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1 The system of defining equations

Consider the multi-dimensional polynomial differential system written in the
tensorial form as follows [1]:

dzd

e Z a;:mmjka:jlsz...xjk = Pi(x) (j,j1,72, 0 jk = L, ), (1)

keA

J

where the coefficient tensor a (k € A) is symmetrical in lower indices, in which

Jij2---Jk
the complete convolution takes place, A is a finite set of the different positive integers,
and x = (z!,22,...,2™) is the vector of phase variables of system (1).

Let in the space E™(z) the continuous group of transformations G; acts defined
by formulas

Ej = fj(a:,a) (] = 17”)7 (2)

where « is the real parameter taking values in some interval in R, for which holds
Z|a=0 = 27 (j = 1,n), and the value a = 0 with this property is the unique on this
interval.

Denote by E™ (a) the space of coefficients of system (1), where N is the dimension
of this space, and by a the set of coefficients of the right-hand sides of system (1) is
denoted. Assume that after transformation (2) the system (1) does not change its
form and new coefficients @ € EV(a) of the system

dz’
dt

. Z_j iy i L .
- ajljz,,,jkwjlsz”'xjk (]7]17]27"'7]16 - 17”)
keA
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are linear functions on coefficients ¢ and functions on «, i. e.

ag'ljz____jk = bz-ljz___jk(%@) (J, 315 G2, s i = 1,m). (3)
Then the last equalities define the linear group of transformations in the space
of coefficients E™ (a) of system (1), homomorphic to the group G, or, as they say,
(3) defines the linear representation of the group G in the space E™ (a).
According to [2], Lie operator corresponding to the group G and acting in the
space E"tN(x,a) = E™(x)®E" (a) takes the form

X =) +D, (=T, ()
where
D=3 s (0 (Gt = T € A), (5)
k€A i jo..ji
for which
. —J
)= | ) = T (o= Tk € A)

(6)
The operator X (respectively D) is called the operator of the representation of
the group G in the space E"tV(x,a) (respectively EV (a)).
Consider system (1) written in the form

Ui(z,a,2) =0 (i =1,n), (7)

where

Ui(x,a,%) = &' — P'(z) (i=1,n) (8)
dz’
dt _

In this case we will say that (7) forms a manifold in the space E?"*V(x, a, ) (for
ex., see this definition in [3]). Then the extended group of transformations Gy in
the space E2n+N (x,a, ) corresponds to the representation of the group G; defined
by formulas (2) and (3) in the space E"*V(z, a).

Let the operator of the representation of the group Gy in the space E" ™V (z,a)
has the form (4)—(5). Then the operator of the group G, called the extended
operator of the representation of the group GG1, can be written as follows

and ¢ =

X=X+ i)

(i=1,n), (9)

ot
where y ‘
i) 2 T w08
C(x,2) = aa\azo—x p (i,k =1,n). (10)

According to [3] we will say that the system of differential equations admits the
group G if its equations define an invariant manifold with respect to the extended
group Gi.
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For the definition of the group G; admitted by system (1) consider, according
to [3], necessary and sufficient conditions of invariance of the manifolds U; = 0
(i = 1,n), which have the form

X(Ui)lvi=0 =0 (i=T1,n). (11)

The equations (11) are called defining equations of the group (of Lie operator)
admitted by system (7), or, what is the same, admitted by system (1).

Taking into consideration formulas of the operators X and X from (4)—(5) and
(7)—(10), respectively, with the aid of (11) we obtain

€5+ 0+ g ] - P

After the simplification in the last expressions with the aid of convolution by ¢ and
j we obtain finally system of defining equations as follows:

=0 (t,k=1,n).
#i=Pi(x) ( )

¢.PP =g P+ D(PY (i,j.k =T1,n), (12)
. i . pi
where &', = % and P}, = ng .

The defining equations (12) are differential equations with respect to the function
¢'. Defining the general solution of this equations we obtain the explicit form and
number of Lie operators admitted by the differential system. Hence, by Lie equations
we define the widest group and corresponding Lie algebra, admitted by this system.

Remark 1. The defining equations for the operators of the representation of linear
group for system (1) in the case n = 2 were obtained in [2].

2 Lie theorem on integrating factor for system (1) for n =3

Consider system (1) for n = 3 and write it as follows:

dxd )
o () (j
It is well known that F'(x) = C is the first integrals of this system iff A(F) =0,

where
0

A:Pj@ (=13 (14)

and the complete convolution takes place in index j.

The system consisting of two functional-independent first integrals is called ge-
neral integral of system (13).

To obtain the first integrals of system (13) with the aid of equation A(F) =0 it
is useful to write characteristic system of differential equations in the symmetrical
form

1,3). (13)

det  dx?  da?
T P2 p3 (15)
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In some cases to find first integrals of system (13) it is useful to obtain from (15)
integrating equations of Pfaff [4, 5], which can be written in the form

Pldz' + P?da® 4+ Pda® = 0, (16)

where P/ (j =T,3) is the function in P/ (j = T,3).
Assume that the system (13) admits two-dimensional commutative Lie algebra
with operators

Xo = fé(x)@ (Oé =1,2; j= 173)7 (17)

where &,(z) (j = T1,3) are polynomials on coordinates of vector = = (!, 22, 23).

By action of group, generated by operators (17), any integral F'(z) = C trans-
forms into integral F(Z) = C’. So by virtue of the representation of the one-
parameter group with exponent reflection [3] the functions X,(F) = C, (a=1,2)
will be integrals too. Hence, beside F'(x), the functions X, (F'), where X, (o =1,2)
are taken from (17), are also solutions of the system (13).

Then we have

Xa(F) = \I/a(F) (a =1,2), (18)

AF =0, (19)

where A is from (14). So, we obtain that the integral F' from general integral of the
system (13) has to satisfy the system of three equations (18)-(19).
Denote by

g g g
A=| & & & (20)
pt p2 p3

the determinant of system (18)-(19) and assume that it is not equal to zero.

OF 1r -
o = X |[(GP - EP) + (P - PN,
OF 1r -
o5 = X |(GP — GPY + (6P - P,
oOF 1r -
505 = & |(@F — GPHU + (P! — el )0y .

With the aid of last equalities we obtain

0[PP - PO + (P — PYda® + ()P — P
dF =
A

_|_

s (€3P? — EPY)da’ + (6L P° — PV da® + (P! — €l P)da’|

< ey

+

where A is from (20).
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As the operators (17) form a commutative Lie algebra, we have [ X7, X3](F) = 0,
or X1(X2(F)) — Xo(X1(F)) = 0. Hereby taking into account equalities (18) we
obtain X7 (Wo(F)) — Xo(¥1(F)) = 0, whence taking into account (18) again, two
independent solutions of this equation can be written as follows:

1) \Ifl(F) 5_’3 0,\112 = O;

According to this for each case we obtain

aF [P — Pt + (P! — P%)da? + (EhP? — §P)da?]

Uy (F) A ’
g [P =GPt + (PP — P)da? + (P! — €l P?)da?]
= . 22
Uy (F) A (22)
As th i d al total differentials th btain with
S € expressions ———- al ———— are tota 1rerentials €11 we ODtalll W1
P U (F) Vs (F)

the aid of (22) Lie theorem on integrating factor as follows:

Theorem 1. If three-dimensional differential system (13) admits the two-dimensional
commutative Lie algebra with operators (17), then the function p = %, where A Z 0
has form (20), is an integrating factor for the equations of Pfaff

(E3P% — 2 P3dat 4 (6L P — & PYda? + (2P — L P?)da® =0 (a=1,2), (23)

which define general integral of system (13).

3 First integrals of the affine differential system for 64 Z 0

Consider three-dimensional affine differential system

J . )
% —al +adla® (ja=T1,3) (24)

and the group of centro-affine transformations GL(3,R) given by the equalities Z" =
grzt (A = det(qf) # 0; 7,4 = 1,3). In [6] the functional base of centro-affine
comitants of system (24) is given as follows:

01 = a“uy, O0p = agaﬁua, 03 = a‘;‘agcﬂuﬁ, 04 = ao‘aﬁa;}uauﬁurqur,

v @p
) = 2%y, 9 = a%‘azﬁua, »3 = af‘/agaz'yum
_ L, — « _ « Y
01 =al, 60y= aﬁag, s = a,yagaﬁ, (25)

where coordinates of the vector u = (u,ug,us3) are varying by the low of covariant
vector [7], and £P9" is unit three-vector with coordinates 123 = —¢132 = £312 =
=3 =2l = 2B — 1 and P =0 (p,q,r = 1,3) in other cases.
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In [6] it is shown that for d4 # 0 by a centro-affine transformation the system
(24) can be transformed into the system
dxt da? da3
%:a+x2, E:b‘kx?’, %:C+lxl+mx2+nx3, (26)
where a, b, ¢, [, m,n are some parameters. One can verify that for some values of the
parameters the system (26) is at the GL(3,R)—orbit of maximal dimension [2].

Remark 2. We will not consider systems (26) if one of the right-hand sides of this
system is equal to zero, as in this case system (26) becomes a two-dimensional affine
system, which is investigated in [2].

One can verify with the aid of defining equations (14) that the following assertion
holds:

Corollary 1. The system (26) admits siz operators of the representation of one-
parameter groups of transformation as follows

Y, _:nlim i+x i+D1, Y=z i+x i—l—(lw +ma?+na?) 0

D
a 8 5 a 3 8 a D) (9 3+ 2
3 0 1 2 0 9
Ys=u ﬁ—i—(la: +mx” + nx )W—F[lnx + (I+mn)z® + (m +n’)z ]8 5 T Ds,
0 0 0
Y, = o 1+D4, Y5 = Oz ) + D5, Yg= Oz a.3 + D, (27)
where
0 0 0 0 0 0
D1—aa—+b%+ca ba_"i'C% (al—l—bm—l—cn)%,
D —c2 (la—i—mb—i—nc)a [aLln—H)(l—Hrm)—l—c(m—FnQ)]2
3 = 9a b oc’
0 0 0 0 0
D4——l&, D5——%—m&, DG——%_”& (28)

The nonzero structure equations which connect mentioned operators up to anti-
symmetry are the following

[Y17Y4] = _Y47 [Y17Y5] = _Y57 [Y17}/6] = _}/67 [Y27Y4] = _11[67

[Y2,Y5] = =Yy —mYs, [Ya,Ye]=—Y5—nYs, [V3,Ya]=—1Y¥5—InYs,
[Y3,Y5] = —=mYs — (I + mn)Ys, [V3,Y5] = —Ys —nYs — (m + n?)Ys.
Calculating the comitants (25) for the system (26) we obtain:

01 = auy + bug + cus, o = buy + cuz + (al + bm + en)us,
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63 = cuy + (al + bm + en)ug + [aln + b(l + mn) + c(m + n?)|us,
64 = ui + nutus + (2m + nH)uduz — mugud — (31 + mn)ugugus + (m? — 2n)uyui+
+lu3 + Inudug — Ilmugu3 + 1%u3,
s = wpxt + ugr? + usx®, o = upa® + uga® + ug(lx1 +ma? + nm?’),
sy = wr S + ug(lzt + ma? + na®) + usllnzt + (1 + mn)z® + (m + n?)2?),

01 =n, 0 =2m+n> 63=31+3mn+n’. (29)

Consider the first integrals of system (26) for [ = m = n = 0 and in all cases

when (12 4+m?)(12 +n?)(m? +n?) =0, 124+ m?+n? # 0. With the aid of (29) these
conditions can be easily written as the following cases:

3.1 Let the conditions 6; = 0, = 63 = 0 hold

Then with the aid of (29) we obtain that the system (26) takes the form

dxt 5 dx? 5 dx?
E—a+$, E—b—l-x, e (30)
It is easily to verify that for
c#0 (31)

the system (30) has two functional-independent first integrals as follows

Fy = 2cx? =202 —(23)? = C1, Fy = 62z —6¢(a+2?)x3+(3b+23)(2®)? = Cy. (32)

3.2 Let the conditions 0; #0, 0, =037, 603 =03 hold
Then from (29) we have l = m =0, n # 0 and the system (26) takes the form

dat dx? dz?
%:a+;p2, %:b—l—;pg, %zc—l—n:pg. (33)

Remark that for
c+na®#0 (34)

the system (33) has two functional-independent first integrals as follows:

Fy=n%2® —nad + (c—bn)In|c+na®| = Cp, Fy =2n(n’2! —23)+

+2(c — an® — n*2? + nz®)In|c + nz®| + (bn — ) In? |e +na®| = Co.  (35)

If ¢ + na® = 0 then the system (33) transforms into the two-dimensional case
which we will not consider.
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3.3 Let the conditions 03 =60; =0, 65 # 0 hold
Then from (29) we find l =n =0, m # 0 and the system (26) takes the form

dz* , dx? 5 dad 9
E—a—i-x, E—b‘i‘x, E—C—i—ma} (36)
With the aid of group of transformations corresponding to the operators Y5, Yg
from (27)—(28) by the change of variables

T=o!, P2t PB=2dtb (37)

3

dz* dz? dz’
where c

One can verify that from the second and third equations of (38) we obtain the
first integral
Fi=@)? —m(@*? =C,. (40)

Proposition 1. If the condition (T3)% — m(Z?)? # 0 holds, then the system (38)
has, besides (40), first integrals as follows

P =mz' -7 —aymin |z + vmz?| =Ty for m>0, 7 >0; (41)
FgZ) =mz' -2 +aymhn |z — Vmz?| = Cy for m>0, T°<0; (42)

=2 S .
fég) = mz' — 7> +av/—marcsin a: n =C, for m<0, T°>0; (43)

(53)2 _ m(52)2

_2 /_ _
F§4) = mz' —7° —ay/—marcsin - v =Cy for m<0, T° <0. (44)
GIETE

Proof. From (40) it follows
73| = \/m(T2)2 + C. (45)

1) Let m > 0, 7> > 0. Then from the first and second equations of (38) we
obtain
dz? m(7?)?2 + C4
dz a+7T

taking into consideration (38), we obtain the first integral (41).
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2) Let m > 0, @ < 0. Then from the first and second equations of (44) we
obtain
da? m(z?)2 + C
% =TT (47)
dz a+7T
hereby, taking into consideration (40), we obtain the first integral (42).
3) Let m < 0, T > 0. Then with the aid of (46) and taking into consideration
(40) we obtain the first integral (43).
4) Let m < 0, @ < 0. Then with the aid of (47) and taking into consideration
(40) we obtain the first integral (44). Proposition 1 is proved.

With the aid of expressions (37), (39), (40) and Proposition 1 is proved
Lemma 1. For m # 0 the system (36) has the first integral
Fi = m(z® 4+ b)% — (ma? + ¢)? = C4, (48)

and for m(x3 + b)? — (max? + ¢)? # 0 beside (48) it has another one first integral
among the following four:

Fz(l) = m?z! —ma® — (am — ¢)v/mIn |bm +ma® + (ma? 4 ¢)y/m| = Oy,
for m >0, 2®4b>0; (49)

F2(2) =m?z' — ma® + (am — ¢)v/mIn |bm + ma® — (ma® + ¢)v/m| = Cs,

for m >0, 2®+0b<0; (50)
F2(3) = m2z! — ma® — (am — ¢)v/—marcsin ma’ + ¢ = Oy,
v (ma? + ¢)2 — m(x3 + b)?
for m<0, 2>+b>0; (51)
2
4 _ 2.1 3 . mx® 4+ c
Y =mz” — ma® 4+ (am — ¢)v/ —m arcsin = (s,
2 ( ) v (ma? + ¢)2 — m(x3 + b)? ?
for m <0, 2®+0b<0. (52)

3.4 Let the conditions 6 =0, =0, 65 # 0 hold
Then from (29) we find I # 0, m =n = 0 and the system (26) takes the form

daxt dax? dz?
%:(H_g?, %:b—l—x?’, %204—&1. (53)
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Lemma 2. The general integral of the system

dx dy dz
a_y7 E_zv E_x (54)

consists of two first integrals

P =24 y* + 23 - 3ayz = O, (55)

2 — 4 —
Fy = 21In |oty+z|—In |22 +y*+ 2% —ay—z2—yz|-2V3 arctan 2oy E Cs. (56)
V3(y —2)

Proof. Remark that the system (54) admits two-dimensional commutative Lie
algebra with operators

9 ngzg—l—xa 4

xi=el 1y 2y — oy
1= Ox oy Yoz

or Yoy T oz (57)

Then according to Theorem 1 we obtain the following integrating Pfaff equations:
(zy — 2%)dz + (yz — 2°)dy + (xz — y*)dz = 0, (58)

(2% —yz)dr + (y* — x2)dy + (2* — xy)dz =0 (59)

with integrating factor
1

pt =2+ + 2% - 3aye. (60)
Making with the aid of (60) some elementary calculation on integrating equations
(58)—(59) we obtain the functional-independent first integrals (55)—(56). Lemma 2
is proved.
Consider the system (53). Assume that a? + 0% + ¢ # 0 and [ # 0, then with
the aid of the transformation

Elle—k% =22 ta, TP=2+0 (61)
we find . ) .
dt*  _, dz* _4 dz°
T =% =T =T (62)

It is easy to verify that the system (62) admits the two-dimensional commutative
Lie algebra of operators
3 0

Jo =T F-l-l_

1 0

5 0 30
472 3 —

7 -7 52 T o e

ozt " oz (63)

83

Then according to Theorem 1 we obtain the following integrating Pfaff equations:

[15152 — (53)2] dz' + [5253 — 1(51)2] dz* + [(5153 — (@)?|dz® =0, (64)
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[12(#)2 - z#zﬂ dz' + [1(52)2 - 15153] dz® + [(53)2 - 15152] dz® =0.  (65)
with the integrating factor
pot =@ @) + (2°)° - 31z 7T (66)
Setting in (64)—(65) the notations
=V, y=2VI, z2=7" (67)

we obtain integrating Pfaff equations (58)-(59) with integrating factor (60) and,
hence, the first integrals (55)-(56). After inverse change of variables (67) and (61)
in the last expressions we obtain

Lemma 3. The general integral of the system (53) for | # 0 consists of the first
integrals

Fi= (! + 3% +1a? + ) + (@ + ) = 30" + (e +a)(a® +8) = C1, (68)
Fy, =2In|(z! )\F+(x +a) V2P +b|—In |I(z' +~ ) Vi+ (22 +a)* V2 + (23 +b)2—
(' +)(a” +a) = (' + 1)@ + D) VP = (@ + a)(a® + b) V|-

V2 — (22 +a)V1— 2% —b
\/7[(3:24—(1)\/—‘%3—1)}

2(x" +
—2\/§arctan (

= O, (69)

4 Invariant expressions for the first GL(3,R)—integrals
of the system (24)

Theorem 2. If the conditions d364 Z 0 and 01 = 03 = 03 = 0 hold then the system
(24) has an invariant GL(3,R)—integral as follows

F = 2(63500 — 69323) — 35 = C, (70)
where 8z, 03,04, 32, 33,071,602, 03 are taken from (25).
Proof. For the system (30) the values of the comitants (29) are the follows:
81 = auq + bug + cus, 09 = buy + cus, 03 =cuy, 04 =ud

= ulznl + uQ:E2 + U3:E3,

Hereby for 64 # 0 we find

My = ulazz + ’LL2333, n3 = ulzng.

(5211,1 — 53U2 53
b = CcC = —,

N 51u% — (52U1U2 + (5311% — (5311,111,3
u? ’ m

3 b
uy
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:El i %1’[1,% — XoUi1U2 + %3u% — Z3Ui1us :E2 MUl — H3U2 3 ﬁ

= R r° =
3 ) 2 J
ug Uk Uq

After the substitution of these expressions in F} from (32) we obtain the invariant
GL(3,R)—integral for system (24) of the form (70). Theorem 2 is proved.

Theorem 3. If the conditions 64 Z 0, 601 £ 0, 6y = 9%, 03 = 9:1)’ hold then the
system (24) has an invariant GL(3,R)—integral as follows

F = 02300 — 01363 + 0310 |03 + 01503] — 0261 1n |03 + 013¢3| = C, (71)
where 03 + 013¢3 Z 0 and 03, 04, 72, 323,01, 02,03 are taken from (25).
Proof. For system (33) the values of the comitants (29) are the follows:

61 = auq + bug + cug, 9o = buq + cug + cnug, 93 = cuq + cnug + cn2u3,

3 3

04 = u‘i’ + nu%ug + nzu%uz),, s = w4 ugr? + usa®, sy = uz? + ugx® + ugna®,

My = u1:173 + nu2m3 + n2U3x3.

Hereby for d4 # 0 we find

1
a=— 5 [51u% + ndjuius + n251u1u3 — JuiUg — négug—
ui(u1 + nug + nus)

—n252u2’U3 + 53u% — d3uqug + n(53UQU3] ,

b 52U1 + 7”L(52U2 + ’I’L252’LL3 — 53U2 — 7”L(53U3 53
= C =
uy (uy + nug + nug) ’ Uy + nug + n2uz’
1 _ 1 2 2
Tr = 3 5 [%wl + nruiug + NTxULTUI — HoUTUQ—
ui(u1 + nug + n?us)
2 2 2
—NrxoUy; — N~ HoU2U3 + H3Uy — H3UIUZ + n}tg’u,g’u,g] s
9 MU + nioug + n2%2’u,3 — X3U9 — N3U3 3 3

9

uy(u1 + nug + nug) uy + nug +n2us’

After the substitution of these expressions in F} from (35), taking into consider-
ation n = 6, we obtain the invariant GL(3, R)—integral of system (24) of the form
(71). Theorem 3 is proved.

Theorem 4. If the conditions 64 Z0, 03 =61 =0, 6y # 0 hold then the system
(24) has an invariant GL(3,R)—integral as follows

F = 292(52 + %3)2 — (253 + 92%2)2 =C, (72)

where 8a, 03,04, 22, 53,01, 02,03 are taken from (25).
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Proof. For the system (36) the values of the comitants (29) are the follows:
01 = auy + bug + cuz, o = buq + cug + bmug, 3 = cuy + bmus + cmusg,

64 = ui + 2mutus — muyus + miujul,

3 2 3

= ’LL1:E1 +u2:132 +usx , M3 = u1:133 —I—muQazz +musx”.

, Mo = u1$2+U2x3+mu3x

Hereby for 64 # 0 we find

51u% — m51u% + 2mdjuius + m251u§ — douiug + 53’&% — d3uquz — m53u§
a =
ug (u? — mud + 2muyug + m?u3)

)

b dou1 + mdous — d3us —mdaug + d3uq + mdsug
= C =
u? — mu3 + 2mujug + m2u3’ u? — mu3 + 2muyuz + m2u3’

xl _ %111% — m%lug + 2m%1U1U3 + mzzlug — XoU1U9 + %311% — X3Ui1u3 — m}tgug
uy (u? — mud + 2muyug + m?u3)

)

9 XUl + MiaU3 — H3U2 3
Tr = Tr =

—MmoUg + 23U + ma3usg
u? — mu2 + 2muqusg + m2u?’ u? — mu2 + 2muqusg + m2u?’
1 2 143 3 1 2 193 3

After the substitution of these expressions in Fj from (48), taking into consid-
eration m = %2, we obtain invariant GL(3,R)—integral of system (24) of the form

(72). Theorem 4 is proved.

Theorem 5. If the conditions 64 Z0, 0y =61 =0, 63 # 0 hold then the system
(24) has invariant GL(3,R)—integral as follows

F = (353—1—93%1)3—1—3932,(51—|—%2)3—993(353+93%1)(51+%2)(52+%3)+993(52+%3)3 =C,
(73)

where 81,09, 03, 04, 51, 29, 723,01, 02,03 are taken from (25).

Proof. For the system (53) the values of the comitants (29) are the follows:

01 = auq + bug + cug, do = buq + cus + alug, O3 = cuq + alug + blug,
04 = u:{’ + lu%’ + lzug — 3lujusus,
s = wixt + uox? + usz®, 0 = urx® + ugx® + lugzt, sz = wia® + lugat + lugz®.
Hereby for é4 # 0 we find

S1u? — 181uus — Saugus + L6ou? + d3u3 — dzuqug
a= :
Ui{’ + lu% + Z2U§ — 3lujuousg

b— lélu% —ld1uqug + 52?@ — lduoug — d3ujug + légug
N u$ + lud + 12u3 — 3lugugus

)

—1(51U1UQ + lzélug + l(SQU% — 152u1U3 + (5311/% — légUgUg
CcC =
u$ + luj + 12u3 — 3lugugus

)
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l‘l i %111,% — 1%1UQU3 — XoU1U9 + l%gug + %3u§ — X3Ui1uUs

9

u$ + lud + 12u3 — 3lujugug

22 l%lu% — l2quyus + %gu% — I200ugu3 — s3uqug + l%3u§

9

u? + lud + 12u3 — 3lujugus

5 —lqugug + 12%1u§ + l%gu% — lrouqus + %31@ — l23u9us

ud + lud + 12u3 — 3lujugug

After the substitution of these expressions in Fj from (68), taking into consideration
0
l = 33, we obtain invariant GL(3,R)—integral for system (24) of the form (73).

Theorem 5 is proved.

(@)

There is an open question: Is it possible to write the first integrals F27F2i
(i = 1,4) from (32), (35), (49)-(52) and (69) through GL(3,R)—invariants, con-
travariants and comitants of system (24)?
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