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Left exact radicals in module categories
over principal ideal domains
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Abstract. In the paper left exact radicals in the category of right modules over a
principal ideal domain are described.
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Throughout the whole text, all rings are considered to be associative with 1 # 0.
All modules are unitary right modules. Let A be a ring. The set of all invertible
elements of A will be detoted by U(A). The set of all right ideals of A will be
denoted by L,(A).

A right ideal U of A is similar to a right ideal G of A if A/U = A/G. In this case
we shall write U ~ G.

An element a1 € A is similar to an element a9 € A if a1 A ~ a2A. In this case
we shall write a1 ~ as.

Set for a right ideal I of A and for an element ¢ € A

(I:q):={aecAlqacl}.

Then (I : q) is a right ideal of A.
A radical filter of A is a set £ of right ideals satisfying the following conditions
[Mishina A.P, Skorniakov L.A./1]:

Gl. I Jel,(A),ICJ=Jef.
G2. €& acR=(I:a)€f.
G3. 1€, Jel,(A), JCINVuel:(J:u)eE=Jek.

Proposition 1 (Cohn P.M., 3). Let A be a ring and U, G be right ideals of A.
ThenU ~G<=Jace A:aA+G=RANU=(G:a).

A ring R is said to be a principal ideal domain in case it is an integral domain
such that every its right ideal is a right principal ideal and every its left ideal is a
left principal ideal.

Let R be a principal ideal domain.

An element p € R is said to be an atom in case

p#OANp g UR)AN(Va,be R: (p=ab=acU(R)VbeU(R))).
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The set of all atoms of R will be denoted by Qp.
A set P C R is said to be similarly-closed in case

VpePVreR: r~p=recpP.

Proposition 2. Let R be an integral domain, {a,b} C R. If aRNbR = cR then
there exists only one element d € R such that bd = c. Moreover, in this case
(aR:b) =dR.

Proof. Since aR N bR = cR, there exist elements d,e € R : ae = ¢,bd = ¢. The
uniqueness of the element d € R for which bd = c follows from the fact that R is an
integral domain.

We shall prove that (aR : b) = dR. 1t is clear that Vr € R : b(dr) = (bd)r = cr =
(ae)r = a(er) € aR. Therefore dR C (aR : b).

Conversely, Vr € (aR :b) : br € aRNbR = cR = (bd)R. Hence 3t € R : br = bdt.
Since R is an integral domain, from the last equality we obtain r = dt € dR.
Therefore (aR : b) C dR. O

We think that the following Proposition is well-known:

Proposition 3. Let A be a ring and I be a right ideal of A. Then Yw,g € A: (0 :
w)=0= ([:9) = (wl : wg).

Proof. Vie Atz e (l:g) e grelediclgr=iedicl: wgr=w &
(wg)r € wl < x € (wl : wg). O

Proposition 4. Let R be an integral domain. IfVi € {1,2,...,n}:a; € R\{0}Aa;R
is a mazximal right ideal of R, Vi € {1,2,...,k} : b; € R\ {0} Ab;R is a mazimal
right ideal of R and aias...a, ~ bibs...by then n = k and there exists a bijection
z:{1,2,...,n} = {1,2,...,k} such that a; ~ b,;),Vi € {1,2,...,n}.

Proof. Set
Ly, =aqay...an—sR/aqay...anR, s€{1,2,...,n—1}, L, = R/ajas...a,R,

M; = b1b2...bk_lR/b1b2...ka, 1 E {1,2,... ,k‘— 1}, Mk = R/blbgka
It is clear that L,, & M. Since

Let1/Ls = Rjan_sR, s € {1,2,...,n}, My 1/M; = R/b,_1R,i€{1,2,... k},

LyCILC...C L, 1< Ly, My C M; C... C M_1 C My, are composition series
for L, = M. By the Jordan-H6lder Theorem, n = k and there exists a bijection z :
{1,2,...,n} = {1,2,...,k} such that Lgy1/Ls = M,(o41)/M,(s), Vs € {1,2,...,n}.

Hence R/an sR = R/b.(,_sR, Vs € {1,2,...,n}, i.e. an_s ~ bypn_g), Vs €
{1,2,...,n}J. O

Proposition 5 (Jacobson N., 2). Let R be a principal ideal domain. If a €
R AN ag¢U(R) AN a0 thena = ajay...a, for some set {ay,as,...,an} C QR.
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Moreover, if bibs...b, = c1,¢a...ck and {b1,ba,... by, c1,c0,...c} € Qp then
n = k and there exists a bijection z : {1,2,...,n} — {1,2,...,k} such that b; ~ c,(;),
Vie{l,2,...,n}.

Now set &p := {I € Lyg) | (In € N Jaj,az,...a, € P: [ = a1a2...a,R V
I=R).

Lemma 1. Let R be a principal ideal domain and let P C Qg be a similarly-closed
set. Then Ep is a radical filter.

Proof. We shall verify conditions G1-G3 [1].

Gl Let I € &p, J € Ly(R), I C J. We shall show that J € Ep.

If I=Rthen R=1C J C R. Hence J = R € Ep. So, consider the case when
I # R. It is clear that da,b € R: I = aR N J = bR, where a = ajas...ay,
{a1,a9,...,a,} C P (see Proposition 5). Since (ajasz...,a,R =aR C bR, Ir € R :
ajay . ..a, = br. Two cases are possible b€ U(R) V b ¢ U(R).

Ifbe U(R), then J =bR = R € Ep. So, let b ¢ U(R). Taking into consideration
that aias...a, = br, by Proposition 5, we have b = ajaj;...ay,, where aj ~ ay@),
Vie{l,2,...,m}, 1 <m <mn, k:{1,2,....,m} — {1,2,...,n} is an injection.
Since P is a similarly-closed set, it follows from aj ~ ay@), Vi € {1,2,...,m} that
{a},d}, ... al,} € P. Hence J = bR = (a}aly...al,)R € Ep.

G2. Let I € Ep, a € R. We shall show that (I : a) € Ep.

Two cases are possible: I = R V I # R. In the first case (I : a) = (R:a) =
R € &p. Consider the second case. It is clear that I = bR for some b = b1by...b,,
where {b1,bs,...,b,} € P. Let aR + bR = uR, where u € R. It is obvious that
u# 0, a = ua, b = uf, where {a, 3} C R. Hence aR + SR = R. By Proposition
3, (BR : @) = (uBR : ua) = (bR : a). By Proposition 1, R ~ (SR : «). It
follows from this that 3R ~ (bR : a). Let (bR : a) = hR, where h € R. Hence
B ~ h. Taking into account that b = by,bo,...,b, and b = uf8, by Proposition
5, we have that 8 = bybh...b), where b ~ b,;, Vi € {1,2,...,q}, 1 < ¢ < n,
z:{1,2,...,q} — {1,2,...,n} is an injection. Taking into consideration that 3 ~ h,
by Proposition 4, we have that h = b{by ... 0], where b} ~ b;(l.), Vie {1,2,...,q},
p:{1,2,...,q} —{1,2,...,q} is a bijection.

Hence b/ ~ b;(l.) ~ boopiy, Vi € {1,2,...,q}, ie. b ~ b.ppy € P, Vi €
{1,2,...,q}. Tt is clear that z o p is an injection. Since P is a similarly-closed
set, b/ € P,Vie {1,2,...,q}. Hence (bR :a) =hR € Ep,ie. (I:a)c Ep.

G3. Let I €&p,JeL,(R),JCI ANYuel:(J:u)e€Ep. We shall show that
J € efp.

It is clear that J = aR, I = bR, where a € R, b = b1by ... by, {b1,b2,...,bp} C
P. It is obvious that J NI = aRNbR = aR. It follows from aR C bR that
a = bd for some d € R. Hence, by Proposition 2 (J : b) = dR. Since (J : b) € Ep,
(J :b) = (didy...d,R and {dy,ds,...,d,} CP. Then dR = (didy...d,)R. Hence
d=dydsy...dyv, where v € U(R). Then a = bd = bibs ... by,dids ... d,v, where

{b17b27’ .. 7bM7d17d27’ .. ,dn_l,dn,'l)} g P
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Hence J = aR € Ep. O

Lemma 2. Let R be a principal ideal domain. If 0 ¢ £ is a radical filter of R then
there exists a similarly-closed set P C Qg such that P = Ep.

Proof. Let 0 ¢ £ be a radical filter of R . Set P :={a|aR €& AN a € Qr}. Let
a ~ b, a € P. It is obvious that b € Qr. By Proposition 1, 3¢ € R : bR = (aR : ¢).
Thus, taking into consideration aR € &, by G2, we have bR € £. Hence b € P.
Therefore P is a similarly-closed set. We shall show that £ = Ep.

First let us show that £ C Ep.

Let I = ajas...apR € &, where ay,as,...,a, € Qg. It is clear that
I = aqjaz...a,R C ajay...q;R, Vi € {1,2,...,n}. By Gl, ajay...a;R € &,
Vi e {1,2,...,n}. It is obvious that ajas...a;R C ajas...a;—1R, Vi € {1,2,...,n}
and (ajag...a;—1)a; = ajaz...a;, Vi € {1,2,....,n}. Then by Proposition 2,
(aray...a;R: ajaz...a;—1) = a;R, Vi€ {1,2,...,n}. By G2, a;R = (a1az...a;R :
ajas...a;—1) € €, Vi € {1,2,...,n}. Hence a; € P, Vi € {1,2,...,n}. Therefore
I =aias...a,R € Ep.

Now we shall show that Ep C £.

We shall prove by induction in n that ajas...a,R € & for every set {aj,as,...
an} CP.

At n =1 it is clear by the definition of P.

Suppose Vn < k : aias...a,R € £, where k > 1.

We shall prove the statement for n = k + 1.

Since ai+1 R € &€, by Proposition 3 and by G2,

Vr € R:(ayay...ap1R: ay,a9...a;r) = (ap1 R :r) € E.

By the induction hypothesis, ajas...arR € €. Since Vr € R: (a1az...ax+1 R :
ajay...apr) € & and ajay...ap 1R C ajas...aqxR € &, by G3, ajasy...
CL]H_lR e €. O

A left exact radical t in the category of right modules over a ring A assigns to

each A-module C' a submodule ¢(C) in such a way that the following conditions are
fulfilled:

e for every A - homomorphism p: C — D pu(t(C) C t(D),
e for every right A-module M ¢t(M/t(M)) =0,

e for every right A-module M and for every its submodule N ¢(N) = ¢(M)NN.

By Lemmas 1-2, from the Gabriel-Maranda Theorem [1] we obtain the following
result:

Theorem 1. QOver a principal ideal domain R there exists a bijective correspondence
between left exact radicals # 1 in the category of right R - modules and similarly-
closed subsets of Qp.
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Corollary 1. There is only one non-trivial left exact radical in the category of right
R-modules over a principal ideal domain R if and only if |Qr| # 0 and all atoms in
R are similar.

By Corollary 1, taking into account the results obtained in [5] we have

Corollary 2. Let R = k[y, D], where k is a universal differential field with deriva-
tion D. Then there is only one non-trivial left exact radical in the category of right
R-modules. Moreover, it coincides with the right socle and for every right R-module
M there exists a submodule H of M such that M = soc(M) & H.
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