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On a Functional Equation with a Group

Isotopy Property

Raisa Koval’

Abstract. The set of all solutions of functional equation F1(F2(z; x);F3(y; z)) =
F4(F5(x; y);x) on quasigroup operations of an arbitrary fixed set are found. The
result implies W. Dudek’s theorem [1], which presents the operation in a quasigroup
satisfying the identity xy · x = zx · yz.
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Functional equations play a specific role in the quasigroup theory. V.D. Belousov
was the first who opened the new field. He announced in [2] the fact that later
became known as the Four quasigroup theorem. It was strengthened, complitely
proved and published in [3] two years later. The theorem received general acceptance
and wide application. He was also the first who applied the following theorem: if
a quasigroup satisfies an uncancellable balanced identity, then it is isotopic to a
group [4].

In [5] such identities are called identifies with group isotopy property (gip) and
a functional equation has a (full) group isotopy property if some (correspondingly,
any) component of every solution of the equation is isotopic to a group.

The class of all general quadratic functional identities with gip was described
in [6,7]. In [8] a complete classification was presented up to parastrophic equivalency
of all general parastrophic uncancellable quadratic functional equations having n

objective variables for n = 3, 4, 5. The results imply that there exists one equation
when n = 3 (general associativity); two equations when n = 4 (general mediality
and general pseudomediality); and four equations when n = 5. These are the only
equations having a full gip for all n = 3, 4, 5.

Here we give a clear proof of the results announced in [9]. Namely, we consider
a general functional equation which is not quadratic, but has a gip:

F1(F2(z;x);F3(y; z)) = F4(F5(x; y);x). (1)

This equation corresponds to the identity xy ·x = zx ·yz considered by W.Dudek [1].
We obtained some of his results as consequences of our main theorem.

Theorem 1 (Four quasigroup theorem,[10]). The set of all solutions of the general
associativity equation

F1 (F2(x; y), z) = F3 (x, F4(y; z)) (2)
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on the set of all binary quasigroup operations of an arbitrary fixed set Q is described
by:

F1(t, z) = µt+ γz, F2(x; y) = µ−1
(

αx+ βy
)

,

F3(x, u) = αx+ νu, F4(y; z) = ν−1
(

βy + γz
)

,

where (Q; +) is a group, µ, ν, α, β, γ are substitutions on the set Q.

The following assertion easily follows from the Four quasigroup theorem.

Corollary 2. The set of all solutions of the functional equation

F1 (F2(x; y), z) = F1 (x, F3(y; z)) (3)

on the set of all binary quasigroup operations of a set Q are described by the following
equalities:

F1(x; y) = αx+ γy, F2(x; y) = α−1(αx+ βy), F3(x; y) = γ−1(βx+ γy), (4)

where (Q; +) is a group, α, β, γ are substitutions of the set Q.

Proof. Let a triple (f1, f2, f3) of quasigroup operations, defined on an arbitrary
fixed set Q, be a solution of (3), then the tuple (f1, f2, f1, f3) is a solution of (2),
and then

f1(t, z) = µt+ γ0z, f2(x; y) = µ−1
(

αx+ β0y
)

,

f1(x, u) = αx+ γu, f3(y; z) = γ−1
(

β0y + γ0z
)

(5)

for a group (Q; +) and substitutions α, β0, γ0, γ, µ of the set Q. So

µt+ γ0z = αt+ γz (6)

for all t, z ∈ Q. Let 0 denote the neutral element of the group (Q; +). Putting
z := γ−1

0
0 and t := α−10 we obtain two equalities:

µ(t) = αt+ γ(γ−1

0
0), γ(z) = µ(α−10) + γ0z.

Substitute them into (6):

αt+ γ(γ−1

0
0) + γ0z = αt+ µ(α−10) + γ0z.

It implies that γ(γ−1

0
0) = µ(α−10) =: a, so µ = Raα, γ = Laγ0. Denoting β :=

R−1
a β0, we obtain the relations (4). �

The next statement is evident, but one can find its proof in [11] or in [12]. We
recall, a substitution α of a group (Q; +) is said to be unitary, if α0 = 0, where 0
denotes the neutral element of the group.
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Lemma 3. Let substitutions α, β, γ, δ, µ of a group (Q; +) satisfy the identity

α(βx + γy) = δu+ µv,

then α is an automorphism (antiautomorphism) of the group (Q; +) if α is unitary
and u = x, v = y (corresponding u = y, v = x).

Below we will follow the notations

Lix := fi(a;x), Rix := fi(x; a), i = 1, 2, 3. (7)

Theorem 4. A tuple (f1, . . . , f5) of quasigroup operations defined on a set Q is
a solution of the functional equation (1) iff there exist a group operation (+) and
substitutions α, β, γ, δ, µ of the set Q such that

f1(x; y) = αx+ γy, f2(x; y) = α−1(µy − βx),

f3(x; y) = γ−1(βy + δx), f5(x; y) = f ℓ
4
(µx+ δy; y)

(8)

for a quasigroup operation f4 being orthogonal to the group isotope (◦), where x◦y :=
µx+ δy.

Proof. Let a tuple (f1, . . . , f5) of quasigroup operations defined on an arbitrary
fixed set Q be a solution of the functional equation (1), i.e. the equality

f1(f2(z;x); f3(y; z)) = f4(f5(x; y);x) (9)

holds for all x, y, z ∈ Q. Let a be an element of the set Q and let z := a, then we
get

f4(f5(x; y);x) = f1(L2x;R3y).

Comparing this equality with (9) we come to

f1(L2x;R3y) = f1(f2(z;x); f3(y; z)).

To transform it into a general associativity-like equation we replace y with R−1

3
y, x

with f r
2
(z;x):

f1(L2f
r

2 (z;x); y) = f1(x; f3(R
−1

3
y; z))

and replace f3 and f r
2

with their transposed ones:

f1(L2f
r∗

2 (x; z); y) = f1(x; f
∗

3 (z;R−1

3
y)).

Since f r∗=f rrℓr=f ℓr, then, designating

f
′

2(t; z) := L2f
lr

2 (t; z), f
′

3(z; y) := f∗3 (z;R−1

3
y), (10)

we receive the identical equality

f1(f
′

2(x; y); z) = f1(x; f
′

3(y; z)),
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which means that the tuple (f1, f
′

2
, f1, f

′

3
) of the operations is a solution of the

associativity functional equation (3). Corollary 2 implies the existence of a group
(Q; +) and substitutions α, β, γ such that

f1(x; y) = αx+ γy, f
′

2
(x; y) = α−1(αx+ βy), f

′

3
(x; y) = γ−1(βx+ γy) (11)

come true. Let us find the operations f1, f2, f3. The first equality of (11) coincides
with (8) for the operation f1. Taking into account the third equality of (11) and the
notation (10) we have

f∗3 (x;R−1

3
y) = γ−1(βx+ γy)

and, consequently,

f3(y;x) = γ−1(βx+ γR3y).

Designating δ := γR3 we receive the relation (8) for the operation f3.

Again, from the equalities (10) and (11) we have

L2f
ℓr

2 (x; y) = α−1(αx+ βy).

Apply the substitution L−1

2
to the both sides of the last equality:

f ℓr

2 (x; y) = (αL2)
−1(αx+ βy).

Since f ℓr
2

= (f ℓ
2
)r, according to the definition of the left and right quasigroup divi-

sions we obtain

f2(y; (αL2)
−1(αx+ βy)) = x.

Let us designate µ := αL2 and t := µ−1(αx + βy), then x = α−1(µt − βy). Thus,
the operation f2 has decopmosition (8).

Using the received expressions (8) for the operations f1, f2, f3, calculate the left
part of the equality (9):

f1(f2(z;x); f3(y; z)) = αf2(z;x) + γf3(y; z) =

= µx− βz + βz + δy = µx+ δy.
(12)

Taking into consideration (12), the equality (9) can be written as:

f4(f5(x; y); y) = µx+ δy.

It is equivalent to (8) for the operation f5. By virture of the fact that f5 is a
quasigroup operation, the operation f4 is orthogonal to (◦), where x ◦ y := µx+ δy.

Vise versa, let (Q; +) be a group, α, β, γ, δ, µ be substitutions of Q and f4 be
a quasigroup operation being orthogonal to (◦). The operations f1, f2, f3, defined
by (4), are group isotopes therefore they are quasigroups. Orthogonality of f4 and
(◦) implies that f5 is a quasigroup operation too.
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Let us show that the tuple (f1, . . . , f5) of quasigroup operations defined by (8)
on Q is a solution of the functional equation (1), i.e. (9) holds. The relation (12)
gives

f1(f2(z;x); f3(y; z)) = µx+ δy.

Consider the right side of (9):

f4(f5(x; y);x) = f4(f
ℓ

4(µx+ δy; y); y) = µx+ δy.

The left sides are equal as the right sides of these equalities are equal. �

As a consequence we obtain the W. Dudek’s result from [1], which we give in
another form.

Corollary 5. A groupoid (Q; ·) satisfies the identity

xy · x = zx · yz (13)

if and only if x ·y = ϕx+(ε−ϕ)y for some automorphism ϕ of a commutative group
(Q; +) such as ε− ϕ is a substitution of the set Q and the following relation is true

2ϕ2
− 2ϕ+ ε = 0. (14)

Proof. Fulfilment of the identity (13) means that the tuple (·; ·; ·; ·; ·) is a solution
of the functional equation (1), so the relations (8) are true, where every of the
operations f1, . . . , f5 coincides with (·).

According to Lemma 3 the equalities f2 = f1 and f3 = f2 imply that α and γ

are alinear transformations of the group (Q; +), i.e.

α = Rbϕ, γ = Lcψ (15)

for some elements b, c ∈ Q and antiautomorphisms ϕ, ψ of the group (Q; +).
Let 0 denote the neutral element of the group (Q; +). According to (13) the

equality 00 · 0 = 00 · 00 it true. By (8) and (15) it can be written as

ϕ(ϕ0 + a+ b+ ψ0) + a+ b+ψ0 = ϕ(ϕ0 + a+ b+ψ0) + a+ b+ψ(ϕ0 + a+ b+ψ0).

Taking into account that ϕ0 = ψ0 = 0, we have

ϕ(a+ b) + a+ b = ϕ(a+ b) + a+ b+ ψ(a+ b).

Therefore a+ b = 0, and the operation (·) has the decomposition

x · y = ϕx+ ψy. (16)

Because of this the identity (13) can be written as

ϕψy + ϕ2x+ ψx = ϕψx+ ϕ2z + ψ2z + ψϕy. (17)
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Putting x = y = 0, x = z = 0, y = z = 0, we have the following equalities

ϕ2 = Iψ2, ϕψ = ψϕ, ϕ2 + ψ = ϕψ. (18)

The first equality implies that I = ϕ2ψ−2. Since ϕ and ψ are antiautomorphisms,
then ϕ2 and ψ−2 are automorphisms of the group (Q; +). So I is its automorphisms.
Consequently, the group is commutative and ϕ, ψ are its automorphisms too.

Replace ϕ2 with Iψ2 and ϕψ with ψϕ in the third equality of (18):

ψ − ψ2 = ψϕ.

It implies ψ = ε − ϕ, so ε − ϕ is a substitution of the set Q. Summing up the
obtained relations we have

0 = ϕ2 + ψ2 = ϕ2 + (ε− ϕ)2 = ϕ2 + ε2 − 2ϕ+ ϕ2 = 2ϕ2
− 2ϕ+ ε,

i.e. (14) is true.

Vice versa, let (Q; ·) be a quasigroup and x · y = ϕx + (ε − ϕ)y for some au-
tomorphism ϕ of a commutative group (Q; +) such that ε − ϕ is a substitution of
the set Q and equality (14) is true. Then the last equality immediately implies
ϕ2

− ϕ+ ε = ϕ− ϕ2 and so we have

xy · x = ϕ(ϕx + (ε− ϕ)y) + (ε− ϕ)x = ϕ2x+ ϕ(ε− ϕ)y + (ε− ϕ)x =

= (ϕ2
− ϕ+ ε)x+ (ϕ− ϕ2)y = (ϕ− ϕ2)x+ (ϕ− ϕ2)y.

The right part of (13) can be calculated by the same way:

zx · yz = ϕ(ϕz + (ε− ϕ)x) + (ε− ϕ)(ϕy + (ε− ϕ)z) =

= ϕ2z + ϕ(ε − ϕ)x+ ϕ(ε− ϕ)y + (ε− ϕ)2z =

= (2ϕ2
− 2ϕ+ ε)z + (ϕ− ϕ2)x+ (ϕ− ϕ2)y = (ϕ− ϕ2)x+ (ϕ− ϕ2)y.

Since the right sides are equal, then the left sides are equal as well. �
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