. Hence it follows from Corollary 3 that there exists a
solution z* € P"(C) such that inclusion (6) holds.

Lemma 1 is proved.

From Lemma 4.3 [4] (see also Theorem 3.2 [15]) we obtain

Lemma 2. For any solution xz € SI"(C) \ P"(C) and for any number € > 0 there
exists a matriz C* € Q(e) such that x € P"(C + C*).

Lemma 3. Let for number £ and for solutions x and x' the inequalities
0<Ellz —allo < D [Cilw —a)]* (10)
1€ENR
hold. Then for any perturbing matriz C' € Q(&) we have z & 7(z',C + C").

Proof. Suppose, to the contrary, that there exists a perturbing pair C" € Q(&) such
that x € w(2/,C + C”). Then for any index i € N,, inequality (2) is valid. Hence, it
follows from Corollary 2 that inequality (3) holds. Since C’ € Q(¢), we have

> [Cilz =2t < Y [Gilhllz — o'l =
1€ENR, 1€ENR
= [IC"h]lz = 2'loe < &llz = 2'|oc,

which gives a contradiction with condition (10).
Lemma 3 is proved.

Lemma 4. Let x,2' € X, x # 2'. Let vector n = (n1,M2, ... ,Nn) consist of positive
elements such that

nillz — 2'||ce > [Ci(z — )T, 1€ N,. (11)

Then for any number e > ||n||1 there exists a perturbing matriz C' € Q(g) such that
zem(a,C+C).
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Proof. It is enough to build a perturbing matrix C’ € (g) such that
(Ci+CH(x—2') <0, i€ N, (12)

Let ¢ = argmax{|z; — 27| : j € N,}. Define the elements of perturbing matrix

C' = [cgj]nxm by the formula

C/-- — ﬁl Slgn(ﬂj‘; - $q), if 4 € va J = q,

ij 0, if ieN,, j#q.

It is clear that C" € Q(e). It follows from the above formula that

Cila—a') = ) dylaj—a}) = &y(ag—ay) = —Bilag—ay| = —fille—2'|l, i€ Ny

JENm

holds. Hence, combining the linearity of the function C;(z — 2’) and ratio (11), we
prove inequalities (12):

(Ci+C)(x—2)=Ci(x —2')+ Cl(x —2') =

=Ci(z —2') = Billz — 2'llc < [Cilz = 2)]" = Billz — 2'[Joc <0, i € Ny

Lemma 4 is proved.

4 Stability radius

It is well known [21] (see also [3,4,13,15]) that necessary and sufficient condition
for non-stability of the problem Z™(C) is that the Pareto set P™(C') does not coincide
with the Slater set SI"(C'). In this case the stability radius of the problem Z"(C)
is equal to zero.

It remains to consider the case where P"(C) = SI"(C).

Theorem 1. Let
P (C) = S1"(0),

. . Ci(x —2a)
© = min max  min ————=,
2ePn(C) 2'€P(C) €Ny || — 2'||o0
Ci(z —
= min min ma Gz =) :E,)HCkHl.
2€Pn(C)  (i,k)ENyxN, 2/€P(C) C(x — ')

Then the stability radius p}(C) of any non-trivial vector integer programming prob-
lem Z"(C), n > 1, has the following bounds: 0 < ¢ < pP(C) <.

Proof. It follows from Corollary 1 that for any solution z € P"(C) the set P,(C)
is nonempty. Hence, ¢ > 0.

We now prove that p1(C) > ¢. Let C’ € Q(y). Then it follows directly from the
definition of ¢ that for any # € P"(C) there exists a solution z° € P,(C) such that:

Ci(x — a%)

ICills < ICh < ¢ < || i€ N,

T — 19’
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holds. Therefore, we have
(Ci+ Ci)(x = 2%) = Ci(x = 2°) = |Gl [l = 2l > 0, i € N,

ie. 29 € m(z,C + C"). Hence, x € P*(C + C"). Thus, for any matrix C’ € Q(y) the
inclusion P"(C' + C') C P"(C) holds. Consequently, p}'(C) > ¢.

In particular, let us prove that pj'(C) < . Suppose that ¢ > 9. It follows from
the definition of v that there exist indices p,q € N,, and solution z € P"(C) such
that the inequality (5) is fulfilled. It follows from lemma 1 that for any number
g1, where ¢ > g1 > ¢ > 0, there exist C' € Q(g1) and z* € P"(C) such that
z* e Si"(C+ ).

There are only two cases.

Case 1: z* € P"(C + (). Since z* € P*(()), it follows that P"(C + C') ¢
P(C), C" € Qe).

Case 2: z* € SI"(C + C')\ P"(C + C’). It follows from Lemma 2 that for
g9 := ¢ — &1 > 0 there exists a matrix C” € Q(ez) such that z* € P"(C + C' + C").
In other words, for any number € = &1 4 €9 > 1) there exists matrix C° = ¢’ + C”
such that P"(C + C%) ¢ P*(C), C° € Q(e).

Combining the results of considered above cases, we see that the inequality
p1(C) < € holds for any € > 1. Consequently, p}'(C) < 1.

Theorem 1 is proved.

As corollaries of Theorem 1 and of the mentioned above criterion of stability of
the non-trivial problem Z™(C), we obtain the following results.

Corollary 1. For the stability radius of any non-trivial vector integer programming
problem Z™(C'), n > 1, we have

) . Ci(x—2)
min max min

———— < p7(C) < min ||Ci|l; < [|CJh. 13
mn e < pH(0) < min G < O (13

If the lower bound is equal to zero, then p™(C) = 0.

Proof. Suppose that ¢ = k in the expression v (see Theorem 1). Then
p1(C) <||Cilr, i€ Ny

Hence, the upper bound is valid in (13).
Now we show that

Pr(O) > ¢, (14)

where ¢’ is the left-hand side of (13).

At first we consider the case P"(C) # SI"(C). Then p}(C) = 0. Let us show
that ¢’ = 0. It is obvious that there exists solution 20 € P*(C)N SI"(C). Therefore
for any solution 2/ € P™"(C) N w(x,C) there exists an index s € N, for which
Cs(z° — 2") = 0. Hence, ¢’ = 0.
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Now we will consider the case P"(C) = SI"(C) and prove that ¢’ = ¢
(see Theorem 1). By definition, put

Ci(z — ')

|z = 2|l

T(z,2") = min{ NS Nn}.

According to the evident inclusion
P, (C) € P*(C)N7(z, C),

we define the set
Qz) = (P"(C)Nm(x,C)) \ P(C).
From the above notations it is clear that

N =0, if 2'eQ(x),
T(”“””“’){ >0 if 2’ € P(C).

Since the set P, (C) is nonempty (in view of Corollary 1), it is clear that ¢’ = ¢.

We will prove that p(C') = 0 for ¢/ = 0. In this case it follows directly from the
definition of ¢ that there exists a solution 2° € P*(C) such that for any solution
' € PY(C)Nn(z® C) there exists an index s € N, for which Cs(2° — 2’) = 0.
In other words, there is no solution 2’ € P*(C) N (2%, C) belonging to o(2°,C).
Hence, P"(C) N a(z°,C) = (). Thus, it follows from corollary 3 that there exists a
solution z* € P*(C) such that z* € SI*(C), i.e. P*(C) # SI"(C). According to
the stability criterion of the problem Z"(C'), we have that the problem Z"(C) is
non-stable. Consequently, pf'(C) = 0.

Corollary 1 is proved.

From Corollary 1, we have the following statement.

Corollary 2. Let the vector integer programming problem Z"(C), n > 1, be non
trivial. Let matrix C € R™™ contain at least one null row. Then the problem
Z™(C) is nonstable.

Corollary 3. If the vector integer programming problem Z™(C), n > 1, has a unique
efficient solution x°, then

. 0
pY(C)= min min Ciz — 27)

_— 15
x€Pn(C) €N H‘T - ‘TOHOO ( )

Proof. We denote the right-hand side of formula (15) by €. It follows from Corollary
1 that the inequality p7(C') > 6 holds. Hence, to prove corollary 3 it is enough to
show that p}'(C) < 6.

Let ¢ > 0. It follows from the definition of # that there exist a solution
z* € P*(C) and an index s € N,, such that

Cy(x™ — a:o) =0||z* — a:OHOO. (16)
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Let ¢ = argmax{|z] — :E9| : J € N,} and the elements of perturbing matrix
C' = [C;j]nxm be defined by the formula:
y :{ v sign(eg —ag), i i=s j=q
0, if ZGNn\{S}7 J GNm\{Q}y

ij

where 0 <y <e.
It is obvious that C” € Q(e). From the construction of matrix C’ we have

Cila™ —a%) = ) dyla® —a®) = (2" —a%) = —rlay — af = —lla" — 2°|cc.
JENm

From the above qualities and equality (16), we have
(Cs + Cy)(z* - xo) = Cs(2” — xo) —9llz* — onoo = (0 — )|z — onoo <0,

ie. 20 ¢ w(z*,C+C"). If w(z*,C+C") = 0, then 2* € P (C+C"). If w(z*,C+C") #
(), then due to external stability of the Pareto set P™(C + C") (see, for example,[18])
there exists a solution & € m(z*,C 4+ C") such that & € P"(C + C").

Thus in the case, P*(C) = {2z}, for any number ¢ > 6 there exist matrix
C’ € Q(e) and solution z’ # x such that 2’ € P"(C'+ "), i.e. P*(C+C") € P"(C).
Thus, for any number € > 6 the inequality p}'(C') < e holds. Hence, p}'(C) < 6.

Corollary 3 is proved.

It follows from Corollary 3 that the lower bound ¢ in Theorem 1 is attainable
for |P"(C)| = 1.

Since P1(C) = SI}(C), as a corollary of Theorem 1, we have

Corollary 4. Singlecriterion (scalar) integer programming problem Z(C)
(C € R™) is always stable.

5 Quasistability radius

Theorem 2. The quasistability radius py(C') of the vector integer programming
problem Z™(C'), n > 1, is expressed by the formula

[Ci(w — /)]

|z —2lloc

p5(C) = min min Z

(17)
2ePn(0) seX\{o) S
Proof. It is evident that the right-hand side of formula (17) is nonnegative for any
matrix C'. We denote it by &.

First let us prove the inequality p5(C) > £. If € = 0, then the inequality is
evident.

Let £ > 0 and C' € Q(§). It follows from the definition of the value ¢ that for
any vectors ' € P"(C) and x € X \ {2’} the inequality

flle —'lloe < Y [Cilaw — )]

1€NR
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holds. Hence, it follows from Lemma 3 that z ¢ =w(2/,C + C’), i.e. in view of
¥ & n(z',C+C") the set w(2/,C + C") is non-empty. Therefore 2/ € P™(C') belongs
to the set P"(C'+C") for any perturbing matrix C’ € Q(¢), i.e. P*(C) C P*(C+C").
Consequently, p5(C) > €.

Now we show that pi(C) < &. Let € > £. It follows directly from the definition
of the number & that there exist solutions 2’ € P™"(C) and x # 2’ such that

lle —'lloo = Y [Cilw — )"

1€ENR

Hence, it is obvious that there exist positive numbers 7;,i € N,,, such that

nille = 2'llee > [Ci(z —a)]T, i€N,, > ni>¢&
1€ENR

Thus, it follows from Lemma 4 that there exists a matrix €’ € Q(e) for which
zem@,C+C"), ie 2/ ¢ P"(C + C'). This means that the inequality p5(C) <
holds for any number € > £. Consequently, p5(C) < &.

Theorem 2 is proved.

Any problem on a system of subsets of a finite set is equivalent to a boolean
programming problem. Thus formula (17) easily moves to the well-known [17, 22]
formula of the quasistability radius of the vector integer programming problem with
linear criteria.

Corollary 5. A necessary and sufficient condition for the quasistability of the vector
integer programming problem Z"(C), n > 1, is the equality P"(C) = Sm™(C) [3].

Corollary 6. Singlecriterion (scalar) vector integer programming problem Z(C)
(C € R™) is quasistable if and only if it has a unique optimal solution.
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