BULETINUL ACADEMIEI DE STIINTE

A REPUBLICII MOLDOVA. MATEMATICA
Number 3(49), 2005, Pages 63-70

ISSN 1024-7696

Some n-ary analogs of the notion of a normalizer
of an n-ary subgroup in a group

A M. Gal'mak

Abstract. In this article n-ary analogs of the concept of normalizer of a subgroup
of a group are constructed. It is proved that in an n-ary group the role of these n-ary
analogs play the concepts of a normalizer and seminormalizer of n-ary subgroup in
n-ary group. A connection of these analogs with its binary prototypes is established.
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In this article for any n-ary group < A,[]| > we denote by 64 the introduced by
Post [1] equivalence which is defined on a free semigroup F4 by the rule: (o, 3) € 04
if and only if there exist sequences v and § such that [yad] = [y54].

For any n-ary group < A,[ ]| > Post defined also the universal enveloping group
A* = F4/04. In this enveloping group he selected a normal subgroup

Ao ={0a(ar...an-1)la1,...,an—1 € A},
which is called a corresponding group for the group < A,[] > and he proved that
A*JA, = {04(a)Ap, 0% (a) Ao, ..., 0% (a) Ay = Ay}

for any a € A, moreover A*/A, is a cyclic group of order n — 1, but generating
coset of this cyclic group is an n-ary group that is isomorphic to the n-ary group
<A]>.

We use standard notations. We remark only that one can find definition of n-ary
group in the book of V.D. Belousov [2]. In this book the existence of the group A*
is proved and properties of a solution of the equation [z a...a] = a are given. This

n—1
solution is denoted by the symbol a and is called a skew element for the element a.
We recall the normalizer of a subset B in an n-ary group < A,[] > ([3]) is the

set
n—1—1

Na(B)={z € Az B]=[Ba B |Wi=1,...n—1},

and a seminormalizer of a subset B in n-ary group < A,[] > ([3]) is the set

HNA(B)={z € Az B] = [ B ).
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In [3] it is proved that if < B,[] > is an n-ary subgroup of an n-ary group
< A,[] >, then < Na(B),[ ] > and < HN4(B),[ ] > are n-ary subgroups in
< A, []>and Ng(B) C HNy(B).

For any subset B of an n-ary group < A, [] > it is supposed [4]:

BO(A) = {HA(CM) €A, ’ db1,...,bp_1 € B, af 4bq ...bn_l};

B*(A) = {HA(OZ) c A" | Hbl, c ,bi c B(Z > 1), ab by .. bl}
It is clear that B*(A) C A* B,(A) C A,. In particular, A*(A) = A*,
Ay(A) = A,.
If < B,[] > is an n-ary subgroup of an n-ary group < A,[ ] >, then B*(A)
is a subgroup of the group A* that is isomorphic to the group B*, and B,(A) is a
subgroup of the group A,, which is isomorphic to the group B, [4].

Lemma 1. Let < B,[] > be an n-ary subgroup of an n-ary group < A,[]>, b € B,
u==04(xh...b) € Na,(By(A)). Then x € HN4(B).

n—2

Proof. By condition u~!vu € B,(A) for any

v =04(bob...b) € B,(A),b, € B,

—
n—2
i.e. -
QA(bjjx e a:)HA(bob. .. b)@A(xb. .. b) S BO(A),
n—3 n—2 n—2
whence

bZx...xbyb...bxb...b0aby ... by q
-3 -2 -2
for some by,...,b,_1 € B. Then

br] =[zb...bby...b,1b] €[z B...B].
N—— ——

n—2 n—2 n—1

Since b, is an arbitrary element of B, then the inclusion is proved

[B...Bz]C[zB...B]. (1)

n—1 n—1
If we again apply the condition, then we obtain uvu=! € B,(A), i.e.

O4(zb... 0)0AbD... 0)0A(bZx. .. z) € By(A),

whence
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for some cq,...,c,_1 € B. Then

whence

From (1) and (2) it follows

[xB...B]=[B...Bx].

n—1 n—1

Therefore, z € HN4(B). The lemma is proved.
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Theorem 1. If < B,[ ]| > is an n-ary subgroup in an n-ary group < A,[ ] >, then

(HNA(B))o(A) = Na,(Bo(A))-

Proof. We fix h € HN4(B) and choose an arbitrary

w=0a(hoh...h) € (HN4(B))o(A), hy € HNA(B).

n—2

If b, is an arbitrary element, b is a fixed element of the set B, then

v="04(bob...b)

n—2

is an arbitrary element of B,(A). Since h,, h € HN4(B), then

-1 7
wou = 04(hho ho - . ho)0a(bob. .. b)0A(hoh ... h)
2 2

= 0a(hhoho- . hobob...bhobi...h) =0a(hhoho. .. holbob. ..
\ S ~ o N———

n—3 n—2 n—2 n—3 n—2

= 0aA([V1.. V1Bl B) = 0a(b1... b 1),

n—2

where by,...,b,_1,0/1,...,b/n_1 € B. Then, v 'vu € B,(A), whence u €

Na,(B,(A)) and the inclusion is proved
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(HNa(B))o(A) € Na,(B,(A)). 3)

Since any element u € Ny, (B,(A)) can be presented in the form

u==604(xd...0),be B,
n—2
then by Lemma 1 z € HNy4(B), whence, taking into consideration B C HN4(B),
we have

w=0a(z}...b) € (HN(B))o(A).
n—2

Therefore,

Na,(Bo(A)) € (HNa(B))o(A). (4)
From (3) and (4) it follows the needed equality. The theorem is proved.

By remark 2.2.20 [4], corresponding group N, of n-ary subgroup < N,[ ]| > of
n-ary group < A, [] > is isomorphic to subgroup N,(A) of corresponding group A4,.
Therefore from Theorem 1 follows

Corollary 1. The corresponding Post group of semi-normalizer < HN4(B),[ ] >
of n-ary subgroup < B,[] > in n-ary group < A,[ ] > is isomorphic to normalizer
of subgroup B,(A) in corresponding group A,:

(HNA(B))o = Na,(B,(A)).

Thus Theorem 1 and Corollary 1 establish a correspondence between a semi-
normalizer of n-ary subgroup in an m-ary group and its binary prototype in the
corresponding Post group.

We notice in [5] a correspondence between a semi-normalizer of an n-ary sub-
group in an n-ary group and its binary prototype in the group to which the n-ary
group is reducible by Gluskin-Hossu theorem. Namely, the following propositions
are proved.

Theorem 2 [5]. A semi-normalizer of n-ary subgroup < B,[] > in n-ary group
< A,[ ] > coincides with the normalizer of the subgroup < B,,@ > in the group
< A,@ > for any a € HNy(B), where B, = [B...Ba], and the operation @ is

n—1

defined in the following way

x@y = [zaga...ay).

n—3
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Corollary 2 [5]. A semi-normalizer of n-ary subgroup < B,[] > in n-ary group <
A,[] > coincides with the normalizer of the subgroup < B, @ > in group < A, @ >
for any a € B.

We establish now a connection between normalizer of an n-ary subgroup in n-ary
group and its binary prototype in enveloping Post group.

Lemma 2 [3]. If < B,[] > is an n-ary subgroup of an n-ary group < A,[] >, then

Na(B)={z € A|zBg...zz) =B} ={x € A|[zg...z Bz| = B}.
n—3 n—3

Lemma 3. If < B,[] > is an n-ary subgroup of an m-ary group < A, [ ] >,
x € Ny(B), then

[...zBgx...xZ|=B, [Zg...zBgx...x]=DB
N—~— = Se—— =

i—1 n—i—1 n—i—1 i—1
foranyi=1,....,n—1.

Proof. We prove the second equality. If ¢ = 1, then B = B. If ¢ = 2, then by
Lemma 2
[Zx ...z Bx] = B.
3

From the last equality we have

[Zg...z[tg...xBxlz|=[Zg...z Bz, [tx...x Bxx] = B,
-3 -3 -3 —4
whence
[Zg...z[tg...x Bxzxlx)|=[Zg...xBx|, [Tx...x Brax| =B
-3 n—4 n—3 n—>5

Further we have

[zzBg...x)=B, [zBg...z]= B.
N—— SN——
n—3 n—2
Therefore, the second equality is true for any i =1,...,n — 1.

The first equality is proved similarly. The lemma is proved.

Theorem 3. If < B,[ | > is an n-ary subgroup of an n-ary group < A,[ ] >, then

(Na(B))"(A) = Na.(B"(A)).
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Proof. We fix an element h € N4(B) and take any element

w=04(hoh ... h) € (Na(B))*(A), ho € Na(B).
i—1

If b, is any element and b is a fixed element from B, then

is any element from B*(A). Since ho, h € N4(B), then, if we apply Lemma 2, after
that Lemma 3, then we obtain

wlvu=04(hh.. hhohy.. . ho)0a(bob...b)0a(hoh... h) =
n—i—1 n—3 j—1 i—1

=0a(hh...hhoho...hobob...bhoh...h) =
—— O~ N~

n—i—1 n—3 j—1 i—1

:HA(Bh...h[BOhO...hoboho] [ho ho ... hobho|...[hohy ... hobholh...h) =
—1—1 3 3 3 i—1

7j—1

=0a(hh.. WLV .. V0. h)=
i—1 —1 —1
n—i— Jj— i—

= 0a([hh.. WO b B [Rh.. WV .. B]...[Rh.. Kb h.. h]) = 0401 ... ),
—— O~ — T —_—— —

n—i—1 i—1 n—i—1 i—1 n—i—1 i—1 j—1

j—1

where b, b, 0", € B. Therefore, u"lvu € B*(A), u € Na«(B*(A)) and the follo-
wing inclusion is proved

(Na(B))"(A) € Na-(B*(A)). (5)

Let ¢ € B and

be an element of N4«(B*(A)). Since

Balc.. ) € B (A) C N (B*(4),

i—1
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then from the last equality it follows
0a(x) € Na-(B*(A)). (6)
Thus 05" (2)04(b)04(x) € B*(A) for any b € B, whence

0a(Zx...xbx) € B*(A),
n—3

[Za...xbx] =V
——
n—3
for some b’ € B. Since the element b was an arbitrary element of B, then
[zg...xzBx] C B. (7)
o

n—3

From (6) it follows also that 04(2)04(b)0 ;" (z) € B*(A) for any b € B, whence

[zxBg...zz] C B.
3
From the last inclusion it follows that
BClzz... .z Bux]. (8)
3
Then from (7) and (8) it follows
[Zx...x Bx] = B,
3
whence, taking in consideration Lemma 2, x € N4(B). Then
u=0x(xc...c) € (Na(B))"(A4),
i1

whence

Na-(B*(4)) € (Na(B))*(4). 9)
From (5) and (9) the required equality follows. The theorem is proved.
By Theorem 2.2.19 [4] universal enveloping Post group N* of an n-ary subgroup

< N,[] > of an n-ary group < A,[ ] > is isomorphic to a subgroup N*(A) of
universal enveloping Post group A*. Therefore from Theorem 3 it follows

Corollary 3. An universal enveloping Post group of a normalizer < Nx(B),[] > of
n-ary subgroup < B,[] > in n-ary group < A,[] > is isomorphic to the normalizer
of subgroup B*(A) in universal enveloping Post group A*:

(Na(B))" ~ Na-(B*(A)).
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