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space-time metric

Valery Dryuma

Abstract. Some properties of the Gödel space-metric and its Riemann extension
are studied. The spectrum of de Rham operator acting on 1-forms is studied. The
examples of translation surfaces of the Gödel space-metric are constructed.
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1 Introduction

The notion of the Riemann extension of nonriemannian spaces was introduced
first in [1]. Main idea of this theory is application of the methods of Riemann
geometry for studying properties of nonriemaniann spaces.

For example the system of differential equations of the form

d2xk

ds2
+ Πk

ij

dxi

ds

dxj

ds
= 0 (1)

with arbitrary coefficients Πk
ij(x

l) can be considered as a system of geodesic equations

of affinely connected space with local coordinates xk.
For n-dimensional Riemannian spaces with the metrics

nds2 = gijdx
idxj

the system of geodesic equations looks similarly but the coefficients Πk
ij(x

l) now have
very special form and depend on the choice of the metric gij ;

Πi
kl = Γi

kl =
1

2
gim(gmk,l + gml,k − gkl,m)

In order that methods of Riemann geometry can be applied for studying prop-
erties of spaces with equations (1) the construction of 2n-dimensional extension of
the space with local coordinates xi was introduced .

The metric of extended space is constructed with the help of coefficients of equa-
tion (1) and looks as follows

2nds2 = −2Πk
ij(x

l)Ψkdx
idxj + 2dΨkdx

k (2)
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where Ψk are the coordinates of additional space.
An important property of such type metric is that the geodesic equations of

metric (2) decompos into two parts

ẍk + Γk
ij ẋ

iẋj = 0, (3)

and
δ2Ψk

ds2
+Rl

kjiẋ
jẋiΨl = 0, (4)

where
δΨk

ds
=
dΨk

ds
− Γl

jkΨl

dxj

ds
.

The first part (3) of the full system is the system of equations for geodesics of
basic space with local coordinates xi and it does not contain coordinates Ψk.

The second part (4) of system of geodesic equations has the form of linear 4× 4
matrix system of second order ODE’s for coordinates Ψk

d2~Ψ

ds2
+A(s)

d~Ψ

ds
+B(s)~Ψ = 0 (5)

with the matrix
A = A(xi(s), ẋi(s)), B = B(xi(s), ẋi(s)).

From this point of view we have the case of geodesic extension of the basic
space (xi). It is important to note that the geometry of extended space is connected
with geometry of basic space.

For example the property of the space to be a Ricci-flat

Rij = 0, Rij;k +Rki;j +Rjk;i = 0,

or symmetrical
Rijkl;m = 0

keeps also for the extended space.
This fact givs us the possibility to use the linear system of equation (5) for

studying properties of basic space.
In particular the invariants of 4 × 4 matrix-function

E = B − 1

2

dA

ds
− 1

4
A2

under change of coordinates Ψk can be used for that.
For example the condition

E = B − 1

2

dA

ds
− 1

4
A2 = 0

for a given system means that it is equivalent to the simplest system

d2~Φ

ds2
= 0
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and corresponding extended space is a flat space.

Other cases of integrability of the system (5) are connected with non-flat spaces
having special form of the curvature tensor.

Remark that for extended spaces all scalar invariants constructed with the help
of curvature tensor and its covariant derivatives are vanishing.

The first applications of the notion of extended spaces to the studying of non-
linear second order differential equations and the Einstein spaces were done in the
works of author [2–11]

Here we consider properties of the Gödel space-time and its Riemann extension.

2 The Gödel space-time metric

The line element of the metric of the Gödel space-time in coordinates x, y, z, t
has the form

ds2 = −dt2 + dx2 − 2 e
x

adtdy − 1/2 e2
x

ady2 + dz2. (6)

Here the parameter a is the velocity of rotation [12].

The geodesic equations of the metric (6) are given by

2

(

d2

ds2
x (s)

)

a+
(

e
x(s)

a

)2
(

d

ds
y (s)

)2

+ 2 e
x(s)

a

(

d

ds
t (s)

)

d

ds
y (s) = 0, (7)

(

d2

ds2
y (s)

)

e
x(s)

a a− 2

(

d

ds
t (s)

)

d

ds
x (s) = 0, (8)

d2

ds2
z(s) = 0, (9)

(

d2

ds2
t (s)

)

a+ e
x(s)

a

(

d

ds
y (s)

)

d

ds
x (s) + 2

(

d

ds
t (s)

)

d

ds
x (s) = 0. (10)

The first integral of geodesics satisfies the condition

−
(

d

ds
t (s)

)2

+

(

d

ds
x (s)

)2

− 2 e
x(s)

a

(

d

ds
t (s)

)

d

ds
y (s) − 1/2 e2

x(s)
a

(

d

ds
y (s)

)2

+

+

(

d

ds
z (s)

)2

− µ = 0.

The symbols of Christoffel of the metric (6) are

Γ4
12 =

exp(x/a)

2a
, Γ2

14 = −exp(−x/a)
a

, Γ4
14 =

1

a
, Γ1

22 =
exp(2x/a)

2a
,

Γ1
24 =

exp(x/a)

2a
.
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To find solutions of the equations of geodesics (7)–(10) we present the metric
(6) in equivalent form [13]

ds2 = −(dt+
a
√

2

y
dx)2 +

a2

y2
(dx2 + dy2) + dz2. (11)

The correspondence between the both forms of the metrics is given by the rela-
tions

y = a
√

2 exp(−x/a), x = y.

The equations of geodesics of the metric (11) are defined by

(

d2

ds2
x(s)

)

a+
√

2

(

d

ds
t(s)

)

d

ds
y(s) = 0, (12)

(

d2

ds2
y(s)

)

y(s)a−
(

d

ds
x(s)

)2

a−
√

2

(

d

ds
t(s)

)(

d

ds
x(s)

)

y(s)−
(

d

ds
y(s)

)2

a = 0,

(13)
(

d2

ds2
t(s)

)

(y(s))2 −
√

2a

(

d

ds
y(s)

)

d

ds
x(s)− 2

(

d

ds
t(s)

)(

d

ds
y(s)

)

y(s) = 0, (14)

d2

ds2
z(s) = 0. (15)

The geodesic equations admit the first integral

dt

ds
=

(−c2/
√

2 +
√

2y)

c0
,

dx

ds
=
y(c2 − y)

ac0
,

dy

ds
=
y(x− c1)

ac0
,

dz

ds
=
c3
c0
, (16)

where ci, a0 are parameters.

Remark 1. In the theory of varieties the Chern-Simons characteristic class is
constructed from a matrix gauge connection Ai

jk as

W (A) =
1

4π2

∫

d3xεijktr

(

1

2
Ai∂jAk +

1

3
AiAjAk

)

.

This term can be translated into a three-dimensional geometric quantity by re-
placing the matrix connection Ai

jk with the Christoffel connection Γi
jk.

For the density of Chern-Simons invariant the expression can be obtained [14]

CS(Γ) = εijk(Γp
iqΓ

q
kp;j +

2

3
Γp

iqΓ
q
jrΓ

r
kp).

For the metric (11) by the condition z = const

ds2 = −a2/y2dx2 − 2
√

2a/ydxdt+ a2/y2dy2 − dt2
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we find the quantity

CS(Γ) = −
√

2

ay2
.

For the spatial metric
3ds2 = −gαβ +

g0αg0β

g00

of the metric (11)

−ds2 =
a2

y2
(dx2 + dy2) + dz2

the quantity CS(Γ) = 0.

3 The Riemann extension of the Gödel metric

The Christofell symbols of the metric (11) are

Γ2
11 = −1

y
, Γ2

22 = −1

y
, Γ2

14 = −
√

2

2a
, Γ1

24 =

√
2

2a
, Γ4

12 = −a
√

2

2y2
, Γ4

14 = −1

y
.

Now with the help of the formulae (2) we construct eight-dimensional extension
of the metric (11).

It has the form

8ds2 =
2

y
Qdx2 +

2a
√

2

y2
V dxdy +

2
√

2

a
Qdxdt+

2

y
Qdy2 + (

4

y
V − 2

√
2

a
P )dydt+

+2dxdP + 2dydQ+ 2dzdU + 2dtdV. (17)

where (P,Q,U, V ) are additional coordinates.

The Ricci tensor of the four-dimensional Gödel space with the metric (11) or (6)
satisfies the condition

4Rik;l + 4Rli;k + 4Rkl;i = 0.

This property is valid for the eight-dimensional space in local coordinates
(x, y, z, t, P,Q,U, V ) with the metric (11)

8Rik;l + 8Rli;k + 8Rkl;i = 0.

The full system of geodesic equations for the metric (7) decomposes into two
parts.

The first part coincides with the equations (12)–(15) on the coordinates (x, y, z, t)
and second part forms the linear system of equations for coordinates P,Q,U, V .

They are defined as

d2

ds2
P (s) = −

(√
2a2

(

d
ds
x
)2

+ 2
(

d
ds
t
) (

d
ds
x
)

ya−
√

2a2
(

d
ds
y
)2
)

V (s)

(y)3 a
−
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-
(

2
(

d
ds
x
)

(y)2 a+
√

2
(

d
ds
t
)

(y)3
)

d
ds
Q(s)

(y)3 a
−

√
2a
(

d
ds
V (s)

)

d
ds
y

(y)2
, (18)

d2

ds2
Q(s) =

(

−3
(

d
ds
x
)2
ya− 2

√
2
(

d
ds
t
) (

d
ds
x
)

(y)2 −
(

d
ds
y
)2
ya
)

Q(s)

(y)3 a
+

+

(

2 a
(

d
ds
y
) (

d
ds
x
)

y + 2
(

d
ds
t
) (

d
ds
y
)

(y)2
√

2
)

P (s)

(y)3 a
+

+

(

−2
(

d
ds
t
) (

d
ds
y
)

ya− 2
√

2a2
(

d
ds
y
)

d
ds
x
)

V (s)

(y)3 a
+

√
2
(

d
ds
t
)

d
ds
P (s)

a
−

−2

(

d
ds
y
)

d
ds
Q(s)

y
+

(

−
√

2a2
(

d
ds
x
)

y − 2
(

d
ds
t
)

(y)2 a
)

d
ds
V (s)

(y)3 a
, (19)

d2

ds2
U(s) = 0, (20)

d2

ds2
V (s) =

(

(

d
ds
x
)2
a
√

2y + 2
(

d
ds
t
) (

d
ds
x
)

(y)2 +
√

2
(

d
ds
y
)2
ay
)

P (s)

a2 (y)2
+

+

(

−2
√

2
(

d
ds
t
) (

d
ds
x
)

y(s)a− 2 a2
(

d
ds
x
)2
)

V (s)

a2 (y)2
+

√
2
(

d
ds
y
)

d
ds
P (s)

a
−

−
√

2
(

d
ds
x
)

d
ds
Q(s)

a
− 2

(

d
ds
y
)

d
ds
V (s)

y
+ 2

Q(s)
(

d
ds
t
)

d
ds
y

a2
. (21)

In result we have got a linear matrix-second order ODE for the coordinates
U, V, P,Q

d2Ψ

ds2
= A(x, φ, z, t)

dΨ

ds
+B(x, φ, z, t)Ψ, (22)

where

Ψ(s) =









P (s)
Q(s)
U(s)
V (s)









and A,B are some 4 × 4 matrix-functions depending on the coordinates x(s), y(s),
z(s), t(s) and their derivatives.



ON GEOMETRICAL PROPERTIES OF THE GODEL SPACE-TIME METRIC 49

Now we shall investigate properties of the matrix system of equations
(18)–(21).

To integrate this system we use the relation

ẋ(s)P (s) + ẏ(s)Q(s) + ż(s)U(s) + ṫ(s)V (s) − s

2
− µ = 0, (23)

which is valid for every Riemann extensions of affinely connected space and which
is a consequence of the well known first integral of geodesic equations gikẋ

iẋk = ν
of arbitrary Riemann space.

Using the expressions for the first integrals of geodesic (16) and U(s) = αs + β
from the equation (20) the system of equations (18)–(21) may be simplified.

In result we get the system of equations for additional coordinates

d2

ds2
P (s) =

(√
2c0 ac1 −

√
2c0 ax

)

d
ds
V (s)

yc0
2a

+

+

(

−
√

2c2 y − 2
√

2xc1 +
√

2c1
2 +

√
2 (y)2 +

√
2 (x)2

)

V (s)

yc0
2a

−
(

d
ds
Q (s)

)

c2

c0 a
, (24)

d2

ds2
Q (s) = −

(

2 (y)2 c1 − 2 (y)2 x
)

P (s)

ya2c0
2

−

−

(

y (x)2 − (y)3 + yc1
2 + yc2

2 − 2 yxc1

)

Q (s)

ya2c0
2

−

−
(2 ac0 yx− 2 ac0 yc1 ) d

ds
Q (s)

ya2c0
2

−

(

ac0 yc2 − 2 ac0 (y)2
)

d
ds
P (s)

ya2c0
2

−
√

2 d
ds
V (s)

c0

−

−
(√

2c2 ax−
√

2c2 ac1

)

V (s)

ya2c0
2

, (25)

d2

ds2
V (s) =

(

(y)2
√

2c2 − (y)3
√

2 + y
√

2 (x)2 − 2 y
√

2xc1 + y
√

2c1
2
)

P (s)

c0
2a3

+

+

(

−
√

2yxc2 +
√

2yc1 c2 + 2
√

2 (y)2 x− 2
√

2 (y)2 c1

)

Q (s)

c0
2a3

+

+

(

−
√

2yac0 c2 +
√

2 (y)2 ac0

)

d
ds
Q (s)

c0
2a3

+

(√
2yac0 x−

√
2yac0 c1

)

d
ds
P (s)

c0
2a3

+

+

(

−2 a2c0 x+ 2 a2c0 c1

)

d
ds
V (s)

c0
2a3

+

(

−2 ac2 y + 2 a (y)2
)

V (s)

c0
2a3

. (26)
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The relation (23) in this case takes the form

−1/2
(−2α c3 a+ c0 a) s

c0 a
− 1/2

(

c2

√
2a− 2 y

√
2a
)

V (s)

c0 a
−

−1/2
(2 c1 y − 2xy)Q (s)

c0 a
− 1/2

(

2 (y)2 − 2 c2 y
)

P (s)

c0 a
− ν = 0 (27)

and the system from three equations (24)–(26) can be reduced to the system of two
coupled equations.

As example the substitution of the expression

Q (s) = 1/2
(−2α c3 a+ c0 a) s

y (x− c1 )
+ 1/2

(

c2

√
2a− 2 y

√
2a
)

V (s)

y (x− c1 )
+

+1/2

(

2 (y)2 − 2 c2 y
)

P (s)

y (x (s) − c1 )
+

ν c0 a

y (x− c1 )

into the equation for Q(s) give us the identity and in result our system takes the
form

d2

ds2
P (s) = −

(−c2 + y) c2
d
ds
P (s)

c0 a (x− c1 )
−

−1/2

(

2 (x)2 − 4xc1 − 2 c2 y + c2
2 + 2 c1

2
)√

2 d
ds
V (s)

c0 (x− c1 ) y
−

−
c2 y

(

(y)2 + c2
2 − 2 c2 y + c1

2 − 2xc1 + (x)2
)

P (s)

a2c0
2
(

(x)2 − 2xc1 + c1
2
) +L(s)V (s)−

−1/2
(−2α c3 ac2 + c0 ac2 ) sy (s)

a2c0
2
(

(x)2 − 2xc1 + c1
2
) −1/2

(

−c0 ac2
2 + 2α c3 ac2

2
)

s

a2c0
2
(

(x)2 − 2xc1 + c1
2
)−

−1/2

(

(2α c3 ac2 −c0 ac2 ) (x)2+(2 c1 c0 ac2 −4α c3 c1 ac2 ) x
)

s

a2c0
2y
(

(x)2−2xc1 + c1
2
) −

−1/2

(

2α c3 c1
2ac2 −c1

2c0 ac2

)

s

a2c0
2y
(

(x)2−2xc1 + c1
2
) , (28)

where

L (s) =
(y)2

√
2c2

ac0
2
(

(x)2 − 2xc1 + c1
2
) + 1/2

√
2
(

2 (x)2 − 3 c2
2 − 4xc1 + 2 c1

2
)

y

ac0
2
(

(x)2 − 2xc1 + c1
2
) +
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+1/2

√
2
(

−2 c2 (x)2 − 2 c1
2c2 + c2

3 + 4 c2 c1 x
)

ac0
2
(

(x)2 − 2xc1 + c1
2
) +

+1/2

√
2
(

2 (x)4 − 8 (x)3 c1 +
(

c2
2 + 12 c1

2
)

(x)2 +
(

−2 c2
2c1 − 8 c1

3
)

x
)

ac0
2y
(

(x (s))2 − 2xc1 + c1
2
) +

+1/2

√
2
(

c1
2c2

2 + 2 c1
4
)

ac0
2y
(

(x (s))2 − 2xc1 + c1
2
) ,

and

d2

ds2
V (s) = −

(

2 (x)2 − 4xc1 − 3 c2 y + 2 (y)2 + 2 c1
2 + c2

2
)

d
ds
V (s)

ac0 (x− c1 )
+

+

(

(y)2 + c2
2 − 2 c2 y + c1

2 − 2xc1 + (x)2
)√

2y d
ds
P (s)

c0 a2 (x− c1 )
+

+M(s)V (s) +N(s)P (s) + 1/2

√
2 (c0 − 2α c3 ) s (y)3

a2c0
2 (x− c1

2)
+

+1/2

√
2 (−2 c0 c2 + 4α c3 c2 ) s (y)2

a2c0
2 (x− c1

2)
+

+1/2

√
2
(

−2α c3 c2
2+c2

2c0 +c1
2c0 +x2(c0 −2α c3 ) −2α c3 c1

2
)

sy

a2c0
2 (x− c1

2)
+

+1/2

√
2 ((4α c3 c1 −2c0 c1)x) sy

a2c0
2 (x− c1

2)
, (29)

where

M (s) = −2
(y)4

a2c0
2
(

(x)2 − 2x (s) c1 + c1
2
)+5

(y)3 c2

a2c0
2
(

(x)2 − 2x (s) c1 + c1
2
)−

−

(

−4xc1 + 2 (x)2 + 4 c2
2 + 2 c1

2
)

(y)2

a2c0
2
(

(x)2 − 2xc1 + c1
2
) −

(

−c2 (x)2 − c1
2c2 + 2 c2 c1 x− c2

3
)

y

a2c0
2
(

(x)2 − 2xc1 + c1
2
) ,

N (s) =

√
2 (y)5

a3c0
2
(

(x)2 − 2xc1 + c1
2
) − 3

√
2 (y)4 c2

a3c0
2
(

(x)2 − 2xc1 + c1
2
)+

+

√
2
(

2 (x)2 + 3 c2
2 + 2 c1

2 − 4xc1

)

(y)3

a3c0
2
(

(x)2 − 2xc1 + c1
2
) +
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+

√
2
(

−3 c2 (x)2 − c2
3 − 3 c1

2c2 + 6 c2 c1 x
)

(y)2

a3c0
2
(

(x)2 − 2xc1 + c1
2
) +

+

√
2
(

(x)4 − 4 (x)3 c1 +
(

6 c1 2 + c2 2
)

(x)2 +
(

−2 c2 2c1 − 4 c1 3
)

x
)

a3c0 2
(

(x)2 − 2xc1 + c1 2
) +

+

√
2
(

c1 4 + c1 2c2 2
)

y

a3c0 2
(

(x)2 − 2xc1 + c1 2
) .

The expressions for functions x(s) and y(s) are dependent on the choice of pa-
rameters and can be defined from the equations (16).

The integration of the equations (28)–(29) for the additional coordinates P (s),
Q(s) is reduced to investigation of a 2×2 system of second order ODE’s with variable
coefficients.

Remark that the matrix E and its properties play important role in the analysis
of such type of system of equations.

In result we get the correspondence between the geodesic in the x, y, x, t-space
and the geodesic in the space with local coordinates P,Q,U, V (partner space).

The studying of such type of correspondence may be useful from various points
of view.

4 Translation surfaces of the Gödel spaces

Now we discuss some properties of translation surfaces of the Gödel spaces.

According with definition ([15]) translation surfaces in arbitrary Riemannian
space are defined by the systems of equations for local coordinates xi(u, v) of the
space

∂xi(u, v)

∂u∂v
+ Γi

jk(x
m)
∂xj(u, v)

∂u

∂xk(u, v)

∂v
= 0, (30)

where Γi
jk are the Christoffel coefficients.

In the case of the Gödel metric (6) we get the equations

∂2

∂u∂v
x (u, v) +

√
2

2a

∂y(u, v)

∂u

∂t(u, v)

∂v
+

√
2

2a

∂t(u, v)

∂u

∂y(u, v)

∂v
= 0, (31)

∂2

∂u∂v
y (u, v) −

√
2

2a

∂x(u, v)

∂v

∂t(u, v)

∂u
−

√
2

2a

∂t(u, v)

∂v

∂x(u, v)

∂u
−

− 1

y(u, v)

∂x(u, v)

∂u

∂x(u, v)

∂v
− 1

y(u, v)

∂y(u, v)

∂u

∂y(u, v)

∂v
= 0, (32)
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∂2

∂u∂v
t (u, v) − 1

y(u, v)

∂y(u, v)

∂u

∂t(u, v)

∂v
− 1

y(u, v)

∂t(u, v)

∂u

∂y(u, v)

∂v
−

−
√

2a

2y(u, v)2
∂x(u, v)

∂u

∂y(u, v)

∂v
−

√
2a

2y(u, v)2
∂x(u, v)

∂v

∂y(u, v)

∂u
= 0, (33)

∂2

∂u∂v
z (u, v) = 0. (34)

Full integration of this nonlinear system of equations is a difficult problem.
Give one example.
With this aim we present our system of equations in new coordinates

u = r + s, v = r − s.
It takes the form

2

(

1/4
∂2

∂r2
x(r, s)−1/4

∂2

∂s2
x(r, s)

)

a+

+
√

2

(

1/2
∂

∂r
y(r, s)+1/2

∂

∂s
y(r, s)

)(

1/2
∂

∂r
t(r, s)−1/2

∂

∂s
t(r, s)

)

+

+
√

2

(

1/2
∂

∂r
t(r, s)+1/2

∂

∂s
t(r, s)

)(

1/2
∂

∂r
y(r, s)−1/2

∂

∂s
y(r, s)

)

= 0,

−2

(

1/4
∂2

∂r2
y(r, s) − 1/4

∂2

∂s2
y(r, s)

)

y(r, s)a+

+2

(

1/2
∂

∂r
x(r, s) + 1/2

∂

∂s
x(r, s)

)(

1/2
∂

∂r
x(r, s) − 1/2

∂

∂s
x(r, s)

)

a+

+
√

2

(

1/2
∂

∂r
x(r, s) + 1/2

∂

∂s
x(r, s)

)(

1/2
∂

∂r
t(r, s) − 1/2

∂

∂s
t(r, s)

)

y(r, s)+

+2

(

1/2
∂

∂r
y(r, s) + 1/2

∂

∂s
y(r, s)

)(

1/2
∂

∂r
y(r, s) − 1/2

∂

∂s
y(r, s)

)

a+

+
√

2

(

1/2
∂

∂r
t(r, s) + 1/2

∂

∂s
t(r, s)

)(

1/2
∂

∂r
x(r, s) − 1/2

∂

∂s
x(r, s)

)

y(r, s) = 0,

−2

(

1/4
∂2

∂r2
t(r, s) − 1/4

∂2

∂s2
t(r, s)

)

(y(r, s))2 +

+
√

2a

(

1/2
∂

∂r
x(r, s) + 1/2

∂

∂s
x(r, s)

)(

1/2
∂

∂r
y(r, s) − 1/2

∂

∂s
y(r, s)

)

+

+
√

2a

(

1/2
∂

∂r
y(r, s) + 1/2

∂

∂s
y(r, s)

)(

1/2
∂

∂r
x(r, s) − 1/2

∂

∂s
x(r, s)

)

+
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+2

(

1/2
∂

∂r
y(r, s) + 1/2

∂

∂s
y(r, s)

)(

1/2
∂

∂r
t(r, s) − 1/2

∂

∂s
t(r, s)

)

y(r, s)+

+2

(

1/2
∂

∂r
t(r, s) + 1/2

∂

∂s
t(r, s)

)(

1/2
∂

∂r
y(r, s) − 1/2

∂

∂s
y(r, s)

)

y(r, s) = 0.

A solution of this system of equations we shall seek in the form

y(r, s) = B(r), t(r, s) = C(r) − s, x(r, s) = s+A(r),

where B(r), C(r), A(r) are some unknown functions.
In result our system takes the form
(

d2

dr2
C(r)

)

(B(r))2 −
√

2a

(

d

dr
B(r)

)

d

dr
A(r) − 2

(

d

dr
B(r)

)

B(r)
d

dr
C(r) = 0,

(

d2

dr2
B(r)

)

B(r)a−a
(

d

dr
A(r)

)2

+a−
√

2B(r)

(

d

dr
A(r)

)

d

dr
C(r)−

√
2B(r)−

−
(

d

dr
B(r)

)2

a = 0,

(

d2

dr2
A(r)

)

a+
√

2

(

d

dr
B(r)

)

d

dr
C(r) = 0.

Using the first integral

d

dr
C(r) = −

√
2a d

dr
A(r)

B(r)
+ α,

the system can be written in the form

(

d2

dr2
B(r)

)

B(r)a+ a

(

d

dr
A(r)

)2

+ a−
√

2

(

d

dr
A(r)

)

αB(r) −
√

2B(r)−

−
(

d

dr
B(r)

)2

a = 0,

(

d2

dr2
A(r)

)

aB(r) − 2

(

d

dr
B(r)

)

a
d

dr
A(r) +

√
2

(

d

dr
B(r)

)

αB(r) = 0.

Integration of the last equation gives us the expression for the function A(r)

A(r) =

∫

B(r)
(√

2α+B(r)C1 a
)

a
dr + C2

with parameters C1, C2 and α.
After substitution of the expression for A(r) in the first equation we get the

equation
(

d2

dr2
B(r)

)

B(r)a+ (B(r))3
√

2αC1 + (B(r))4 C1
2a+ a−

√
2B(r)−
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−
(

d

dr
B(r)

)2

a = 0

for the function B(r).

Remark that this equation can be written in the form

d2

dr2
E(r) =

√
2e−E(r)

a
− C1

2e2E(r) −
√

2αC1 e
E(r)

a
− e−2E(r)

after the change of variable B(r) = exp(E(r)).

With the help of its solutions the examples of the translation surfaces of the
Gödel space (6) can be constructed.

They can be presented in form

t+ x = A(r) + C(r), y = B(r),

or t(x, y) = x+ φ(y) with some function φ(y).

Detailed consideration of properties of this type of translation surfaces, their
intrinsic geometry and characteristic lines will be done in following publications of
author.

Remark that with the help of the translation surfaces the properties of closed
trajectories of the Gödel space can be investigated.

Let us consider the eight-dimensional extension of the Gödel space with the
metric (17).

Translation surfaces in this case are determined by the equations (28)–(31) for
coordinates x, y, z, t and by the linear system of equations in coordinates P,Q,U, V

∂2

∂u∂v
P (u, v)−

− 1

2ay3

(

−2a2
√

2
∂x

∂u

∂x

∂v
− 2ay

∂x

∂u

∂t

∂v
+ 2a2

√
2
∂y

∂u

∂y

∂v
− 2ay

∂t

∂u

∂x

∂v

)

V (u, v)+

+
1

2ay3

(

2a2 ∂x

∂u
+

√
2y3 ∂t

∂u

)

∂Q(u, v)

∂v
+

1

2ay3

(

2a2 ∂x

∂v
+

√
2y3 ∂t

∂v

)

∂Q(u, v)

∂u
+

+
a
√

2

2y2

∂y

∂u

∂V (u, v)

∂v
+
a
√

2

2y2

∂y

∂v

∂V (u, v)

∂u
= 0, (35)

∂2

∂u∂v
Q (u, v) +

+
1

2ay3

(

6ay
∂x

∂u

∂x

∂v
+ 2

√
2y2∂x

∂u

∂t

∂v
+ 2

√
2y2 ∂x

∂v

∂t

∂u
+ 2ay

∂y

∂u

∂y

∂v

)

Q(u, v)+

+
1

2ay3

(

−2ay
∂x

∂u

∂y

∂v
− 2

√
2y2 ∂y

∂u

∂t

∂v
− 2

√
2y2∂y

∂v

∂t

∂u
− 2ay

∂y

∂u

∂x

∂v

)

P (u, v)+
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+
1

2ay3

(

2ay
∂y

∂u

∂t

∂v
+ 2

√
2y2 ∂y

∂v

∂x

∂u
+ 2

√
2y2 ∂y

∂u

∂x

∂v
+ 2ay

∂y

∂v

∂t

∂u

)

V (u, v)+

+
1

y

∂y

∂u

∂Q(u, v)

∂v
+

1

y

∂y

∂v

∂Q(u, v)

∂u
−

√
2

2a

∂t

∂u

∂P (u, v)

∂v
−

√
2

2a

∂t

∂v

∂P (u, v)

∂u
+

+
1

2ay3

(

2ay2 ∂t

∂u
+

√
2a2y

∂x

∂u

)

∂V (u, v)

∂v
+

+
1

2ay3

(

2ay2 ∂t

∂v
+

√
2a2y

∂x

∂v

)

∂V (u, v)

∂u
= 0, (36)

∂2

∂u∂v
V (u, v) + − 1

a2

(

∂y

∂u

∂t

∂v
+
∂y

∂v

∂t

∂u

)

Q(u, v)−

− 1

a2y

(

y
∂x

∂u

∂t

∂v
+ a

√
2
∂x

∂u

∂x

∂v
+ a

√
2
∂y

∂u

∂y

∂v
+ y

∂t

∂u

∂x

∂v

)

P (u, v)+

+
1

ay2

(

2a
∂x

∂u

∂x

∂v
+ y

√
2
∂x

∂u

∂t

∂v
+ y

√
2
∂t

∂u

∂x

∂v

)

V (u, v)+

+

√
2

2a

∂x

∂u

∂Q

∂v
+

√
2

2a

∂x

∂v

∂Q

∂u
+

1

y

∂y

∂u

∂V

∂v
+

1

y

∂y

∂v

∂V

∂u
−

−
√

2

2a

∂y

∂v

∂P

∂u
−

√
2

2a

∂y

∂u

∂P

∂v
= 0, (37)

∂2

∂u∂v
U (u, v) = 0. (38)

The system of linear equations (32)–(35) is the matrix analog of the Laplace
equation

∂2Ψ(u, v)

∂u∂v
+A(u, v)

∂Ψ(u, v)

∂u
+B(u, v)

∂Ψ(u, v)

∂v
+ C(u, v)Ψ(u, v) = 0, (39)

where

Ψ(u, v) =









P (u, v)
Q(u, v)
U(u, v)
V (u, v)









is a vector-function, and A(u, v), B(u, v), C(u, v) are matrices depending on the vari-
ables (u, v).

For integration of such type of equation the matrix generalization of the Darboux
Invariants [16] can be used.

Remark 2. We remind basic facts on the integration of the matrix Laplace-
equation.



ON GEOMETRICAL PROPERTIES OF THE GODEL SPACE-TIME METRIC 57

The system (39) can be presented in the form

(∂u +B)(∂v +A)Ψ −HΨ = 0,

or
(∂v +A)(∂u +B)Ψ −KΨ = 0,

where

H =
∂A

∂u
+BA− C, K =

∂B

∂v
+AB − C,

are the Darboux invariants of the system.
In the case K = 0 or H = 0 the system can be integrated.
If K 6= 0 and H 6= 0 the system may be presented in a similar form for the

functions

Ψ1 =
∂Ψ

∂y
+AΨ.

or

Ψ
−1 =

∂Ψ

∂x
+BΨ.

In the first case one gets

∂2Ψ1(u, v)

∂u∂v
+A1(u, v)

∂Ψ1(u, v)

∂u
+B1(u, v)

∂Ψ1(u, v)

∂v
+ C1(u, v)Ψ1(u, v) = 0,

where

A1 = HAH−1 −HvH
−1, B1 = B, C1 = Bv −H + (HAH−1 −HvH

−1)B.

The invariants H1 and K1 for this equation are

H1 = H−Bv+(HAH−1−HyH
−1)u+B(HAH−1−HvH

−1)−(HAH−1−HvH
−1)B,

K1 = H.

In the case H1 = 0 the system can be integrated.
In the second case we get the equation for the function Ψ

−1

∂2Ψ
−1(u, v)

∂u∂v
+A

−1(u, v)
∂Ψ

−1(u, v)

∂u
+B

−1(u, v)
∂Ψ

−1(u, v)

∂v
+C

−1(u, v)Ψ−1(u, v) = 0,

where

B
−1 = KBK−1 −KuK

−1, A
−1 = A, C

−1 = Au −K + (KBK−1 −KuK
−1)A.

The invariants H
−1 and K

−1 for this equation are

K
−1 = K−Au+(KBK−1−KuK

−1)v+A(KBK−1−KuK
−1)−(KBK−1−KuK

−1)A,

H
−1 = K

and by the condition K
−1 = 0 the system is also integrable.

To integrate the system of equations (39) in explicit form it is necessary to use
the expressions for coordinates x(u, v), y(u, v), z(u, v), t(u, v) of translation surfaces
of the basic space.

The properties of the invariants H and K also may be important for classifica-
tions of translation surfaces of the basic and extended Gödel space.
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5 On the spectrum of the Gödel space-time metric

In this section the spectrum λ of de Rham operator

∆ = gij∇i∇j −Ricci,

defined on a four-dimensional Riemannian manifold and acting on 1-forms

ω = Ai(x, y, z)dx
i = u(x, y, z, t)dx + v(x, y, z, t)dy + p(x, y, z, t)dz + q(x, y, z, t)dt

will be calculated.

The problem is reduced to the solution of the system of equations

gij∇i∇jAk −Rl
kAl − µ2Ak = 0, (40)

where ∇k is a symbol of covariant derivative and Ri
j is the Ricci tensor of the metric

gij of the Gödel space-time.

We use the Gödel space-time metric in form (11) and for simplicity sake the
components of the 1-form ω will be presented as

Ak = [0, v(y, t), 0, q(y, t)].

As this takes place the system (40) looks as

− ∂

∂t
v(y, t) +

∂

∂y
q(y, t) = 0,

2

(

∂

∂y
v(y, t)

)

y +

(

∂2

∂y2
v(y, t)

)

y2 + a2 ∂
2

∂t2
v(y, t) − µ2v(y, t)a2 = 0,

2

(

∂

∂y
q(y, t)

)

y − 2

(

∂

∂t
v(y, t)

)

y +

(

∂2

∂y2
q(y, t)

)

y2 +

(

∂2

∂t2
q(y, t)

)

a2−

−µ2q(y, t)a2 = 0.

It is equivalent to the following non-homogeneous equation

−
(

∂2

∂y2
Φ(y, t)

)

y2 −
(

∂2

∂t2
Φ(y, t)

)

a2 + µ2Φ(y, t)a2 + ε = 0, (41)

where

q(y, t) =
∂Φ(y, t)

∂t
, v(y, t) =

∂Φ(y, t)

∂y

and ε is a parameter.

The simplest solution of homogeneous equation can be presented in the form

Φ(y, t) = F1 (y)F2 (t), (42)
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where
d2

dt2
F2 (t) = −c1F2 (t)

a2
+ µ2

F2 (t),

d2

dy2
F1 (y) =

c1F1 (y)

y2
, (43)

and c1 is a parameter.

The second equation from (43) has the form

d2

dy2
F1 (y) − c1F1 (y)

y2
= 0

and its solutions are defined by the relations

F1√
y

= C1 cos(b ln(y)) + C2 sin(b ln(y)), b2 = −c1 −
1

4
> 0,

F1√
y

= C1x
b + C2x

−b, b2 =
1

4
+ c1 > 0,

F1√
y

= C1 + C2 ln(y), c1 = −1

4
,

which depend on the parameter c1.
The solutions of the first equation of the system (43) are

F2 (t) = C3 sin(1/4

√
2
√

c1 − 8µ2a2t

a
) + C4 cos(1/4

√
2
√

c1 − 8µ2a2t

a
).

In result the general solution of the equation (41) can be constructed with the
help of solutions F1(y) and F2(t).

So in dependence depend upon the choice of c1 the spectrum of manifold and
the solutions of the equation (41) will be various.

The problem of solutions of the system (40) in more general case of the 1-form
ω = Ai(x, y, z)dx

i requires more detailed consideration.

Remark 3. For determination of the spectrum λ of Laplace operator

∆ = gij∇i∇j

acting on the 0−form- function ψ(x, y, z, t) defined on the manifold with the metric
gij , it is necessary to solve the equation

gij∇i∇jψ = λψ.

In the case of Gödel space-time metric (6) we get

a

(

∂2

∂x2
ψ(x, y, z, t)

)

e
2x

a + 2a

(

∂2

∂y2
ψ(x, y, z, t)

)

+

(

∂

∂x
ψ(x, y, z, t)

)

e
2x

a −
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−4a e
x

a

(

∂2

∂t∂y
ψ(x, y, z, t)

)

+ a

(

∂2

∂z2
ψ(x, y, z, t)

)

e
2x

a + a

(

∂2

∂t2
ψ(x, y, z, t)

)

e
2x

a −

−aλψ(x, y, z, t)e
2x

a = 0.

The substitution here the function ψ(x, y, z, t) in form

ψ(x, y, z, t) = V (x) exp(−x/(2a)) exp(my + nz + kt),

where m,n, k are the parameters lead to the equation

d2

dx2
V (x) −

(

−2m2 e−
2x

a + 4kme−
x

a − n2 − k2 + 1/4 a−2 + λ
)

V (x) = 0.

having the form of one dimensional Schrödinger equation for the spectrum of the
particle in the field with the Morse potential.

In such type of potential a finite number of stationary states λn at the some
relations between the parameters m,n, k, a may be existed.

This fact is important for understanding of the properties of the Gödel space-time
metric.

6 Spatial metric of the four-dimensional Gödel space-time

The spatial metric of any four-dimensional metric

4ds2 = gαβdx
αdxβ + 2g0αdx

0dxα + g00dx
0dx0

has the form
3dl2 = γαβdx

αdxβ,

where

γαβ = −gαβ +
g0αg0β

g00

is a three-dimensional tensor determining the properties of the space.

In the case of the Gödel space-time the spatial three-dimensional metric has the
form

−3dl2 =
a2

y2
(dx2 + dy2) + dz2. (44)

Three-dimensional space with the metric (44) belongs to one of the eight types
of W.Thurston geometries and has diverse global properties.

In particular it admits the surfaces bundle.

As example we consider the translation surfaces of the space (44).
They defined by the system of equations for coordinates x(u, v), y(u, v) and

z(u, v)

(

∂2

∂u∂v
x(u, v)

)

y(u, v) −
(

∂

∂u
x(u, v)

)

∂

∂v
y(u, v) −

(

∂

∂u
y(u, v)

)

∂

∂v
x(u, v) = 0,
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(

∂2

∂u∂v
y(u, v)

)

y(u, v) +

(

∂

∂u
x(u, v)

)

∂

∂v
x(u, v) −

(

∂

∂u
y(u, v)

)

∂

∂v
y(u, v) = 0,

(45)
∂2

∂u∂v
z(u, v) = 0.

The simplest solutions of these equations are of the form

y(u, v) = 1/2

(

1 +

(

(u

v

)C1

)2
(

eC2 C1

)

−2

)

eC2 C1

(

(u

v

)C1

)

−1

C1
−1,

x(u, v) = ln(u) + ln(v),

and
z(u, v) = A(u) +B(v),

where A(v) and B(v) are arbitrary functions and C1, C2 are parameters.
In particular case C1 = 1, C2 = 0 one get

y(u, v) = 1/2
u2 + v2

uv
, x(u, v) = ln(uv).

From here we find

v =

√

yex + ex
√

y2 − 1, u =
ex

√

yex + ex
√

y2 − 1

and

z(x, y) = A(

√

yex + ex
√

y2 − 1) +B(
ex

√

yex + ex
√

y2 − 1
)

with arbitrary functions A(u), B(v).
The properties of surfaces are dependent on the choice of the functions A

and B.

Remark 4. From the system (45) we find the relations
(

∂

∂v
x(u, v)

)2

− e2 z(u,v)

v2
+

(

∂

∂v
z(u, v)

)2

e2 z(u,v) = 0,

(

∂

∂u
x(u, v)

)2

− e2 z(u,v)

u2
+

(

∂

∂u
z(u, v)

)2

e2 z(u,v) = 0,

where z(u, v) = ln(y(u, v)).
This fact allows us to get one equation in variable y(u, v) only.



−

√

(y)2−
(

∂

∂v
y

)2

v2v

(

∂

∂u
y

)

u2+

√

(y)2 −
(

∂

∂u
y

)2

u2u

(

∂

∂v
y

)

v2





∂2

∂u∂v
y+

+

√

(y(u, v))2−
(

∂

∂v
y

)2

v2v

(

∂

∂v
y

)

y−

√

(y)2−
(

∂

∂u
y

)2

u2u

(

∂

∂u
y

)

y = 0.
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