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Abstract. The notion of cross isotopy (cross isomorphism) of n-ary operations can
be got from the well-known notion of isotopy (isomorphism) by replacing one of its
components with a k-ary m-invertible operation [1,2]. The idea of consideration of
cross isotopy belongs to V.D. Belousov [3], who defined it for binary quasigroups.

In the paper necessary and sufficient conditions for commutativity and mediality of a
polyagroup cross isomorph (when n > 2k) are determined. A neutrality criterion of
an arbitrary element is stated.
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1 Introduction

V.D. Belousov [3] introduced left and right cross isotopy notions for binary quasi-
groups by replacing the left (right) component of the common isotopy with a left
(right) invertible binary operation.

For the first time the corresponding notion for multiary operations was proposed
in [1] and was based on the same idea. Namely, the notion of i-cross isotopy of
an (n + 1)-ary operation can be received from the well-known notion of isotopy by
replacing its i-th nonprincipal component with an m-invertible operation depending
on variables having indices in 7’ := (ig,...,ix), where 0 < iy < -+ < i < n and
im = 9. The pair (m;?) is called a type of the cross isotopy. If all its components
coincide, except the i-th one, then the cross isotopy is called a cross isomorphism.

General properties of cross isotopy were studied in [1]. The set of all cross
isotopies of fixed type of a set ) forms a group acting on the set of all operations
of Q). It follows that the set of all cross autotopies of an operation is its subgroup;
cross autotopy groups of cross isotopic operations are isomorphic; cross isotopy is an
equivalence relation and so on. The same results were proved for cross isomorphism.
Some other results were observed in the mentioned work too. For example, every
two quasigroup operations defined on the same set are cross isomorphic if its type is
maximal, i.e. if n = k, but there exists a pair of quasigroup operations (irreducible
and completely reducible) which is not cross isotopic for every nonmaximal type.

In [2] the study of cross isotopy and cross isomorphism was continued: the
structure of polyagroup nonmaximal type cross isotopism was found if the type is
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a segment of integers or the polyagroup is medial (i.e. a decomposition group of
the polyagroup is commutative); an associate being i-cross isotopic to a quasigroup
is a polyagroup if 7 is one of the integers 1, ..., n — 1; the notions of strong cross
isomorphism and the well-known notion of isomorphism coincide if its type does
not contain 1 or n — 1 or the polyagroup is medial and the integers from the set
{1,...,n — 1}, which is not in the cross isotomorphism type are relatively prime.

E.A.Kuznetsov [4] used the notion of cross isotopy for describing some classes of
loops. It is proposed a description of all cross isotopies between the given class of
loops and well-studied class of loops, for example, the class of groups.

The same problem exists for multiary operations. Now the most developed op-
erations are polyadic groups. So, the problem is to describe the structure of cross
isotopies assuring a polyagroup cross isotope belongs to the given class 2.

Here, we consider the problem in the case if the cross isotopy is a cross isomor-
phism and if the class 2 is a class of commutative or medial operations. We also
determine the neutrality criterion for an element of polyagroup cross isomorph.

2 General notion

All the operations below are defined on the same fixed set Q. We recall that
(n + 1)-ary operation f is called

e (i,7)-associative if for arbitrary g, ..., z, € @ the identity
f(xoy oo @ity f(Tiy ooy Tin)s Tiknt 1y - -+, Ton) =
= f(zo,...,xj—1, f(Tj, -, Tjsn)s Tjgntl,-- - T2n)
is true;
e i-invertible if for any ag,..., a, of () the equation
flag, ... a;—1,2,ai41,...,a,) = a; (1)

has a unique solution;
e invertible or a quasigroup operation if it is i-invertible for all =0, 1, ..., n.

A groupoid (Q; f) is called (see [5]) an associate of the kind (s,n), where s|n,
if the operation f is (i, 7)-associative for all pairs (7,j) such that i = j (mod s); a
quasigroup if f is invertible; a polyagroup of the kind (s,n) if it is an associate of the
kind (s,n) and a quasigroup; an (n + 1)-group if it is a polyagroup and s = 1.

Theorem 1 [6]. If a groupoid (Q; f) is a polyagroup of the kind (s,n), then for
arbitrary element 0 € @Q there exists a unique triple of operations (+,p,a) of the
arities 2, 1, 0 respectively such that the following conditions are true:
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1) (Q;+) is a group, ¢ is its automorphism, 0 is its neutral element and the
identities
o'r+a=a+z, Pa=a (2)

are valid;
2) a decomposition of the operation f has the following form
@0y ) = 0+ g1+ + " 1+ T + 3)
And vice versa, if the conditions 1) hold, then the groupoid (Q; f) defined by (3) is
a polyagroup of the kind (s,n).

In that case, the group (Q;+) is called a decomposition group, and the triple
(+, ¢, a) is a decomposition of the polyagroup (Q; f).

k
Let a denote a sequence a, ..., a (k times).
An operation g of the arity n + 1 is called weak i-cross isomorphic of the type
7:= (ig,...,ix), where 0 < ig < --- < iy < n, or weak cross isomorphic of the type

(m,7) to (n + 1)-ary operation f if i, = i and there exist a substitution o and an
m-invertible operation h of the arity k£ 4+ 1 such that the equality

g(zo, ..., xn) = a " flaxg, ..., az;_ 1, ah(z,. .. Ty )y OTig 1, - .oy Oy (4)

holds for all zg, ..., x, € Q. The pair («;h) is called a weak cross isomorphism of
the type (m,7) of the arity k + 1. A cross isomorphism is called principal if a = €.
If & = n, then i-th cross isomorphism is called i-th cross isomorphism of the
mazximal type.

A weak cross isomorphism («a; h) is called strong if h is a selector-like operation,
i.e. if for arbitrary substitution 7 of ) and for all x € @) the equality

W, Tz, k?tm) =TI (5)

holds.
An operation ¢ is called commutative if for all permutation o of the set
{0,1,...,n} the identity

g($0'07x017-"7x0n) :g(x07x17"'>xn) (6)

is true.

Lemma 2 [7]. If there exist transformations o, 3, v, § of the group (Q;+) such
that the equality
axr + By = vy + 0z

holds for all x, y € Q and at least one element of each of the sets {a,d} and {3,~}
is a substitution of @, then the group (Q;+) is commutative.
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The relation (4) implies the following identity

gg(ﬂj‘o, e ,:L‘n) = f($0, ey Li—1, ho(ﬂj‘io, e ,a:ik),le, e ,:L‘n),
where

1 1

9o(Z0, ..., xy) = ozg(oz_lzno, ... ,oz_lxn), ho(Zig, - .-, @iy, ) = ah(a™ Ty, ..., x;,),

i.e. groupoids (Q;¢g) and (Q;go) are isomorphic. To clarify the truth of a formula
for cross isotopes it is enough to clarify it for principal cross isotopes. So from here
on we will consider principal cross isotopes only.

Let (n + 1)-ary groupoid (Q;g) be a principal cross isomorph of the type (m,?)
of an (n + 1)-ary polyagroup (Q;f) with a decomposition (+,¢,a), where 7 :=
(0 ... ,1;). Combining the identities (3) and (4) we obtain a decomposition of the
operation g

9(To,s ... Tn) = To+ Q1+ + T mig + @ih(%, ce Ty )+

+o i 4+ " + a. (7)

3 Commutativity

The next theorem gives a criterion when a cross isomorphism of a polyagroup is
commutative.

Theorem 3. Let (Q;f) be a polyagroup with a decomposition (+,¢,a) and let
(e,h)f be a principal cross isomorph of a nonmazximal type (m,7) of the operation
f, where v:= (ig,...,i) and i := i,,. Then the operation (¢,h)f is commutative if
and only if the following relationships are true:

1) the group (Q;+) is commutative;

2) p = £ (mod |¢|) if p,¢ & 7, where |p| denotes the order of the automor-
phism p;

3) a decomposition of the operation h is the following
h(xiov ce 7xik) = SD_Z‘ (((pp - (pio)xio T+t (‘Pp - (Pimil)ximﬂ + Pai+
+ (@0 = Q)T e (PP = )@ ) + b (8)
for some p &€ v and b € Q.
Proof. Let the operation g be commutative, then the identities (6) and (7) are

true. Since the type 7 is not maximal then there exists a nonnegative integer p < n,
which does not belong to the cross isomorphism type 7.
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We replace all variables, except z; and x,, with the neutral element 0 of (Q;+)
in (6). From the commutativity of the operation g we have:

i—p n—i

p p i—p n—i
9(07$;D7 0 s Ly 0 ) :g(ov$i7 0 s Lp, 0 )7 1fp< ia

n— n—p

7 p—1i P 7 p—i . )
g(o7xi7 0 7‘Tp7 0 ) :g(ouxpa 0 s Ly 0 )7 lfp> 2.
Taking into account (7), we obtain

OPx, + o A = oPx; + o' Axp, when p < i,

. . (9)
o'z + pPr, = o' Axp + pPx;, when p > 1,

k—
where A\x = h(r(,)l,m, Om). Therefore, according to Lemma 2, the group (Q;+) is
commutative.

We denote b := h(0,...,0) and put z, = 0 in (9):
Oz = o'b+ PP (10)
We notice that the commutativity of g implies the identity

-1 -1 -1 -1
g(xg 7$p7xg+17$q7$2) ::g(xg 7$Q7$g+17$P7$2) (11)
for arbitrary numbers p, q.
To find a decomposition of the operation h we set ¢ = i, for some r € {0,...,m+

1,m—1,...,k} and p € 7 in (11) and replace the operation g with its decompo-
sition (7):

. n .
Oh(Tig, Tiys - xiy) + D, Prjta=

=0,
= O R(@igs Tiys - s Tiy 1y Ty Ty s e -+ s Tigy )+
n . .
+ > Y+l + o, +a. (12)

J=0,j#4ir,p
After canceling the same summands and setting x,, = 0, we obtain
O R(Tig, Tiys -y iy ) + O i = O R(Tig, Tis e ey iy 1y 0Ty s ey Ty ) + PPy
Thence
gpih(:nio,xil, e gpih(:nio,xil, o @i, 0, ) (PP — O ), .
We shall use this equality successively for r =0,...,m+1,m—1,... k:
O h(Tigs Tiys - -+ Tiy, ) = R0, 24y 5oy ) + (P — @) =
= ¢'h(0,0, iy, ., w5) + (PP — @0z + (WP — p)ayy =0 =
k—m k

. m .
=¢'h(0 zi,, 0)+ > (¢ =TT, =
r=0.j#m

. k .
gopxim + (plb + Z ((lpp - golr)xir'
7=0,7#m

(10)
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Thence we obtain the equality (8).

Let us set up in the equality (11) all variables with 0, except z,, and zy, if ¢ = £.
Taking into account decomposition (7) and commutativity of the decomposition
group after respective cancellation we obtain Pz, + olay = QPxy + gpgznp. Setting
zp = 0 in the preceding equality, we obtain ¢? = ©f. Tt follows that P~ = ¢,
therefore || divides p — ¢, i.e. p=¢ (mod |¢|).

It is easy to prove the inverse statement. O

Putting b = 0 in Theorem 3, we obtain a theorem for polyagroup strong cross
isomorphs.

4 Mediality

We shall clarify the conditions when a principal cross isomorph (Q; g) is medial,
i.e. when the following identity

9(9(z00, o1, - - Ton), (%10, Z115 - - -, Tin)s - - -, 9(Tnos Tnl, - - - s ) = 13
13
= 9(9(9600,3310, ce ,wno),g(ﬂcm,mll, ce wrnl)a e ,g(xon,l’ln, ce ,xnn))

is true. The next theorem can give an answer to this question.

Theorem 4. Let a pair (¢, h) be a principal weak cross isomorphism of a nonmaz-
imal type (m,?), where v := (ig,i1,...,ix), between an (n + 1)-ary groupoid (Q;g)
and (n + 1)-ary polyagroup (Q; f) with a decomposition (+,p,a) and let n > 2k. A
groupoid (Q;g) is medial if and only if there exist endomorphisms Ao, ..., Am—1,
A1y « - -5 Nk, an automorphism Ny, and an element b of the group (Q;+) such that:

1) (Q;+) is commutative;

2) the relation
h(yo,y1,--->Yn) = Aoyo + A1y1 + -+ + A\pyr + b (14)

holds for all yo, y1,-.., yx € Q;

3) for arbitrary r =0,1,...,k and p € 7 the following relations are true
)\r‘ypp = ‘Pp)‘ry (15)
()‘T’(Pi + (Pir))‘m = )‘m(‘Pi)‘r + (Pir)v (16)

4) for arbitrary iy, ,ir, €7 and iy, # iy, # i the following equality is valid

Ary (‘Pi)‘rg + 902’7'2) + @ir'l Ary = Ary (‘Pi)‘n + ‘Pirl) + ‘Pirz Ary - (17)
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Proof. Suppose that the groupoid (Q;g) is medial, i.e. (13) holds, the equality (7)
implies

9(0,...,0) = ¢'b + a, (18)
where b := h(0,...,0). Nonmaximality of the type 7’ means the existence of a number
p not belonging to 7. We replace all variables in (13), except x,; and z;,, with the
neutral element 0 of the group (Q;+). Then there exist transformations 1, pe, us,
{4, which are compositions of translations of (Q;+) and m-th translations of h such
that

H1Zpi + L2Tip = 1Tip + HU2Tp;-

The cross isotopy definition means m-invertibility of h, so that these transformations
are substitutions of (). So, according to Lemma 2 the operation (+) is commutative.

We replace the operation h and the element a with the operation hy and the
element ag, determined with the following equalities

hO(y()v"'ayk) = h(y())ayk) _h(07>0)7
ag := ¢'h(0,...,0) +a=¢'b+a.

Therefore, taking into account commutativity of (Q;+), the decomposition (7) of g
can be written in the form:

9(z0, -+ ) = P ho(Tig, - 20, ) + Z Ylx;+ ag. (19)
=0,j#i
We recall that ho(0,...,0) =0.
Now we replace the first occurence of g in left and right sides of (13) with its
decomposition (19):

O ho(g(Tig0s - -+ s Tign)s -+ - s G(Tig0s - -+ s Tign)) +
n .
+ > Yalxjo.. .. Tn) +ag =
j=0#i

= 0" ho(g(T0ig, - - s Tnig)s - - s J(T0ig s - - s Tniy)) +

n .
+ > ¢g(woj, .- Tnj) + ao. (20)
=0,5#i
Let us consider the second summands in the left and right sides of this equality. The
summand of the left side is equal to

n .
>, Pa(zjo, .., mhm) =
J=0,j#i
= > ¥l O(xjioa---axjik)+ > P Xjy T ag | =
J=0,37#i u=0,u#i

= > @ ho(zjig, - xge) + 2 > P+ Y Pao.
=05 =0, u=0, ki =05
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By analogy we obtain a decomposition of the second summand of the right side:
n .
> P9(xojs. - Tnj) =
J=0,j7#1

= X ¢ ho(@igg, - mig) + X X @M+ X $lao,
J=0,j#i J=0,j7#iu=0,u7i J=0,j#i

We notice that the following equality is obvious
n n n n n n
S Y et 3 dus Y3 St 3 s
J=0,j#i u=0,uzi J=0,j#i 7=0,j#i u=0,uzi J=0,j#i

therefore (20) can be cancelled on these summands and element ay.

(JDZhO(g(‘T’i()Oa"'7xion)7"'7g(xik07"'7x’ikn))+ Z (pl—l—]hO(xj’i()w”axjik) =
=05
:(JDZhO(g(‘TOioa"'7xn’i())7"'JQ(inka"'axnik))+ Z ¢Z+]h0(xioj7”’7xikj)'
J=0,j7#1

After mentioned transformations we can apply the automorphism ¢ to the equality
n .
ho(9(Tig0s - - s Tign)s - - - 9(Tiy0, - -+, Tign)) + 275 O ho(Tjigs - - - Tjiy,) =
J=0,57i

n .
= ho(9(Z0igs - - - s Tnig)s - - > 9(T0i s -+ Tnay, ) + 275 G ho(Tigjs - - Tigs)-
J=0,5#1

We replace all occurences of ¢g with its decomposition (19):

. n . .
hO <(102h0(xi0i07"'7xi0ik) + E (,D]II}‘in +a0;"';(pzh‘(](xikioa"'axikik)—i_
j=0,5i

. n .
+ > Yayitao |+ Y @Tho(zig, - T50,) =

. n . .
= ho (@Zho(xioio, e Tige) + D @i+ a0 ho(Tigiys - - Tigay, )+

=0j#i
+ Z (,D]l‘jik +ap | + Z @Jho(xioja---axikj)- (21)
Jj=0,j#i §=0,j7#i
Let p ¢ i. We replace all variables, except xjp, ..., Tip, with 0. Inasmuch as

ho(0,...,0) =0, then (21) can be given in the form

(ppho(xiop, .. ,xikp) = ho((ppxiop + ag, ... ,gppa:ikp + CL()) — ho(ao, .. ,ao). (22)

We add to the both sides of (21) the element (n — k)(—hg(ag,...,ap)) and apply
(22) to the last summands of (21). Then the equality (21) in the case zy, = 0 for
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all u,v € v gives

n . n )
h(] Z Spj'ivioj +ag;...; Z SDJ'ZUZ]C‘] +a0) +
J=0,j¢v =07
n . )
+ Z ho (90]$ji0 +a0§---§90]117jz‘k +a0) =
J=0,j¢&v
n i n )
:ho Z (pﬂx]—io—l—ao;...; Z (P]xjik‘i‘ao +
J=0.5¢v j=0,5¢7
n . )
+ > ho (‘P]xioj+a0;~-;<,0’33ikj+ao).
J=0,j¢&v

Let us replace ¢/y + ag with y for all variables 3 appearing in the last identity:

ho( Do Tigjieees D fcm>+ > ho(Tjig, - xji,) =

J=0,5¢7 J=0,5¢v J=0,5¢v

:h0< Z Tjigs -+ Z xjik)—i— Z ho(xioj,...,xikj). (23)

J=0,j¢&v J=0,j¢&v J=0,j¢&v

Inasmuch as n > 2k, then there exist at least k + 1 numbers which do not belong
to 7. We denote them by pg, p1,.. ., pr and replace all variables in (23), except xp,,
Tpriys -+ -5 Tpyiy, With O

k k—1 k
hO(xpoiov O) + hO(Ov Tpyirs 0 ) et hO(Ov ':Upkik) = ho(xpoio’ Lprigs - ’xpkik)‘

S
Denoting y; := ., and \;z := ho(g),x, 0]) forall j =0, 1, ..., k, we obtain

ho(Yos Y15 -+ Yk) = AoYo + Ayr + -+ + AU (24)

It implies a decomposition (14) of h.

In the identity (23) we replace all variables, except z;,.p, and x;,,,, with 0 and
replace hg with its decomposition:

Ar(Tiypo + Tippy) = MeTippo + ArTippy s

i.e. A\, is an endomorphism of the group (Q;+).

Let us replace hy with its decomposition (24) in (21). Since every of Ag, ..., Ak
is an endomorphism of commutative group (Q;+), then left and right sides of the
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obtained equality can be cancelled on Agag + - - - 4+ Apag:

. n .
Ao <<,DZ()\0:EZ'02‘O + -+ /\kﬂfioik) + Z 90]332‘(”) + ...
Jj=0,j#i

s+ )\k <(,DZ()\0$Z'M'O + -+ )\ka:,k,k) + Z go’xikj> +

=0
n .
+ 2 P Nomjip + 0+ M) =
J=0,j#i
. n .
=Xo <902(>\0517i0i0 o ATigio) D0 90]33]'@'0> + ...
Jj=0,j#i
. n .
Y <QDZ(/\033i0ik + -+ /\k$ikik) + Z (,Djﬂfjik +
j=0,ji
n .
+ > @ (NoTigj + -+ AeTiyg)- (25)
Jj=0,j#i

Let us consider the equality (25). Let i, € 7, p € 7. Replacing all variables,
except x;,p, with 0 we obtain the relationship (15).
We replace all variables in (25) with 0, except z;,;:

)\T,gpi)\m + cp“)\m = )\m(gpi)\r + gpi").

It implies (16).

Let 1,70 € {0,...,m—1,m+1,... k}. If we replace all variables in (25) with 0,
except i, i,,, then in the left side of the equality we have A, (P Ay +6"2) + "1 Ay,
and in the right side we obtain A, (@', + ¢'1) + @2\, . ie. (17) is true.

Vice versa, let (@Q;+) be commutative group, Ag, ..., A\x be its endomorphisms;
Am be its automorphism; b be an arbitrary element of @); an operation h be deter-
mined by (14), and let the relationships (15)—(17) be valid. Thus, the operation g
has a decomposition

9(zo,...,xn) = Y, Pzi+ > (¢ +N)T + e Az + @b +a. (26)
J=0,j¢7 r=0,r#m

All coefficients of g’s decomposition are endomorphisms of the group (Q;+). From
the relationships (15), (16), (17) it follows that the coefficients pairwise commute.
It is easy to prove that every such operation is medial. O

If a cross isomorphism is strong, then the operation h is idempotent (it follows
that b = h(0,...,0) = 0). Hence, Theorem 4 with b = 0 states a mediality criterion
for a polyagroup strong cross isomorph.

5 Neutral elements

Every group isotop with a neutral element is derived. But for group cross isotop
it is not true. The set of all identity elements of derived group is a subgroup of
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its decomposition group center. The structure of the set of all neutral elements of
a cross isotop is still unknown. Here we consider a neutrality criterion in medial
polyagroup cross isotopes only, i.e. having commutative decomposition groups.

Theorem 5. Let (Q;g) be i-cross isomorph of the type ¥ := (ig,i1,...,1ix), where
i = im, of an (n+ 1)-ary medial polyagroup (Q; f) with decomposition (+,¢,a) and
let (e, h) be respective cross isomorphism. Then element e of the set Q) is neutral in
(Qs9) if and only if

1) ¢P =¢, when p €7;

2) forallr=0,...,m—1,m+1, ...,k

k

h(g, T, ET) =b+op ix—e)— iz —e); (27)

3) for all x from Q

m k—m
e

hie,z, e )=b+¢ ‘(x—e); (28)

4) gle,...,e) =e.
Proof. Let e be a neutral element of (Q;g), i.e. for arbitrary j =0,...,n

n

g(é,:p, Ej) =z (29)

holds for all x € @. In particular, when x = e we obtain item 4) of Theorem 5.
Taking into account the decomposition (7) and the relation ¢"z + a = a + z, we
have

©'b+c =0, (30)

n—1 )
where b:= h(e,...,e),c:=a+ >, ¢e.
=05
If p does not belong to 7, then (29) with decomposition (7) implies the equality

Ob+c+e—Pe+ Pr=ux
for all x € Q. Taking into account (30), we obtain
e =a+ Pe—e.

If x = 0 then ¢Pe = e, which together with the previous equality give P = ¢, i.e.
item 1) of Theorem 5 is valid.
We suppose that r is one of the numbers 0,1, ..., k, then (29) means that

. k— . .
cpzh(g, x, er) +e—Te+ " +e =1

Taking into account (30), we have

) k— . ) )
cplh(g, x, er) —o'b—pre+ ' +e=ux.
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It implies (27).
If j =1, the equality (29) has the form
gle,...,e)+ wih(@,m,kém) —¢'hle, ... e) =z

k—m

This equality is equivalent to gpih(@, T, ) — ¢'b = x — e. Hence (28) is valid.
Vice versa, let the conditions 1) —4) of the theorem for some element e be true.
We shall show that e is a neutral element. If j € 7, then
j —j, (20 . k1 .
g(]e,x,ne]) @, + e+ ...+ ¢ te 4 olh( ¢ )+t le 4+ et
+a—ple+ ez = gle,...,e)—e+r=c—e+x =21
If j #iand j €7, i.e. j =1, for some number r € {0,...,m—1,m+1,...,k}, then

—§ (7 . . k— ;
ej) @ e—i—cpe—k...—i—cpz_le—kgplh(g,x, er)+<,ol+le+...+w”€+

i n
g(e,x,

) ) ) ) k— ) )
+a+p'rr—pre=g(e,...,e) — b+ cpzh(g,a:, er) +prx — p're
(27) i i ir ir _
= e—ob+tebtr—e—pr(r—e)+¢r(x—e)=u.
At last, let j =i = i,,, then
) i (7 ) . k— .
g(é,x,nez)(:)e—l—(,pe—l—...—l—gpz_le—l—gplh(@,:n, em)+<,p’+1e—|—...+<p"e+a:

:g(e,...,e)—wib+¢ih(?,x,kém) (2:8)e—<pib+<pib+x—e:x. O
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